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Ìàòåðèàëû ðàñøèðåííîãî ñåìèíàðà Èíñòèòóòà ïðèêëàä-

íîé ìàòåìàòèêè è ìåõàíèêè ÍÀÍ Óêðàèíû è êàôåäðû ìàòå-

ìàòèêè Äîíáàññêîãî ãîñóäàðñòâåííîãî ïåäàãîãè÷åñêîãî óíè-

âåðñèòåòà (ê 65-ëåòèþ ÷ëåíà-êîððåñïîíäåíòà ÍÀÍ Óêðàèíû

À.À.Áîé÷óêà). � Ñëàâÿíñê. � 2016. � 112 ñ.

Ñáîðíèê ñîäåðæèò ìàòåðèàëû ðàñøèðåííîãî ñåìèíàðà

Èíñòèòóòà ïðèêëàäíîé ìàòåìàòèêè è ìåõàíèêè ÍÀÍ Óêðà-

èíû è êàôåäðû ìàòåìàòèêè Äîíáàññêîãî ãîñóäàðñòâåííî-

ãî ïåäàãîãè÷åñêîãî óíèâåðñèòåòà, ïîñâÿùåííîãî 65-ëåòèþ

÷ëåíà-êîððåñïîíäåíòà ÍÀÍ Óêðàèíû À.À.Áîé÷óêà, â ÷àñò-

íîñòè, áèîãðàôè÷åñêèå äàííûå, ñïèñîê íàèáîëåå çíà÷èìûõ

ïóáëèêàöèé, à òàêæå èíôîðìàöèþ î âêëàäå À.À.Áîé÷óêà

â ðàçâèòèå ìàòåìàòè÷åñêîé øêîëû Ñëàâÿíñêîãî ãîñóäàð-

ñòâåííîãî ïåäàãîãè÷åñêîãî óíèâåðñèòåòà. Â ñáîðíèê òàêæå

âêëþ÷åíû äîêëàäû, ïðî÷èòàííûå íà ñåìèíàðå, ïîñâÿùåí-

íûå ïåðñïåêòèâàì ðàçâèòèÿ èññëåäîâàíèé À.À.Áîé÷óêà,

â ÷àñòíîñòè, ïîñâÿùåííûå ðàçâèòèþ òåõíèêè, ïðåäëîæåí-

íîé À.À.Áîé÷óêîì, äëÿ ïîñòðîåíèÿ îáîáùåííîãî îïåðàòî-

ðà Ãðèíà äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è

ñ èñïîëüçîâàíèåì ìàòðè÷íîé ôîðìû çàïèñè íåèçâåñòíîé, à

òàêæå � ïîñòðîåíèþ ðåøåíèé ëèíåéíûõ ìàòðè÷íûõ êðàå-

âûõ çàäà÷ â ñëó÷àå ïàðàìåòðè÷åñêîãî ðåçîíàíñà, ðàçðåøè-

ìîñòü êîòîðûõ îáåñïå÷èâàåòñÿ ñîîòâåòñòâóþùèì âûáîðîì

ñîáñòâåííîé ôóíêöèè êðàåâîé çàäà÷è.

Ðåäàêòîð � äèðåêòîð Èíñòèòóòà ïðèêëàäíîé ìàòåìàòè-

êè è ìåõàíèêè ÍÀÍ Óêðàèíû ÷ëåí-êîððåñïîíäåíò ÍÀÍ

Óêðàèíû äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîð

Â.ß. Ãóòëÿíñêèé.
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1 À.À.Áîé÷óê è Äîíáàññêèé ãîñóäàðñòâåííûé ïå-

äàãîãè÷åñêèé óíèâåðñèòåò

30 èþíÿ 2015 ãîäà èñïîëíèëîñü 65 ëåò ñî äíÿ ðîæäå-

íèÿ óêðàèíñêîãî ìàòåìàòèêà, ÷ëåíà-êîððåñïîíäåíòà Íàöè-

îíàëüíîé Àêàäåìèè íàóê Óêðàèíû, çàâåäóþùåãî ëàáîðà-

òîðèåé Èíñòèòóòà ìàòåìàòèêè ÍÀÍ Óêðàèíû, ðóêîâîäèòå-

ëÿ ïðèçíàííîé â ìèðå øêîëû òåîðèè íåòåðîâûõ êðàåâûõ

çàäà÷, äîêòîðà ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîðà

Àëåêñàíäðà Àíäðååâè÷à Áîé÷óêà.

Àëåêñàíäð Àíäðååâè÷ Áîé÷óê ðîäèëñÿ 30 èþíÿ 1950 â

ã.Êèðîâîãðàäå â ñåìüå Àíäðåÿ Ïðîêîôüåâè÷à Áîé÷óêà è

Àííû Åôèìîâíû Áîé÷óê. Â 1967 Àëåêñàíäð Àíäðååâè÷ çà-

êîí÷èë ñ ñåðåáðÿíîé ìåäàëüþ Êèðîâîãðàäñêóþ ñðåäíþþ

øêîëó �11 è ïîñòóïèë â Êèåâñêèé ãîñóäàðñòâåííûé óíè-

âåðñèòåò èì. Ò.Øåâ÷åíêî íà ìåõàíèêî-ìàòåìàòè÷åñêèé ôà-

êóëüòåò. Ïî îêîí÷àíèè óíèâåðñèòåòà äâà ãîäà ðàáîòàë ìëàä-

øèì íàó÷íûì ñîòðóäíèêîì â Èíñòèòóòå ýëåêòðîñâàðêè èì.

Å.Î.Ïàòîíà ÀÍ ÓÑÑÐ. Ñ 1974 ð. ó÷èëñÿ â àñïèðàíòóðå Èí-

ñòèòóòà ìàòåìàòèêè ÍÀÍ ÓÑÑÐ, êîòîðóþ óñïåøíî çàêîí-

÷èë, çàùèòèâ â 1978 êàíäèäàòñêóþ äèññåðòàöèþ. Ñ 1978 ïî

1993 ãã. Àëåêñàíäð Àíäðååâè÷ Áîé÷óê ðàáîòàë â Èíñòèòóòå

ãåîôèçèêè èì. Ñ.È.Ñóááîòèíà ÍÀÍ Óêðàèíû íà äîëæíî-

ñòÿõ ñòàðøåãî íàó÷íîãî ñîòðóäíèêà è çàâåäóþùåãî ëàáîðà-

òîðèåé. Â 1990 � 1991 ãã. ïðîõîäèë ñòàæèðîâêó â Èíñòè-

òóòå ìàòåìàòèêè ÍÀÍ Óêðàèíû, çàùèòèâ â 1992 äîêòîð-

ñêóþ äèññåðòàöèþ íà òåìó "Êîíñòðóêòèâíûå ìåòîäû àíà-

ëèçà íåòåðîâûõ êðàåâûõ çàäà÷ ". Ñ 1994 ðàáîòàåò â Èíñòè-

òóòå ìàòåìàòèêè ÍÀÍ Óêðàèíû â îòäåëå äèôôåðåíöèàëü-

íûõ óðàâíåíèé è òåîðèè êîëåáàíèé. Â 1997 ã. åìó áûëî ïðè-
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ñâîåíî çâàíèå ïðîôåññîðà. Â 2009 ã. Àëåêñàíäð Àíäðååâè÷

Áîé÷óê âîçãëàâèë ñîçäàííóþ â ñîñòàâå îòäåëà ¾Äèôôåðåí-

öèàëüíûå óðàâíåíèÿ è òåîðèÿ êîëåáàíèé¿ Èíñòèòóòà ìàòå-

ìàòèêè ÍÀÍ Óêðàèíû ñîâìåñòíî ñî Ñëàâÿíñêèì ãîñóäàð-

ñòâåííûì ïåäàãîãè÷åñêèì óíèâåðñèòåòîì ìåæâåäîìñòâåí-

íóþ ëàáîðàòîðèþ ¾Êðàåâûå çàäà÷è òåîðèè äèôôåðåíöè-

àëüíûõ óðàâíåíèé¿. À.À.Áîé÷óê � èçâåñòíûé ñïåöèàëèñò â

òåîðèè êðàåâûõ çàäà÷ ñ íîðìàëüíî-ðàçðåøèìûì (ôðåäãîëü-

ìîâûì, í¼òåðîâûì, n−ðàçðåøèìûì, d−ðàçðåøèìûì) îïå-
ðàòîðîì â ëèíåéíîé ÷àñòè. Âïåðâûå îïðåäåëèë óñëîâèÿ ðàç-

ðåøèìîñòè øèðîêîãî êëàññà íåëèíåéíûõ êðàåâûõ çàäà÷ äëÿ

ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ, èíòåãðàëüíî-

äèôôåðåíöèàëüíûõ, äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ è

ðàçíîñòíûõ óðàâíåíèé, óðàâíåíèé ñ çàïàçäûâàþùèì àðãó-

ìåíòîì, óðàâíåíèé ñ èìïóëüñíûì âîçäåéñòâèåì, óðàâíåíèé

íà "time-scale" , ñèíãóëÿðíî âîçìóùåííûõ óðàâíåíèé êàê â

êîíå÷íîìåðíîìåðíûõ, òàê è â áåñêîíå÷íîìåðíîìåðíûõ ïðî-

ñòðàíñòâàõ. Àëåêñàíäð Àíäðååâè÷ Áîé÷óê ñóùåñòâåííî ðàñ-

øèðèë êëàññèôèêàöèþ êðèòè÷åñêèõ (ðåçîíàíñíûõ) ñëó÷à-

åâ ýòèõ çàäà÷; èì ïîëó÷åí ðÿä îðèãèíàëüíûõ ðåçóëüòàòîâ

äëÿ çàäà÷ ñ óñëîâèÿìè íà áåñêîíå÷íîñòè, à èìåííî, íàéäå-

íû êðèòåðèè ñóùåñòâîâàíèÿ îãðàíè÷åííûõ íà âñåé îñè ðå-

øåíèé ëèíåéíûõ è íåëèíåéíûõ ñèñòåì îáûêíîâåííûõ äèô-

ôåðåíöèàëüíûõ è ðàçíîñòíûõ óðàâíåíèé è ïðåäëîæåíû àë-

ãîðèòìû ïîñòðîåíèÿ ðåøåíèé.

Àëåêñàíäð Àíäðååâè÷ Áîé÷óê ÿâëÿåòñÿ àâòîðîì áîëåå 130

íàó÷íûõ ðàáîò è òðåõ ìîíîãðàôèé. Â 2004 ã. â Íèäåðëàíäàõ

è ÑØÀ èçäàíà ñîâìåñòíàÿ ñ åãî ó÷èòåëåì è êîëëåãîé àêà-

äåìèêîì À.Ì.Ñàìîéëåíêî ìîíîãðàôèÿ "Generalized inverse



1 À.À.Áîé÷óê è Äîíáàññêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò 7

operators and Fredholm boundary value problems".

Â 2004 ã. â Ñëàâÿíñêå â ñîàâòîðñòâå ñ Ñ.Ì.×óéêî áûë

èçäàí êóðñ ëåêöèé ïî òåîðèè êðàåâûõ çàäà÷, îñíîâàííûé

íà ñåðèè ñïåöêóðñîâ, ïðî÷èòàííûõ àâòîðàìè íà ìåõàíèêî-

ìàòåìàòè÷åñêîì ôàêóëüòåòå Êèåâñêîãî íàöèîíàëüíîãî óíè-

âåðñèòåòà èì. Òàðàñà Øåâ÷åíêî è ôèçèêî-ìàòåìàòè÷åñêîì

ôàêóëüòåòå Ñëàâÿíñêîãî ãîñóäàðñòâåííîãî ïåäàãîãè÷åñêîãî

óíèâåðñèòåòà. Â 2013 ãîäó äàííûé êóðñ ëåêöèé â çíà÷è-

òåëüíî ðàñøèðåííîì âàðèàíòå áûë ïåðåâåäåí íà ñëîâàöêèé

ÿçûê: BoičukA., Čuiko S., Ružičkov�aM. Lineárne okrajové

úlohy. � Žilina: EDIS-vydavatel'stvo ŽU.

Íàó÷íûå ðåçóëüòàòû À.À.Áîé÷óêà õîðîøî èçâåñòíû ñïå-

öèàëèñòàì è äîêëàäûâàëèñü èì íà ïðåäñòàâèòåëüíûõ ìåæ-

äóíàðîäíûõ êîíôåðåíöèÿõ â Àâñòðèè, Áåëüãèè, Áîëãà-

ðèè, Âåëèêîáðèòàíèè, Âåíãðèè, Ãåðìàíèè, Ãðåöèè, Èñïà-

íèè, Ëàòâèè, Ïîëüøè, Ðóìûíèè, Ñëîâàêèè, ×åõèè è áîëü-

øèíñòâå ñòðàí ÑÍÃ. Íà ìíîãèõ êîíôåðåíöèÿõ è ñèìïîçèó-

ìàõ îí áûë ÷ëåíîì îðãàíèçàöèîííûõ êîìèòåòîâ è ïðèãëà-

øåííûì ëåêòîðîì.

Àëåêñàíäð Àíäðååâè÷ Áîé÷óê âïåðâûå ïîáûâàë â Ñëà-

âÿíñêå â 1998 ãîäó. À.À.Áîé÷óê íåîäíîêðàòíî âîçãëàâëÿë

ÃÝÊ íà ôèçèêî-ìàòåìàòè÷åñêîì ôàêóëüòåòå Ñëàâÿíñêîãî

ãîñóäàðñòâåííîãî ïåäàãîãè÷åñêîãî óíèâåðñèòåòà. Â 2008 �

2010 ãã. áûë ÷ëåíîì ðåäêîëëåãèè Âåñòíèêà Ñëàâÿíñêîãî ãî-

ñóäàðñòâåííîãî ïåäàãîãè÷åñêîãî óíèâåðñèòåòà. Ñåðèÿ ìàòå-

ìàòèêà. Â 2003 ã. ðàáîòàë ïðîôåññîðîì êàôåäðû ýêîíîìèêî-

ìàòåìàòè÷åñêèõ äèñöèïëèí Ñëàâÿíñêîãî ãîñóäàðñòâåííîãî

ïåäàãîãè÷åñêîãî óíèâåðñèòåòà.

12 � 14 èþíÿ 2013 ã. À.À.Áîé÷óê âîçãëàâëÿë ïðîãðàì-
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íûé êîìèòåò Ìåæäóíàðîäíîé íàó÷íîé êîíôåðåíöèè "Êðà-

åâûå çàäà÷è, òåîðèÿ ôóíêöèé è èõ ïðèìåíåíèå" ïîñâÿùåí-

íîé 75-ëåòèþ àêàäåìèêà À.Ì.Ñàìîéëåíêî, ïðîâåäåííîé â

Äîíáàññêîì ãîñóäàðñòâåííîì ïåäàãîãè÷åñêîì óíèâåðñèòåòå.

21 � 24 ìàÿ 2014 ã. À.À.Áîé÷óê � çàìåñòèòåëü ïðåäñåäà-

òåëÿ ïðîãðàìíîãî êîìèòåòà Ìåæäóíàðîäíîé íàó÷íîé êîí-

ôåðåíöèè "Êðàåâûå çàäà÷è, òåîðèÿ ôóíêöèé è èõ ïðèìåíå-

íèå" , ïîñâÿùåííîé 60 � ëåòèþ Â.È.Ðóêàñîâà, ïðîâåäåííîé â

Äîíáàññêîì ãîñóäàðñòâåííîì ïåäàãîãè÷åñêîì óíèâåðñèòåòå.

Â òå÷åíèå ïîñëåäíèõ äâàäöàòè ëåò À.À.Áîé÷óê ÿâëÿ-

åòñÿ ïðîôåññîðîì êàôåäðû èíòåãðàëüíûõ è äèôôåðåíöè-

àëüíûõ óðàâíåíèé Êèåâñêîãî íàöèîíàëüíîãî óíèâåðñèòåòà

èì. Òàðàñà Øåâ÷åíêî, â 2002 � 2010 ãã. � ïðîôåññîðîì-

èññëåäîâàòåëåì êàôåäðû ìàòåìàòè÷åñêîãî àíàëèçà è ïðè-

êëàäíîé ìàòåìàòèêè Óíèâåðñèòåòà ã. Æèëèíà (Ñëîâàêèÿ).

Ïîä åãî íàó÷íûì ðóêîâîäñòâîì ïîäãîòîâëåíî 15 êàíäè-

äàòñêèõ, äâå Ph.D. è îäíà äîêòîðñêàÿ äèññåðòàöèÿ. Äîë-

ãîå âðåìÿ ðàáîòàåò â ñïåöèàëèçèðîâàííîì ñîâåòå ïî çàùè-

òå äîêòîðñêèõ äèññåðòàöèé ïðè Êèåâñêîì íàöèîíàëüíîì

óíèâåðñèòåòå èì. Òàðàñà Øåâ÷åíêî. À.À.Áîé÷óê � çàìå-

ñòèòåëü ãëàâíîãî ðåäàêòîðà æóðíàëà ¾Íåëèíåéíûå êîëåáà-

íèÿ¿, êîòîðûé ïåðåâîäèòñÿ íà àíãëèéñêèé ÿçûê â èçäàòåëü-

ñòâå "Spriger".

Â 2012 ã. À.À.Áîé÷óê áûë èçáðàí ÷ëåíîì-êîððåñïîíäåí-

òîì Íàöèîíàëüíîé Àêàäåìèè íàóê Óêðàèíû. Âûäâèæåíèå

Àëåêñàíäðà Àíäðååâè÷à áûëî ïîääåðæàíî Ñëàâÿíñêèì ãî-

ñóäàðñòâåííûì ïåäàãîãè÷åñêèì óíèâåðñèòåòîì, à òàêæå Êè-

åâñêèì íàöèîíàëüíûì óíèâåðñèòåòîì èì. ÒàðàñàØåâ÷åíêî.

Â 2008 ã. ðàáîòû À.À.Áîé÷óêà áûëè îòìå÷åíû Ãîñóäàð-
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ñòâåííîé ïðåìèåé Óêðàèíû â îáëàñòè íàóêè è òåõíèêè. Â

2013 ã. ðàáîòû À.À.Áîé÷óêà áûëè îòìå÷åíû ïðåìèåé ÍÀÍ

Óêðàèíû èì. Þ.À.Ìèòðîïîëüñêîãî.

À.Ì.Ñàìîéëåíêî, Â.ß. Ãóòëÿíñêèé,

Ä.ß.Õóñàèíîâ, Ñ.Ì.×óéêî, Ñ.Î.×àé÷åíêî,

Î.À.Íîâèêîâ, Å.Â.×óéêî, À.À.Êàäóáîâñêèé

À.Ñ.×óéêî, Î.Â.Ñòàðêîâà, Î.Ã. Ðîâåíñêàÿ
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2 Ó÷åíèêè À.À.Áîé÷óêà â Äîíáàññêîì ãîñóäàð-

ñòâåííîì ïåäàãîãè÷åñêîì óíèâåðñèòåòå

Ïîä íàó÷íûì ðóêîâîäñòâîì ÷ëåíà-êîððåñïîíäåíòà Íàöèî-

íàëüíîé Àêàäåìèè íàóê Óêðàèíû Àëåêñàíäðà Àíäðååâè-

÷à Áîé÷óêà ïîäãîòîâëåíû äèññåðòàöèè íà ñîèñêàíèå ó÷åíîé

ñòåïåíè êàíäèäàòà ôèçèêî-ìàòåìàòè÷åñêèõ íàóê âûïóñêíè-

êàìè Ñëàâÿíñêîãî ãîñóäàðñòâåííîãî ïåäàãîãè÷åñêîãî óíè-

âåðñèòåòà:

1992 � Æóðàâëåâà Âàëåðèÿ Ôèëèïïîâè÷à "Íåòåðîâû

êðàåâûå çàäà÷è äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàç-

äûâàþùèì àðãóìåíòîì";

1993 � ×óéêî Ñåðãåÿ Ìèõàéëîâè÷à "Àâòîíîìíûå êðàå-

âûå çàäà÷è â êðèòè÷åñêèõ ñëó÷àÿõ";

1996 � ×óéêî Åëåíû Âèêòîðîâíû "Êðàåâûå çàäà÷è ñ âû-

ðîæäåííûì èìïóëüñíûì âîçäåéñòâèåì â êðèòè÷åñêèõ ñëó-

÷àÿõ".

Â 2009 ã. ×óéêîÑ.Ì. çàùèòèë äèññåðòàöèþ íà ñîèñêà-

íèå ó÷åíîé ñòåïåíè äîêòîðà ôèçèêî-ìàòåìàòè÷åñêèõ íà-

óê "Íåòåðîâû êðàåâûå çàäà÷è äëÿ èìïóëüñíûõ äèôôåðåí-

öèàëüíûõ óðàâíåíèé" (íàó÷íûé êîíñóëüòàíò � àêàäåìèê

ÍÀÍ Óêðàèíû À.Ì.Ñàìîéëåíêî).

Â 2013 ã. ÆóðàâëåâÂ.Ô. çàùèòèë äèññåðòàöèþ íà ñîèñ-

êàíèå ó÷åíîé ñòåïåíè äîêòîðà ôèçèêî-ìàòåìàòè÷åñêèõ íà-

óê "Îáîáùåííî îáðàòíûå îïåðàòîðû è íîðìàëüíî ðàçðå-

øèìûå êðàåâûå çàäà÷è â áàíàõîâûõ ïðîñòðàíñòâàõ" (íà-

ó÷íûé êîíñóëüòàíò � ÷ëåí-êîððåñïîíäåíò ÍÀÍ Óêðàèíû

À.À.Áîé÷óê).
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3 Äèíàñòèÿ À.À.Áîé÷óêà

Àëåêñàíäð Àíäðååâè÷ Áîé÷óê ðîäèëñÿ 30 èþíÿ 1950 â

ã.Êèðîâîãðàäå â ñåìüå Àíäðåÿ Ïðîêîôüåâè÷à Áîé÷óêà è

Àííû Åôèìîâíû Áîé÷óê. Îòåö Àëåêñàíäðà Àíäðååâè÷à �

óêðàèíñêèé ëèòåðàòîð è ïåäàãîã, ïðîôåññîð, êàíäèäàò ôè-

ëîëîãè÷åñêèõ íàóê, ïðîðåêòîð, çàâåäóþùèé êàôåäðîé óêðà-

èíñêîé ëèòåðàòóðû â Êèðîâîãðàäñêîì ïåäèíñòèòóòå (1959 �

1970 ãîäû). Àâòîð êíèãè ¾Óêðàèíñêàÿ ñàòèðà âòîðîé ïîëî-

âèíû XIX âåêà¿ (1972).

Àëåêñàíäð Àíäðååâè÷ Áîé÷óê â 1967 ã. çàêîí÷èë ñ ñå-

ðåáðÿíîé ìåäàëüþ Êèðîâîãðàäñêóþ ñðåäíþþ øêîëó �11

è ïîñòóïèë â Êèåâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì.

ÒàðàñàØåâ÷åíêî íà ìåõàíèêî-ìàòåìàòè÷åñêèé ôàêóëüòåò.

Ñ 1974 ð. ó÷èëñÿ â àñïèðàíòóðå Èíñòèòóòà ìàòåìàòèêè

ÍÀÍ ÓÑÑÐ, êîòîðóþ óñïåøíî çàêîí÷èë, çàùèòèâ â 1978

êàíäèäàòñêóþ äèññåðòàöèþ. Ñ 1978 ïî 1993 ãã. Àëåêñàíäð

Àíäðååâè÷ Áîé÷óê ðàáîòàë â Èíñòèòóòå ãåîôèçèêè èì.

Ñ.È.Ñóááîòèíà ÍÀÍ Óêðàèíû íà äîëæíîñòÿõ ñòàðøåãî íà-

ó÷íîãî ñîòðóäíèêà è çàâåäóþùåãî ëàáîðàòîðèåé. Â 1990

� 1991 ãã. ïðîõîäèë ñòàæèðîâêó â Èíñòèòóòå ìàòåìàòèêè

ÍÀÍ Óêðàèíû, çàùèòèâ â 1992 äîêòîðñêóþ äèññåðòàöèþ.

Ñ 1994 ðàáîòàåò â Èíñòèòóòå ìàòåìàòèêè ÍÀÍ Óêðàèíû â

îòäåëå äèôôåðåíöèàëüíûõ óðàâíåíèé è òåîðèè êîëåáàíèé,

â íàñòîÿùåå âðåìÿ â äîëæíîñòè çàâåäóþùåãî ëàáîðàòîðèè

"Êðàåâûå çàäà÷è òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé". Â

1997 ã. åìó áûëî ïðèñâîåíî çâàíèå ïðîôåññîðà.

Æåíà Àëåêñàíäðà Àíäðååâè÷à � Îëüãà Èâàíîâíà Áîé-

÷óê � êàíäèäàò òåõíè÷åñêèõ íàóê, ðàáîòàåò â Èíñòèòóòå

ýëåêòðîñâàðêè èì. Å.Î.Ïàòîíà ÍÀÍ Óêðàèíû.
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Ñòàðøèé ñûí Àëåêñàíäðà Àíäðååâè÷à � Àíäðåé Àëåê-

ñàíäðîâè÷ Áîé÷óê � êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íà-

óê, ó÷åíèê àêàäåìèêà ÍÀÍ Óêðàèíû À.Ì.Ñàìîéëåíêî. Çà-

êîí÷èë ìåõàíèêî-ìàòåìàòè÷åñêèé ôàêóëüòåò Êèåâñêîãî íà-

öèîíàëüíîãî óíèâåðñèòåòà èì. Òàðàñà Øåâ÷åíêî, à òàêæå

àñïèðàíòóðó Èíñòèòóòà ìàòåìàòèêè ÍÀÍ Óêðàèíû, ðàáîòà-

åò â Èíñòèòóòå ýëåêòðîñâàðêè èì. Å.Î.Ïàòîíà ÍÀÍ Óêðà-

èíû.

Ìëàäøèé ñûí Àëåêñàíäðà Àíäðååâè÷à, Èãîðü Àëåê-

ñàíäðîâè÷ Áîé÷óê, äî 13.10.2015 ã. ðàáîòàë â Èíñòèòó-

òå ýëåêòðîñâàðêè èì. Å.Î.Ïàòîíà ÍÀÍ Óêðàèíû. Çàêîí-

÷èë ìåõàíèêî-ìàòåìàòè÷åñêèé ôàêóëüòåò Êèåâñêîãî íàöè-

îíàëüíîãî óíèâåðñèòåòà èì. Òàðàñà Øåâ÷åíêî, à òàêæå àñ-

ïèðàíòóðó â Ñëàâÿíñêîì ãîñóäàðñòâåííîì ïåäàãîãè÷åñêîì

óíèâåðñèòåòå. Â 2010 ã. çàùèòèë äèññåðòàöèþ íà ñîèñ-

êàíèå ó÷åíîé ñòåïåíè êàíäèäàòà ôèçèêî-ìàòåìàòè÷åñêèõ

íàóê "Íåëèíåéíûå íåòåðîâû êðàåâûå çàäà÷è â êðèòè÷å-

ñêèõ ñëó÷àÿõ"(íàó÷íûé ðóêîâîäèòåëü � äîêòîð ôèçèêî-

ìàòåìàòè÷åñêèõ íàóê Ñ.Ì.×óéêî).

Èãîðü Àëåêñàíäðîâè÷ Áîé÷óê òðàãè÷åñêè ïîãèá

12.10.2015 ã. â Êèåâå.

Ñ.Ì.×óéêî, Å.Â.×óéêî
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4 Äèññåðòàöèè, çàùèùåííûå ïîä ðóêîâîäñòâîì

ó÷åíèêîâ À.À.Áîé÷óêà

Â 2009 ã. Îëüãà Ãåííàäüåâíà Ðîâåíñêàÿ çàùèòèëà

äèññåðòàöèþ íà ñîèñêàíèå ó÷åíîé ñòåïåíè êàíäèäàòà

ôèçèêî-ìàòåìàòè÷åñêèõ íàóê "Ïðèáëèæåíèå ïåðèîäè÷å-

ñêèõ ôóíêöèé âûñîêîé ãëàäêîñòè ëèíåéíûìè ñðåäíèìè

ðÿäîâ Ôóðüå" (íàó÷íûé ðóêîâîäèòåëü � äîêòîð ôèçèêî-

ìàòåìàòè÷åñêèõ íàóê Ñ.Ì.×óéêî).

Â 2010 ã. Îëüãà Âëàäèìèðîâíà Ñòàðêîâà (Íåñìåëîâà)

çàùèòèëà äèññåðòàöèþ íà ñîèñêàíèå ó÷åíîé ñòåïåíè êàí-

äèäàòà ôèçèêî-ìàòåìàòè÷åñêèõ íàóê "Íåäîîïðåäåëåííûå

íåòåðîâû êðàåâûå çàäà÷è â êðèòè÷åñêèõ ñëó÷àÿõ" (íàó÷íûé

ðóêîâîäèòåëü � äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê

Ñ.Ì.×óéêî)

Â 2010 ã. Èãîðü Àëåêñàíäðîâè÷ Áîé÷óê çàùèòèë äèñ-

ñåðòàöèþ íà ñîèñêàíèå ó÷åíîé ñòåïåíè êàíäèäàòà ôèçèêî-

ìàòåìàòè÷åñêèõ íàóê "Íåëèíåéíûå íåòåðîâû êðàåâûå çàäà-

÷è â êðèòè÷åñêèõ ñëó÷àÿõ" (íàó÷íûé ðóêîâîäèòåëü � äîê-

òîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê Ñ.Ì.×óéêî).

Â 2013 ã. Îëüãà Åâãåíüåâíà Ïèðóñ (Ëþáèìàÿ) çà-

ùèòèëà äèññåðòàöèþ íà ñîèñêàíèå ó÷åíîé ñòåïåíè êàí-

äèäàòà ôèçèêî-ìàòåìàòè÷åñêèõ íàóê "Ìåòîä Íüþòîíà-

Êàíòîðîâè÷à â òåîðèè àâòîíîìíûõ êðàåâûõ çàäà÷" (íàó÷-

íûé ðóêîâîäèòåëü � äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê

Ñ.Ì.×óéêî).
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5 Îñíîâíûå ïóáëèêàöèè À.À.Áîé÷óêà

1. Ëûêîâà Î.Á., Áîé÷óê À.À. Ìåòîä ìàëîãî ïàðàìåòðà â

çàäà÷å ïîñòðîåíèÿ ôóíêöèé Ëÿïóíîâà äëÿ ñèñòåì ëè-

íåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé // Òåîðèÿ óñòîé-

÷èâîñòè è åå ïðèëîæåíèÿ. � Íîâîñèáèðñê: Íàóêà, 1979.

� Ñ. 60 � 66.

2. Áîé÷óê À.À. Î äèõîòîìèè ïåðèîäè÷åñêèõ ñèñòåì â êðè-

òè÷åñêèõ ñëó÷àÿõ // Ïðèáëèæåííûå ìåòîäû èññëåäîâà-

íèÿ íåëèíåéíûõ êîëåáàíèé. � Êèåâ, 1983. � Ñ.24�28.

3. Áîé÷óê À.À. Ïîñòðîåíèå ïåðèîäè÷åñêèõ ðåøåíèé íåëè-

íåéíûõ ñèñòåì â êðèòè÷åñêèõ ñëó÷àÿõ // Àñèìïòîòè÷å-

ñêîå èíòåãðèðîâàíèå äèôôåðåíöèàëüíûõ óðàâíåíèé. �

Êèåâ, 1985. � Ñ. 24 � 30.

4. Áîé÷óê À.À. Ïîñòðîåíèå ðåøåíèå êðàåâûõ çàäà÷ äëÿ

íåëèíåéíûõ ñèñòåì â êðèòè÷åñêèõ ñëó÷àÿõ // Íåêîòî-

ðûå âîïðîñû òåîðèè àñèìïòîòè÷åñêèõ ìåòîäîâ íåëèíåé-

íîé ìåõàíèêè. � Êèåâ, 1986. � Ñ. 39 � 43.

5. Ëûêîâà Î.Á., Áîé÷óê À.À. Ïåðèîäè÷åñêèå ðåøåíèÿ

è äèõîòîìèÿ ñëàáîâîçìóùåííûõ ëèíåéíûõ ñèñòåì //

Óñïåõè ìàò. íàóê. � 1987. � � 4. � Ñ. 135

6. Áîé÷óê À.À. Óñëîâèÿ âîçíèêíîâåíèÿ äèõîòîìèè ëèíåé-

íûõ ïåðèîäè÷åñêèõ ñèñòåì // Ìåòîä ôóíêöèé Ëÿïóíîâà

â àíàëèçå äèíàìèêè ñèñòåì. � Íîâîñèáèðñê, 1987. � Ñ.

251 � 256.

7. LykovaO.B. BoichukA.A. Construction of periodic

solutions of nonlinear systems in critical cases // Ukrainian
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Mathematical Journal. � 1988. � 40, � 1. � pp. 51 � 58.

8. Áîé÷óê À.À. Èòåðàöèîííûå ìåòîäû ïîñòðîåíèÿ ðåøå-

íèé äâóõòî÷å÷íûõ êðàåâûõ çàäà÷ äëÿ íåëèíåéíûõ ñè-

ñòåì // Äîêë. ÀÍ ÓÑÑÐ. Ñåðèÿ À. � 1988. � �3. � Ñ.

6 � 9.

9. Ëûêîâà Î.Á., Áîé÷óê À.À. Ïîñòðîåíèå ïåðèîäè÷åñêèõ

ðåøåíèé íåëèíåéíûõ ñèñòåì â êðèòè÷åñêèõ ñëó÷àÿõ //

Óêð.ìàò.æóðí. � 1988. � 40, � 1. � Ñ. 62 � 69.

10. Áîé÷óê À.À. Iíòåðàöiéíi ìåòîäè ïîáóäîâè ðîçâ'ÿçêiâ

äâîòî÷êîâèõ êðàéîâèõ çàäà÷ äëÿ íåëiíiéíèõ ñèñòåì //

Äîïîâiäi ÀÍ ÓÐÑÐ. Ñåð À, Ôiç.-ìàò. i òåõí. íàóêè. �

1988. � �3. � Ñ. 6 � 8.

11. Áîé÷óê À.À. Ôóíêöèÿ Ãðèíà ëèíåéíîé îäíîðîäíîé êðà-
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6 Ñ.Ì.×óéêî Î ðåøåíèè ìàòðè÷íûõ óðàâíåíèé

Êëþ÷åâûì â èññëåäîâàíèÿõ À.À.Áîé÷óêà ÿâëÿåòñÿ èñïîëü-

çîâàíèå óñëîâèé ðàçðåøèìîñòè, à òàêæå ñõåìû íàõîæäå-

íèÿ ðåøåíèé ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèÿ

ñ èñïîëüçîâàíèåì ïðîåêòîðîâ è ïñåâäîîáðàòíûõ (ïî Ìóðó-

Ïåíðîóçó) ìàòðèö. Â ñòàòüå À.À.Áîé÷óêà è Ñ.À.Êðèâîøåè

[6] èçó÷åíû ìàòðè÷íûå óðàâíåíèÿ Ëÿïóíîâà [1].

Ìàòðè÷íûå óðàâíåíèÿ Ëÿïóíîâà, à òàêæå èõ îáîáùåíèÿ

� ìàòðè÷íûå óðàâíåíèÿ Ñèëüâåñòðà [1, 2, 3, 4, 6] øèðîêî

èñïîëüçóþòñÿ â òåîðèè óñòîé÷èâîñòè äâèæåíèÿ [3, c. 245], à

òàêæå ïðè ðåøåíèè äèôôåðåíöèàëüíûõ óðàâíåíèé Ðèêêàòè

è Áåðíóëëè [7]. Â ñòàòüå [7] ïðåäëîæåíû óñëîâèÿ ðàçðåøè-

ìîñòè, à òàêæå ñõåìà ïîñòðîåíèÿ ÷àñòíîãî ðåøåíèÿ óðàâíå-

íèÿ Ëÿïóíîâà íà îñíîâå ïñåâäîîáðàùåíèÿ [9] îïåðàòîðà L,

ñîîòâåòñòâóþùåãî îäíîðîäíîé ÷àñòè óðàâíåíèÿ Ëÿïóíîâà.

Èñïîëüçóÿ òåõíèêó ïñåâäîîáðàòíûõ (ïî Ìóðó-Ïåíðîóçó)

ìàòðèö è ïðîåêòîðîâ, â äàííîé ñòàòüå ïðåäëîæåíû îðèãè-

íàëüíûå óñëîâèÿ ðàçðåøèìîñòè, à òàêæå ñõåìà íàõîæäå-

íèÿ ñåìåéñòâà ëèíåéíî íåçàâèñèìûõ ðåøåíèé íåîäíîðîäíî-

ãî îáîáùåííîãî ìàòðè÷íîãî óðàâíåíèÿ è, â ÷àñòíîñòè, óðàâ-

íåíèÿ Ñèëüâåñòðà, â îáùåì ñëó÷àå, êîãäà ëèíåéíûé ìàòðè÷-

íûé îïåðàòîð L, ñîîòâåòñòâóþùèé îäíîðîäíîé ÷àñòè îáîá-

ùåííîãî ìàòðè÷íîãî óðàâíåíèÿ íå èìååò îáðàòíîãî. Íàéäå-

íî âûðàæåíèå äëÿ ñåìåéñòâà ëèíåéíî íåçàâèñèìûõ ðåøå-

íèé íåîäíîðîäíîãî îáîáùåííîãî ìàòðè÷íîãî óðàâíåíèÿ è, â

÷àñòíîñòè, óðàâíåíèé Ñèëüâåñòðà è Ëÿïóíîâà [3, 8, 10].
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6.1 Ïîñòàíîâêà çàäà÷è

Èññëåäóåì çàäà÷ó î ïîñòðîåíèè ðåøåíèé ëèíåéíîãî ìàòðè÷-

íîãî óðàâíåíèÿ

LX = A. (1)

Çäåñü L : Rα×β → Rγ×δ � ëèíåéíûé îãðàíè÷åííûé ìàò-

ðè÷íûé ôóíêöèîíàë, X ∈ Rα×β � íåèçâåñòíàÿ ìàòðèöà,

A ∈ Rγ×δ � çàäàííàÿ ìàòðèöà. Îáîçíà÷èì{
Θj

}α·β
j=1
∈ Rα×β

åñòåñòâåííûé áàçèñ [11] ïðîñòðàíñòâà Rα×β. Îáùåå ðåøåíèå

óðàâíåíèÿ (1) èùåì â âèäå ñóììû

X =

α·β∑
j=1

Θjcj, cj ∈ R1.

Ïîñëåäíåå âûðàæåíèå ïðèâîäèò óðàâíåíèå (1) ê âèäó

α·β∑
j=1

LΘj cj = A.

Îïðåäåëèì îïåðàòîðM[A] : Rm×n → Rm·n, êàê îïåðàòîð,

êîòîðûé ñòàâèò â ñîîòâåòñòâèå ìàòðèöå A ∈ Rm×n âåêòîð-

ñòîëáåö B := M[A] ∈ Rm·n, ñîñòàâëåííûé èç n ñòîëáöîâ

ìàòðèöû A, à òàêæå îáðàòíûé îïåðàòîð [8]

M−1
[
B
]

: Rm·n → Rm×n,

êîòîðûé ñòàâèò â ñîîòâåòñòâèå âåêòîðó B ∈ Rm·n ìàòðèöó

A ∈ Rm×n. Çàìåòèì, ÷òî îïåðàòîð M[A], êàê è îáðàòíûé

îïåðàòîðM−1[B], ìîãóò áûòü ïðåäñòàâëåíû â ÿâíîì âèäå.

Îïðåäåëèì ìàòðèöû

Υ1 := ( 1 ) ∈ R1×1, Υ2 := ( 1 0 0 1 )∗ ∈ R4×1,



6 Ñ.Ì.×óéêî Î ðåøåíèè ìàòðè÷íûõ óðàâíåíèé 35

Υ3 := ( 1 0 0 0 1 0 0 0 1 )∗ ∈ R9×1, ... .

Âåêòîð Υm ñîñòîèò èç m− 1 öåïî÷êè âèäà

( 1 0 0 ... 0 )∗ ∈ R(m−1)×1

è çàêàí÷èâàåòñÿ åäèíèöåé:

Υm :=
(

1 0 0 ... 0 1 0 0 ... 0 ... 1 0 0 ... 0 1
)∗ ∈ Rm2×1.

Â íîâûõ îáîçíà÷åíèÿõ îïåðàòîðM[A] ïðåäñòàâèì â ÿâíîì

âèäå:

M[A] =
(
In ⊗ A

)
· Υn ∈ Rm·n.

Îïðåäåëèì òàêæå ìàòðèöû [8][
Em
n

]
j

:=
[
Em

1

]
j
⊗ In ∈ Rn×m·n,

[
Em

1

]
j

:=
{
δij
}m
i=1
∈ R1×m;

çäåñü δij � ñèìâîë Êðîíåêêåðà [11]. Òàêèì îáðàçîì, îáðàò-

íûé îïåðàòîðM−1[B] ïðåäñòàâèì â ÿâíîì âèäå:

M−1[B] =

n∑
k=1

[
En
m

]
k
· B ·

[
En

1

]
k
.

6.2 Îñíîâíîé ðåçóëüòàò

Ñèñòåìà (1) ðàâíîñèëüíà ñëåäóþùåìó óðàâíåíèþ

Q c =M[A] (2)

îòíîñèòåëüíî âåêòîðà c ∈ Rα·β; çäåñü

Q :=

α·β∑
j=1

{[
Eαβ

1

]
j
⊗M[LΘj]

}
.

Ïðè óñëîâèè

PQ∗M[A] = 0. (3)
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è òîëüêî ïðè íåì óðàâíåíèå (2) ðàçðåøèìî

c = Q+M[A] + PQrcr, cr ∈ Rr,

ïðè ýòîì óðàâíåíèå (1) èìååò r-ïàðàìåòðè÷åñêîå ñåìåéñòâî

ðåøåíèé

X = Φ[A] + Ψ[cr], (4)

ãäå

Φ[A] :=M−1
{
Q+M[B]

}
, Ψ[cr] :=M−1

[
PQrcr

]
.

Çäåñü Q+ � ïñåâäîîáðàòíàÿ (ïî Ìóðó-Ïåíðîóçó) ìàòðèöà,

PQ : Rβ·γ×β·γ → N(Q), PQ∗ : Rα·δ×α·δ → N(Q∗)

� îðòîïðîåêòîðû ìàòðèö Q è Q∗. Ìàòðèöà PQr ñî-

ñòàâëåíà èç r ëèíåéíî íåçàâèñèìûõ ñòîëáöîâ ìàòðèöû-

îðòîïðîåêòîðà PQ. Óñëîâèÿ ñóùåñòâîâàíèÿ è âèä îáùåãî

ðåøåíèÿ ìàòðè÷íîãî óðàâíåíèÿ (1) îïðåäåëÿåò ñëåäóþùàÿ

òåîðåìà.

Òåîðåìà 6.1 Ìàòðè÷íîå óðàâíåíèå (1) ðàçðåøèìî òî-

ãäà è òîëüêî òîãäà, êîãäà âûïîëíåíî óñëîâèå (3). Ïðè

óñëîâèè (3) è òîëüêî ïðè íåì, óðàâíåíèå (1) èìååò r-

ïàðàìåòðè÷åñêîå ñåìåéñòâî ðåøåíèé (4).

Ïðè óñëîâèè PQ∗ 6= 0 áóäåì ãîâîðèòü, ÷òî äëÿ ìàòðè÷íîãî

óðàâíåíèÿ (1) èìååò ìåñòî êðèòè÷åñêèé ñëó÷àé, ïðè ýòîì

óðàâíåíèå (1) ðàçðåøèìî ëèøü äëÿ òåõ íåîäíîðîäíîñòåé A,
äëÿ êîòîðûõ âûïîëíåíî óñëîâèå (3).

Ïðèìåð 6.1 Ìàòðè÷íîå óðàâíåíèå îáùåãî âèäà

LX = A (5)



6 Ñ.Ì.×óéêî Î ðåøåíèè ìàòðè÷íûõ óðàâíåíèé 37

ðàçðåøèìî ïðè

LX :=

3∑
i=1

2∑
j=1

SiXRj +

∫ 1

0

∫ 1

0

U(t, s)XV (t, s) dt ds;

çäåñü

S1 :=

 1 0

0 1

0 0

 , S2 :=

 0 0

1 0

0 0

 , S3 :=

 0 0

0 0

0 1

 ,

R1 :=

 0 1 0 0

0 0 0 0

1 0 0 0

 , R2 :=

 1 0 0 0

0 0 0 1

0 0 0 0

 ,

U(t, s) :=

 t 0

t s

0 s

 , V (t, s) :=

 s s 0 0

0 s t 0

0 0 t t

 ,

A :=

 84 905 350 3 018 490 14 616 420 −5 670 300

42 288 650 1 673 270 8 255 910 −3 126 750

−42 616 700 −1 345 220 −6 360 510 2 543 550

 .

Åñòåñòâåííûé áàçèñ ïðîñòðàíñòâà R2×3 ñîñòàâëÿþò ìàò-

ðèöû

Θ1 :=

(
1 0 0

0 0 0

)
, Θ2 :=

(
0 0 0

1 0 0

)
, ... ,

Θ6 :=

(
0 0 0

0 0 1

)
.
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Êëþ÷åâàÿ ïðè èññëåäîâàíèè óðàâíåíèÿ (5) ìàòðèöà

Q =
1

12



15 0 0 0 12 0

15 16 0 0 12 12

0 16 0 0 0 12

15 0 3 0 0 0

15 16 3 4 0 0

0 16 0 4 0 0

0 0 4 0 4 0

0 0 4 3 4 3

0 0 0 3 0 3

0 0 12 0 4 0

0 0 12 12 4 3

0 0 0 12 0 3


îïðåäåëÿåò ìàòðèöó-îðòîïðîåêòîð PQ∗ 6= 0, ïðè ýòîì äëÿ

óðàâíåíèÿ (5) èìååò ìåñòî êðèòè÷åñêèé ñëó÷àé. Ïîñêîëü-

êó âûïîëíåíî óñëîâèå (3), ïîñòîëüêó, ïîñòàâëåííàÿ çàäà÷à

ðàçðåøèìà. Åäèíñòâåííîå (PQ = 0) ðåøåíèå óðàâíåíèÿ (5)

ïðåäñòàâèìî â âèäå

X = Φ[A] =

(
8 500 808 −30 430 080 74 279 340

−3 976 935 11 872 080 −37 314 120

)
.

Ïðè óñëîâèè PQ∗ = 0 áóäåì ãîâîðèòü, ÷òî äëÿ ìàòðè÷íîãî

óðàâíåíèÿ (1) èìååò ìåñòî íåêðèòè÷åñêèé ñëó÷àé, ïðè ýòîì

óðàâíåíèå (1) ðàçðåøèìî äëÿ ëþáîé íåîäíîðîäíîñòè A.

Ñëåäñòâèå 6.1 Ìàòðè÷íîå óðàâíåíèå (1) â íåêðèòè÷å-

ñêîì ñëó÷àå (PQ∗ = 0) ðàçðåøèìî äëÿ ëþáîé íåîäíîðîä-

íîñòè A ∈ Rα×δ. Â ýòîì ñëó÷àå óðàâíåíèå (1) èìååò r-

ïàðàìåòðè÷åñêîå ñåìåéñòâî ðåøåíèé (4).
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Ïðèìåð 6.2 Ìàòðè÷íîå óðàâíåíèå îáùåãî âèäà

LX = A (6)

ðàçðåøèìî ïðè

L :=

∫ 2π

0

U(t)XV (t)dt, V (t) :=

 sin t cos t 0 0

0 sin t cos t 0

0 0 sin t cos t

 ;

çäåñü

U(t) :=
1

π

(
sin t cos t

)
, A :=

(
1 0 1 0

)
.

Êëþ÷åâàÿ ïðè èññëåäîâàíèè óðàâíåíèÿ (6) ìàòðèöà

Q =


1 0 0 0 0 0

0 1 1 0 0 0

0 0 0 1 1 0

0 0 0 0 0 1


îïðåäåëÿåò îðòîïðîåêòîðû PQ∗ = 0 è

PQ =
1

2



0 0 0 0 0 0

0 1 −1 0 0 0

0 −1 1 0 0 0

0 0 0 1 −1 0

0 0 0 −1 1 0

0 0 0 0 0 0


.

Ïîñêîëüêó PQ∗ = 0, ïîñòîëüêó äëÿ óðàâíåíèÿ (6) èìååò ìå-

ñòî íåêðèòè÷åñêèé ñëó÷àé, ñëåäîâàòåëüíî, ïîñòàâëåííàÿ çà-

äà÷à ðàçðåøèìà. Îáùåå ðåøåíèå (3) óðàâíåíèÿ (6) îïðåäå-

ëÿþò ìàòðèöû

Φ[A] =
1

2

(
2 0 1

0 1 0

)
, Ψ[cr] =

(
0 −c1 −c2

c1 c2 0

)
.
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Äîêàçàííàÿ òåîðåìà è ñëåäñòâèå îáîáùàþò ñîîòâåòñòâó-

þùèå óñëîâèÿ ðàçðåøèìîñòè, à òàêæå ñõåìó ïîñòðîåíèÿ ðå-

øåíèÿ óðàâíåíèé Ëÿïóíîâà [7, 10] è Ñèëüâåñòðà [8] íà ñëó-

÷àé ëèíåéíîãî ìàòðè÷íîãî óðàâíåíèÿ (1) îáùåãî âèäà è ìî-

ãóò áûòü èñïîëüçîâàíû â òåîðèè óñòîé÷èâîñòè äâèæåíèÿ

[3, 4, 5], ïðè ðåøåíèè äèôôåðåíöèàëüíûõ óðàâíåíèé Ðèê-

êàòè è Áåðíóëëè [7, 13], à òàêæå ïðè ðåøåíèè ëèíåéíûõ

êðàåâûõ çàäà÷ äëÿ ìàòðè÷íûõ äèôôåðåíöèàëüíûõ óðàâ-

íåíèé [12, 14, 15, 16]. Ïîëó÷åííûå ðåçóëüòàòû àíàëîãè÷íî

[17] ìîãóò áûòü ïåðåíåñåíû íà îáîáùåííûå óðàâíåíèÿ òèïà

Ñèëüâåñòðà, ñîäåðæàùèå íåèçâåñòíûå ìàòðèöû ðàçëè÷íûõ

ðàçìåðíîñòåé.

6.3 Ðåãóëÿðèçàöèÿ ëèíåéíûõ ìàòðè÷íûõ óðàâíåíèé

Ïîñòàâèì ñëåäóþùóþ çàäà÷ó: ìîæíî ëè â êðèòè÷åñêîì ñëó-

÷àå ìàëûìè âîçìóùåíèÿìè ïðèâåñòè ìàòðè÷íîå óðàâíåíèå

(1) îáùåãî âèäà ê íåêðèòè÷åñêîìó ñëó÷àþ? Òàêèì îáðàçîì

ïîñòàâëåííàÿ çàäà÷à îòíîñèòñÿ ê çàäà÷àì î ðåãóëÿðèçàöèè

[9, 22, 32]. Êàê èçâåñòíî [18], ëþáàÿ (m× n)− ìàòðèöà Q â

îïðåäåëåííîì áàçèñå ìîæåò áûòü ïðåäñòàâëåíà â âèäå

Q = Φ · J · Ψ, rank Q := ρ; (7)

çäåñü Φ ∈ Rm×m è Ψ ∈ Rn×n � íåâûðîæäåííûå ìàòðèöû,

J :=

(
Iρ O

O O

)
.

Ðàçëîæåíèåì (7) ìîæíî âîñïîëüçîâàòüñÿ ïðè ðåøåíèè çàäà-

÷è î ðåãóëÿðèçàöèè ìàòðè÷íîãî óðàâíåíèÿ (1). Ñèñòåìà (1)

ðàâíîñèëüíà óðàâíåíèþ (2). Âîçìóùåíèå ìàòðèöû Q áóäåì
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èñêàòü â âèäå

Q := Q + εR ∈ Rγδ×αβ, 0 < ε� 1.

Ïî îïðåäåëåíèþ àëãåáðàè÷åñêàÿ ñèñòåìà (1) ïðåäñòàâëÿåò

íåêðèòè÷åñêèé ñëó÷àé ïðè óñëîâèè PQ∗ = 0. Î÷åâèäíî, ýòî

óñëîâèå ðàâíîñèëüíî óðàâíåíèþ[
Q + εR

]
·
[
Q + εR

]+
= Iγδ (8)

îòíîñèòåëüíî (γδ × αβ)− ìàòðèöû R. Çàìåòèì, ÷òî óðàâ-

íåíèå (8) ðàçðåøèìî ëèøü äëÿ γδ = αβ, ëèáî γδ < αβ.

Äåéñòâèòåëüíî, ïðåäïîëîæèì óðàâíåíèå (8) ïåðåîïðåäåëåí-

íûì: γδ > αβ, ïðè ýòîì

rank
(
Q + εR

)(
Q + εR

)+ ≤ rank
(
Q + εR

)
=

= rank
(
Q + εR

)+ ≤ αβ < γδ,

÷òî ïðîòèâîðå÷èò ðàâåíñòâó ðàíãîâ ëåâîé è ïðàâîé ÷àñòè

óðàâíåíèÿ (8). Ïðè óñëîâèè γδ ≤ αβ óðàâíåíèå (8) èìååò

ïî ìåíüøåé ìåðå îäíî ñåìåéñòâî ðåøåíèé

R := Φ·ΠJ ·Ψ ∈ Rγδ×αβ, ΠJ :=

(
O O

O C

)
, rank C := γδ−ρ.

Òàêèì îáðàçîì, ïîñòàâëåííàÿ çàäà÷à î ðåãóëÿðèçàöèè àë-

ãåáðàè÷åñêîé ñèñòåìû (2), ðàâíîñèëüíàÿ óðàâíåíèþ (2) ñ

(γδ × αβ)− ìàòðèöåé Q ðàçðåøèìà ïðè óñëîâèè γδ ≤ αβ â

âèäå

Q := Q + εR, R := Φ · ΠJ · Ψ.
Äåéñòâèòåëüíî, â ñèëó íåâûðîæäåííîñòè ìàòðèö Φ ∈ Rγδ×γδ

è Ψ ∈ Rαβ×αβ èìååò ìåñòî ðàâåíñòâî [11, 4.48]

rank Q = rank (J + εΠJ) = m,
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ïðè ýòîì PQ∗ = 0, ñëåäîâàòåëüíî ñèñòåìà (2) ñ ìàòðèöåé Q

ðàçðåøèìà äëÿ ëþáûõ ïðàâûõ ÷àñòåé. Òàêèì îáðàçîì, íàé-

äåíî ðåøåíèå çàäà÷è î ðåãóëÿðèçàöèè àëãåáðàè÷åñêîé ñè-

ñòåìû (2), ïðè ýòîì çàäà÷à î ðåãóëÿðèçàöèè àëãåáðàè÷åñêîé

ñèñòåìû (1) ìîæåò áûòü ïîñòàâëåíà äëÿ ëèíåéíîãî ìàòðè÷-

íîãî óðàâíåíèÿ

LX = A. (9)

Çäåñü

LX := LX + εUXV ;

çäåñü U ∈ Rγ×α � ôèêñèðîâàííàÿ ïîñòîÿííàÿ ìàòðèöà è

V ∈ Rβ×δ � íåèçâåñòíàÿ ïîñòîÿííàÿ ìàòðèöà. Îáîçíà÷èì{
Ξj

}β·δ
j=1
∈ Rβ×δ

åñòåñòâåííûé áàçèñ [11] ïðîñòðàíñòâà Rβ×δ. Íåèçâåñòíóþ

ìàòðèöó V èùåì â âèäå ñóììû

V =

β·δ∑
j=1

Ξjξj, ξj ∈ R1.

Äëÿ íàõîæäåíèÿ êîíñòàíò ξj, j = 1, 2, ... , β · δ èñïîëüçóåì
óðàâíåíèå {

M
[
UΘi

β·δ∑
j=1

Ξjξj
]}α·β

i=1
= R.

Îáîçíà÷èì ìàòðèöû Q(Ξi) ∈ Rγδ×αβ :

Q(Ξi) :=
{
M
[
UΘ1Ξi

]
, ... , M

[
UΘαβΞi

]}
, i = 1, 2, ... αβ.

Âåêòîð ξ ∈ Rβ·δ îïðåäåëÿåò óðàâíåíèå

Ω · ξ =M[R], (10)
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ðàçðåøèìîå òîãäà è òîëüêî òîãäà, êîãäà

PΩ∗M[R] = 0; (11)

çäåñü

Ω :=
{
M[Q(Ξi)]

}β·γ
i=1

� ïîñòîÿííàÿ (αβγδ× βγ)− ìàòðèöà, PΩ∗ � îðòîïðîåêòîð:

PΩ∗ : Rαβγδ×αβγδ → N(Ω∗).

Ïðè óñëîâèè (11) óðàâíåíèå (10) èìååò ïî ìåíüøåé ìåðå

îäíî ðåøåíèå

ξ = Ω+ · M[R],

îïðåäåëÿþùåå íåèçâåñòíóþ ìàòðèöó

V =M−1
[
Ω+ · M[R]

]
.

Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 6.1 Ìàòðè÷íîå óðàâíåíèå (1) â êðèòè÷åñêîì ñëó-

÷àå (PQ∗ 6= 0) íå ðàçðåøèìî äëÿ ïðîèçâîëüíîé íåîäíîðîäíî-

ñòè A ∈ Rα×δ. Ïðè óñëîâèè (11) è γδ ≤ αβ äëÿ ôèêñèðîâàí-

íîé ìàòðèöû U ∈ Rγ×α è ïðîèçâîëüíîãî ε ∈ (0, ε0], ε � 1

âîçìóùåíèå ôóíêöèîíàëà L :

LX := LX + εUXV

ïðèâîäèò ê ìàòðè÷íîìó óðàâíåíèþ (9), ðàçðåøèìîìó äëÿ

ëþáûõ ïðàâûõ ÷àñòåé. Çäåñü

V =M−1
[
Ω+ · M[R]

]
.

Â ýòîì ñëó÷àå óðàâíåíèå (9) èìååò r := β − α � ïàðàìåò-

ðè÷åñêîå ñåìåéñòâî ðåøåíèé

X(ε) = Φ[A](ε) + Ψ[cr], (12)
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ãäå

Φ[A](ε) :=M−1
{
Q+M[B]

}
, Ψ[cr] :=M−1

[
PQrcr

]
.

Çäåñü Q+ � ïñåâäîîáðàòíàÿ (ïî Ìóðó-Ïåíðîóçó) ìàòðèöà,

PQ : Rβ·γ×β·γ → N(Q), PQ∗ : Rα·δ×α·δ → N(Q∗)

� îðòîïðîåêòîðû ìàòðèö

Q := Q + εR, R := Φ · ΠJ · Ψ

è Q∗. Ìàòðèöà PQr ñîñòàâëåíà èç r ëèíåéíî íåçàâèñèìûõ

ñòîëáöîâ ìàòðèöû-îðòîïðîåêòîðà PQ.

Ëåììà 6.1 ÿâëÿåòñÿ îáîáùåíèåì ñîîòâåòñòâóþùèõ ðå-

çóëüòàòîâ [19] íà ñëó÷àé ìàòðè÷íûõ óðàâíåíèé.

Ïðèìåð 6.3 Ìàòðè÷íîå óðàâíåíèå îáùåãî âèäà

LX = A (13)

íå ðàçðåøèìî äëÿ ïðîèçâîëüíîé íåîäíîðîäíîñòè A ∈ R1×4;

çäåñü

L :=

∫ 2π

0

U(t)XV (t)dt, U(t) :=
1

π

(
sin t cos t

)
,

V (t) :=

 sin t cos t sin t cos t

sin t cos t sin t cos t

sin t cos t sin t cos t

 .

Åñòåñòâåííûé áàçèñ ïðîñòðàíñòâà R3×4 ñîñòàâëÿþò ìàò-

ðèöû

Θ1 :=

 1 0 0 0

0 0 0 0

0 0 0 0

 , Θ2 :=

 0 0 0 0

1 0 0 0

0 0 0 0

 , ... ,
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Θ12 :=

 0 0 0 0

0 0 0 0

0 0 0 1

 .

Êëþ÷åâàÿ ïðè èññëåäîâàíèè óðàâíåíèÿ (13) ìàòðèöà

Q =


1 0 1 0 1 0

0 1 0 1 0 1

1 0 1 0 1 0

0 1 0 1 0 1


îïðåäåëÿåò îðòîïðîåêòîð PQ∗ 6= 0, ïðè ýòîì äëÿ óðàâíåíèÿ

(13) èìååò ìåñòî êðèòè÷åñêèé ñëó÷àé, ñëåäîâàòåëüíî óðàâ-

íåíèå (13) íå ðàçðåøèìî äëÿ ïðîèçâîëüíîé íåîäíîðîäíîñòè

A ∈ R1×4. Ìàòðèöà Q ìîæåò áûòü ïðåäñòàâëåíà â âèäå

Q = Φ · J · Ψ, rank Q = 2;

çäåñü

Φ =


1 0 0 0

0 1 1 0

1 0 0 1

0 1 0 0

 , Ψ =



1 0 1 0 1 0

0 1 0 1 0 1

0 1 0 0 0 0

0 0 0 1 0 0

1 0 0 0 0 0

0 0 0 0 1 0


,

J :=


1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

 .
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Ïîëîæèì U := ( 1 0 ). Íåèçâåñòíûé ñîìíîæèòåëü V îïðå-

äåëÿåò ìàòðèöà

Ω :=



1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0



.

Ïîëîæèì

Q := Q + εR, R := Φ · ΠJ · Ψ,
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ãäå

ΠJ :=


0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 1

 .

Ïðè ýòîì óñëîâèå (11) âûïîëíåíî. Òàêèì îáðàçîì, íàõîäèì

ìàòðèöó

V =

 0 1 0 0

0 0 0 0

0 0 1 0

 ,

êîòîðàÿ ïðèâîäèò ê ìàòðè÷íîìó óðàâíåíèþ (9), ðàçðåøè-

ìîìó äëÿ ëþáûõ ïðàâûõ ÷àñòåé; çäåñü

LX := LX + εUXV ,

äëÿ êîòîðîãî

Q :=


1 0 1 0 1 0

ε 1 0 1 0 1

1 0 1 0 1 + ε 0

0 1 0 1 0 1


� ìàòðèöà ïîëíîãî ðàíãà äëÿ ïðîèçâîëüíîãî

ε ∈ (0, ε0], ε� 1.

Ïîëîæèì

A :=
(

1 0 1 0
)
, c1, c2 ∈ R1;

ïðè ýòîì ðåøåíèå âîçìóùåííîãî ìàòðè÷íîãî óðàâíåíèÿ (9)

èìååò âèä

X =

(
0 1 0

2c1 − c2 − + 2c2 −c1 − c2

)
.
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7 Ñ.Ì.×óéêî Ìàòðè÷íàÿ äèôôåðåíöèàëüíî-àëãå-

áðàè÷åñêàÿ êðàåâàÿ çàäà÷à

Êëþ÷åâûì â èññëåäîâàíèÿõ À.À.Áîé÷óêà ÿâëÿåòñÿ èñïîëü-

çîâàíèå îáîáùåííûõ îïåðàòîðîâ Ãðèíà ðàçëè÷íûõ êðàå-

âûõ çàäà÷ äëÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ,

ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ, äèôôåðåíöèàëüíî-

àëãåáðàè÷åñêèõ óðàâíåíèé à òàêæå îïåðàòîðíûõ óðàâíåíèé

â àáñòðàêòíûõ ïðîñòðàíñòâàõ. Ïðè ïîñòðîåíèè êîíñòðóêöèé

îáîáùåííûõ îïåðàòîðîâ Ãðèíà ñóùåñòâåííûì ÿâëÿåòñÿ âåê-

òîðíàÿ ôîðìà çàïèñè íåèçâåñòíîé.

Öåëüþ äàííîãî èññëåäîâàíèÿ ÿâëÿåòñÿ ðàçâèòèå ìåòî-

äà, ïðåäëîæåííîãî À.À.Áîé÷óêîì, äëÿ ïîñòðîåíèÿ êîí-

ñòðóêöèè îáîáùåííîãî îïåðàòîðà Ãðèíà äèôôåðåíöèàëüíî-

àëãåáðàè÷åñêîé êðàåâîé çàäà÷è ñ èñïîëüçîâàíèåì ìàòðè÷-

íîé ôîðìû çàïèñè íåèçâåñòíîé. Ïðè ðåøåíèè ïîñòàâëåííîé

çàäà÷è èñïîëüçîâàíû îðèãèíàëüíûå óñëîâèÿ ðàçðåøèìî-

ñòè, à òàêæå êîíñòðóêöèÿ îáùåãî ðåøåíèÿ ìàòðè÷íîãî àë-

ãåáðàè÷åñêîãî óðàâíåíèÿ îáùåãî âèäà, ïðèâåäåííûå âûøå.

Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ïðèâîäèìîñòè ìàòðè÷íîãî

äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîãî óðàâíåíèÿ ê òðàäèöèîí-

íîìó äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîìó óðàâíåíèþ ñ íåèç-

âåñòíîé â âèäå âåêòîð-ñòîëáöà.

7.1 Ïîñòàíîâêà çàäà÷è

Èññëåäóåì çàäà÷ó î ïîñòðîåíèè ðåøåíèé [2, 7, 13, 14, 15, 16]

Z(t) ∈ C1
α×β[a; b]

ìàòðè÷íîãî äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîãî óðàâíåíèÿ

DZ(t) = AZ(t) + F (t), (14)
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ïîä÷èíåííûõ êðàåâîìó óñëîâèþ

LZ(·) = A, A ∈ Rµ×ν. (15)

Çäåñü

DZ(t) :=

p∑
i=1

Si(t)Z
′(t)Ri(t)

è

AZ(t) :=

q∑
i=1

Φi(t)Z(t)Ψi(t),

� ëèíåéíûå ìàòðè÷íûå îïåðàòîðû,

Si(t),Φi(t) ∈ Cγ×α[a; b], Ri(t),Ψi(t) ∈ Cβ×δ[a; b]

è F (t) � íåïðåðûâíûå ìàòðèöû; LZ(·) � ëèíåéíûé îãðàíè-

÷åííûé ìàòðè÷íûé ôóíêöèîíàë:

LZ(·) : C1
α×β[a; b]→ Rµ×ν.

Âîîáùå ãîâîðÿ, ïðåäïîëàãàåì

α 6= β 6= γ 6= δ 6= µ 6= ν.

Çäåñü Rm×n � ïðîñòðàíñòâî äåéñòâèòåëüíûõ (m×n) � ìàò-

ðèö ñ íîðìîé

||A||Rm×n := max
1≤i≤m

n∑
k=1

|aik|, A := {aij} ∈ Rm×n,

ñîãëàñîâàííîé ñ "êóáè÷åñêîé" íîðìîé â ïðîñòðàíñòâå Rn; â

ñâîþ î÷åðåäü, Rn � ïðîñòðàíñòâî äåéñòâèòåëüíûõ âåêòîðîâ

ñ "êóáè÷åñêîé" íîðìîé [9, 22, 23]

||a||Rn := max
1≤i≤n

|ai|, a ∈ Rn,
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à òàêæå Cm×n[a, b] ëèíåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî

äåéñòâèòåëüíûõ (m × n) � ìàòðèö A(t), íåïðåðûâíûõ íà

îòðåçêå [a, b] ñ íîðìîé

||A(t)||Cm×n := max
[a;b]
||A(t)||Rm×n, A(t) ∈ Cm×n[a, b],

à òàêæå ïðîñòðàíñòâî C1
m×n[a, b] ëèíåéíîå íîðìèðîâàííîå

ïðîñòðàíñòâî äåéñòâèòåëüíûõ (m×n) � ìàòðèö A(t), íåïðå-

ðûâíî äèôôåðåíöèðóåìûõ íà îòðåçêå [a, b] ñ íîðìîé

||A(t)||C1
m×n

:= max
[a;b]

1∑
k=0

||A(k)(t)||Rm×n, A(t) ∈ C1
m×n[a, b].

Íèæíèé èíäåêñ ïðè îáîçíà÷åíèè ïðîñòðàíñòâà íåïðåðûâ-

íûõ ñêàëÿðíûõ ôóíêöèéC1[a; b] óñëîâèìñÿ îïóñêàòü: C[a; b].

Ìàòðè÷íàÿ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêàÿ êðàåâàÿ çà-

äà÷à (14), (15) îáîáùàåò òðàäèöèîííûå ïîñòàíîâêè çàäà÷,

êàê äëÿ ìàòðè÷íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé [2, 7, 13],

òàê è äëÿ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé [24,

25, 26, 27, 28, 30, 29, 31]. Îáîçíà÷èì

Ξ(j) ∈ Rα×β, j = 1, 2, ... α · β

� åñòåñòâåííûé áàçèñ [11] ïðîñòðàíñòâà Rα×β, ïðè ýòîì çà-

äà÷à î íàõîæäåíèè ðåøåíèé óðàâíåíèÿ (14) ïðèâîäèò ê çà-

äà÷å î íàõîæäåíèè âåêòîðà y(t) ∈ C1
αβ[a; b], êîìïîíåíòû êî-

òîðîãî yj(t) ∈ C1[a; b] îïðåäåëÿþò ðàçëîæåíèå ìàòðèöû

Z(t) =

αβ∑
j=1

Ξ(j)yj(t), yj(t) ∈ C1[a; b], j = 1, 2, ... α · β

ïî âåêòîðàì Ξ(j) ∈ Rα×β áàçèñà ïðîñòðàíñòâà Rα×β. Â îáùåì

ñëó÷àå ëèíåéíûé ìàòðè÷íûé îïåðàòîð DZ(t) ïðåäñòàâèì â
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âèäå

DZ(t) :=

αβ∑
k=1

p∑
i=1

Si(t)Ξ
(k)Ri(t)y

′
k(t),

ïðè ýòîì

M
[
DZ(t)

]
= Q(t) · y′(t), Q(t) :=

[
Qk(t)

]α·β
k=1
∈ Rγδ×α·β,

ãäå

Qk(t) =M

[
p∑
i=1

Si(t)Ξ
(k)Ri(t)

]
, k = 1, 2, ... , α · β.

Àíàëîãè÷íî

M
[
AZ(t)

]
= Ω(t) · y(t), Ω(t) :=

[
Ωk(t)

]α·β
k=1
∈ Rγδ×α·β,

ãäå

Ωj(t) =M

[
q∑
i=1

Φi(t)Ξ
(k)Ψi(t)

]
, k = 1, 2, ... , α · β.

Òàêèì îáðàçîì, çàäà÷à î ïîñòðîåíèè ðåøåíèé ìàòðè÷íî-

ãî äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîãî óðàâíåíèÿ (14) ïðè-

âåäåíà ê çàäà÷å î íàõîæäåíèè ðåøåíèé y(t) ∈ C1
αβ[a; b]

òðàäèöèîííîãî äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîãî óðàâíå-

íèÿ [24, 25, 26, 27, 28, 30]

Q(t) · y′(t) = Ω(t) · y(t) + F(t), F(t) :=M
[
F (t)

]
. (16)

7.2 Ñëó÷àé ðàçðåøèìîñòè ñèñòåìû (16) îòíîñèòåëüíî ïðî-
èçâîäíîé

Ïðè óñëîâèè [28, 30]

PQ∗(t)Ω(t) = 0, PQ∗(t)F(t) = 0,
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Q+(t)Ω(t) ∈ C1
αβ×αβ[a; b], (17)

Q+(t), PQρ(t)ϕ(t)F(t) ∈ C1
αβ×1[a; b]

ñèñòåìà (16) ðàçðåøèìà îòíîñèòåëüíî ïðîèçâîäíîé:

dy

dt
= Q+(t)Ω(t)y + F(t, ϕ(t)).

Çäåñü

F(t, ϕ(t)) := Q+(t)F(t) + PQρ(t)ϕ(t),

PQ∗(t)− (γδ × γδ)− ìàòðèöà-îðòîïðîåêòîð:

PQ∗(t) : Rγδ → N(Q∗(t));

(γδ × ρ)− ìàòðèöà PQρ(t) ñîñòàâëåíà èç ρ ëèíåéíî-

íåçàâèñèìûõ ñòîëáöîâ (αβ×αβ)− ìàòðèöû-îðòîïðîåêòîðà

PQ(t) : Rαβ → N(Q(t)), ïðè ýòîì ïðåäïîëàãàåì, ÷òî âåê-

òîð ϕ(t) ∈ Rρ óäîâëåòâîðÿåò óñëîâèþ (17). Îáîçíà÷èì X(t)

íîðìàëüíóþ ôóíäàìåíòàëüíóþ ìàòðèöó

dX(t)

dt
= Q+(t)Ω(t)X(t), X(a) = Iαβ

ïîëó÷åííîé òðàäèöèîííîé

Q+(t)Ω(t) ∈ Rβγ×βγ ∈ C1
αβ×αβ[a; b]

ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ïðè óñëîâèè (17) ñèñòåìà (16) èìååò ðåøåíèå âèäà

y(t, c) = X(t)c + K
[
F(s, ϕ(s))

]
(t),

êîòîðîå îïðåäåëÿåò ðåøåíèå îáîáùåííîãî ìàòðè÷íîãî äèô-

ôåðåíöèàëüíî àëãåáðàè÷åñêîãî óðàâíåíèÿ (14)

Z(t, c) = W (t, c) +K
[
F(s, ϕ(s))

]
(t), W (t, c) :=M−1

[
X(t)c

]
,
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ãäå

K
[
f (s)

]
(t) := X(t)

∫ t

a

X−1(s)f (s)ds, c ∈ Rα·β

è

K
[
F(s)

]
(t) :=M−1

{
K
[
F(s, ϕ(s))

]
(t)
}

� îáîáùåííûé îïåðàòîð Ãðèíà ìàòðè÷íîé çàäà÷è Êîøè

Z(a) = 0 äëÿ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû

(14), W (t, c) � îáùåå ðåøåíèå çàäà÷è Êîøè Z(a) =M−1(c)

äëÿ îäíîðîäíîé ÷àñòè óðàâíåíèÿ (14). Òàêèì îáðàçîì, äîêà-

çàíî ñëåäóþùåå äîñòàòî÷íîå óñëîâèå ðàçðåøèìîñòè çàäà÷è

Êîøè äëÿ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû (14).

Ëåììà 7.1 Ïðè óñëîâèè (17) ìàòðè÷íàÿ çàäà÷à Êîøè

Z(a) = A äëÿ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû

(14) îäíîçíà÷íî ðàçðåøèìà äëÿ ëþáîãî íà÷àëüíîãî çíà÷åíèÿ

A ∈ Rα×β. Ïðè óñëîâèè (17) ðåøåíèå çàäà÷è Êîøè Z(a) = A

äëÿ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû (14)

Z(t, c) = W (t, c)+K
[
F(s, ϕ(s))

]
(t), W (t, c) :=M−1

[
X(t)c

]
îïðåäåëÿåò îáîáùåííûé îïåðàòîð Ãðèíà çàäà÷è Êîøè

Z(a) = 0 äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû (14)

K
[
F(s, ϕ(s))

]
(t) :=M−1

{
K
[
F(s, ϕ(s))

]
(t)
}
, c :=M(A)

è ðåøåíèå W (t, c) çàäà÷è Êîøè Z(a) = A äëÿ îäíîðîäíîé

÷àñòè óðàâíåíèÿ (14).

Çàìåòèì, ÷òî äëÿ ðåøåíèÿ ñèñòåìû (16) ìîæåò áûòü èñ-

ïîëüçîâàíà òàêæå öåíòðàëüíàÿ êàíîíè÷åñêàÿ ôîðìà [24, 25,

26, 27].
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Îáîçíà÷èì Θ(j), j = 1, 2, ... αβ � åñòåñòâåííûé áàçèñ [11]

ïðîñòðàíñòâà Rαβ. Ïîäñòàâëÿÿ ðåøåíèå îáîáùåííîãî ìàò-

ðè÷íîãî äèôôåðåíöèàëüíî àëãåáðàè÷åñêîãî óðàâíåíèÿ (14)

â êðàåâîå óñëîâèå (15), ïðèõîäèì ê çàäà÷å î íàõîæäåíèè

ðåøåíèé

c =

α·β∑
j=1

Θ(j)ξj ∈ Rα·β, ξj ∈ R1, j = 1, 2, ... α · β

ìàòðè÷íîãî óðàâíåíèÿ òèïà Ñèëüâåñòðà [8, 17]

LW (·, c) + LK
[
F(s, ϕ(s))

]
(·) = A ∈ Rµ×ν. (18)

Â êðèòè÷åñêîì ñëó÷àå (PQ∗ 6= 0) ïðè óñëîâèè (17) è

PQ∗dM
{
A− LK

[
F(s, ϕ(s))

]
(·)
}

= 0 (19)

ðåøåíèå ìàòðè÷íîãî óðàâíåíèÿ (18) îïðåäåëÿåò âåêòîð [8]

c = Q+M
{
A− LK

[
F(s, ϕ(s))

]
(·)
}

+ PQrcr, cr ∈ Rr.

Çäåñü PQ∗− (µ · ν × µ · ν)− ìàòðèöà-îðòîïðîåêòîð

PQ∗ : Rµ·ν → N(Q∗),

ãäå

Q :=
[
Qi

]α·β
i=1
∈ Rµ·ν×α·β, Qi :=M

{
LM−1

[
X(·)Θ(i)

]}
;

ìàòðèöà PQr ñîñòàâëåíà èç r ëèíåéíî-íåçàâèñèìûõ ñòîëáöîâ

(α · β × α · β)− ìàòðèöû-îðòîïðîåêòîðà PQ : Rα·β → N(Q).

Ìàòðèöà PQ∗d ñîñòàâëåíà èç d ëèíåéíî íåçàâèñèìûõ ñòðîê

ìàòðèöû-îðòîïðîåêòîðà PQ∗. Òàêèì îáðàçîì, â êðèòè÷å-

ñêîì ñëó÷àå, ïðè óñëîâèè (17) è (19), ðåøåíèå ìàòðè÷íîãî
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äèôôåðåíöèàëüíî àëãåáðàè÷åñêîãî óðàâíåíèÿ (14), óäîâëå-

òâîðÿþùåå êðàåâîìó óñëîâèþ (15)

Z(t, cr) = W (t, cr) + G
[
F(s, ϕ(s));A

]
(t),

W (t, cr) :=M−1
[
X(t)PQrcr

]
, cr ∈ Rr

îïðåäåëÿåò îáîáùåííûé îïåðàòîð Ãðèíà

G
[
F(s, ϕ(s));A

]
(t) =M−1

{
X(t)Q+M

{
A−

−LK
[
F(s, ϕ(s))

]
(·)
}}

+K
[
F(s, ϕ(s))

]
(t)

ìàòðè÷íîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çà-

äà÷è (14), (15). Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå äîñòà-

òî÷íîå óñëîâèå ðàçðåøèìîñòè ìàòðè÷íîé çàäà÷è (14), (15).

Òåîðåìà 7.1 Â êðèòè÷åñêîì ñëó÷àå (PQ∗ 6= 0) ïðè óñëî-

âèè (17) è (19), ðåøåíèå îáîáùåííîãî ìàòðè÷íîãî äèôôå-

ðåíöèàëüíî àëãåáðàè÷åñêîãî óðàâíåíèÿ (14), óäîâëåòâîðÿþ-

ùåå êðàåâîìó óñëîâèþ (15)

Z(t, cr) = W (t, cr) + G
[
F(s, ϕ(s));A

]
(t),

W (t, cr) :=M−1
[
X(t)PQrcr

]
, cr ∈ Rr

îïðåäåëÿåò îáîáùåííûé îïåðàòîð Ãðèíà

G
[
F(s, ϕ(s));A

]
(t) =M−1

{
X(t)Q+M

{
A−

−LK
[
F(s, ϕ(s))

]
(·)
}}

+K
[
F(s, ϕ(s))

]
(t)

ìàòðè÷íîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà-

÷è (14), (15), ãäå

K
[
F(s, ϕ(s))

]
(t) :=M−1

{
K
[
F(s, ϕ(s))

]
(t)
}

îáîáùåííûé îïåðàòîð Ãðèíà ìàòðè÷íîé çàäà÷è Êîøè

Z(a) = 0 äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû (14).
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Â ÷àñòíîì ñëó÷àå, ïðè ïîñòðîåíèè ðåøåíèé ìàòðè÷íîé

äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû

A(t)⊗ Z ′(t) = AZ(t) + F (t) (20)

ëèíåéíûé ìàòðè÷íûé îïåðàòîð

DZ(t) := A(t)⊗ Z ′(t) =

p∑̀
i=1

pr∑
j=1

aij(t) Si Z
′(t) Rj

ïðåäñòàâèì â âèäå

DZ(t) =

αβ∑
k=1

p∑̀
i=1

pr∑
j=1

A(t)⊗ Ξ(k)y′k(t),

ïðè ýòîì

M
[
DZ(t)

]
= Q(t) · y′(t), Q(t) :=

{
M
[
A(t)⊗ Ξ(k)

]}α·β
k=1

.

Çàìåòèì, ÷òî âòîðîå ñëàãàåìîå, ñîñòàâëÿþùåå îáîáùåí-

íûé îïåðàòîð Ãðèíà ìàòðè÷íîé çàäà÷è Êîøè Z(a) = 0 äëÿ

äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû (14)

K
[
F(s, ϕ(s))

]
(t) :=M−1

{
K
[
Q+(s)F(s)

]
(t)
}

+

+M−1
{
K
[
PQρ(s)ϕ(s)

]
(t)
}

ïðè óñëîâèè (17) çàâèñèò îò ïðîèçâîëüíîé ôóíêöèè ϕ(t).

Â êðèòè÷åñêîì ñëó÷àå (PQ∗ 6= 0) ïðè óñëîâèè (17) è (19)

îáîáùåííûé îïåðàòîð Ãðèíà G
[
F(s, ϕ(s));A

]
(t) ìàòðè÷íîé

äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è (14), (15)

òàêæå çàâèñèò îò ôóíêöèè ϕ(t).

Â íåêðèòè÷åñêîì ñëó÷àå (PQ∗ = 0) ïðè óñëîâèè (17) òðå-

áîâàíèå (19), î÷åâèäíî, ïðåâðàùàåòñÿ â òîæäåñòâî.
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Ïðèìåð 7.1 Òðåáîâàíèÿì òåîðåìû 7.1 óäîâëåòâîðÿåò

ìàòðè÷íàÿ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêàÿ êðàåâàÿ çàäà-

÷à

A(t)⊗ Z ′(t) = AZ(t) + F (t), LZ(·) = 0, (21)

ãäå

A(t) :=

(
1 0

0 0

)
, Φ1 :=



0 1 0

0 0 0

1 0 0

0 0 0

0 0 0

0 0 0


, Ψ1 :=

(
1 0 0 0

0 0 0 0

)
,

F (t) :=



1 0 0 0

0 0 0 0

1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0


, LZ(·) :=

∫ 2π

0

S(t)Z(t)T (t)dt,

S(t) :=

 0 t 0

t 0 t

0 t 0

 , T (t) :=

(
sin t 0

0 sin t

)
.

Îáîçíà÷èì

Ξ1 :=

 1 0

0 0

0 0

 , Ξ2 :=

 0 0

1 0

0 0

 , ... ,

Ξ6 :=

 0 0

0 0

0 1


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åñòåñòâåííûé áàçèñ ïðîñòðàíñòâà R3×2. Ïîñêîëüêó

PQ∗(t)Ω(t) = 0, PQ∗(t)F(t) = 0,

ïîñòîëüêó óñëîâèå (17) âûïîëíåíî; çäåñü

Q =



1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0



, Ω =



0 1 0 0 0 0

0 0 0 0 0 0

1 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0



.
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Ïðîèçâåäåíèå

Q+(t)Ω(t) =



0 1 0 0 0 0

0 0 0 0 0 0

1 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


îïðåäåëÿåò ìàòðèöó

X(t) =



1 t 0 0 0 0

0 1 0 0 0 0

t t2

2 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1


è îáùåå ðåøåíèå

W (t, c) =

 c1 + c2t c4

c2 c5

c1t + c3 + c2
t2

2 c6


çàäà÷è Êîøè

Z(a) =M−1(c) :=

 c1 c4

c2 c5

c3 c6

 , c :=

 c1
...

c6

 ∈ R6

îäíîðîäíîé ÷àñòè óðàâíåíèÿ (21). Òðàäèöèîííûé îïåðàòîð

Ãðèíà çàäà÷è Êîøè

K
[
f (s)

]
(t) := X(t)

∫ t

a

X−1(s)f (s)ds
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îïðåäåëÿåò îáîáùåííûé îïåðàòîð Ãðèíà çàäà÷è Êîøè äëÿ

ñèñòåìû (21)

K
[
F(s, ϕ(s))

]
(t) =

t

2

 1 0

0 0

t + 2 0

 ;

çäåñü

Q+(t)F(t) = ( 1 0 1 0 0 0 )∗.

Îáðàòèì âíèìàíèå, ÷òî PQ = 0, ïîýòîìó îïåðàòîð Ãðèíà

çàäà÷è Êîøè íå çàâèñèò îò ïðîèçâîëüíîé ôóíêöèè ϕ(t). Ïî-

ñêîëüêó

PQ∗ =
1

2



1 0 −1 0 0 0

0 0 0 0 0 0

−1 0 1 0 0 0

0 0 0 1 0 −1

0 0 0 0 0 0

0 0 0 −1 0 1


6= 0,

ïîñòîëüêó ìàòðè÷íàÿ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêàÿ

êðàåâàÿ çàäà÷à (21) ïðåäñòàâëÿåò êðèòè÷åñêèé ñëó÷àé. Îá-

ùåå ðåøåíèå

W (t, cr) =

 c1 −c2

(
1 + 2π + 2π2

)
0 0

c1(−1− 2π + t) c2

(
1 + 2π + 2π2

)


îäíîðîäíîé ÷àñòè ìàòðè÷íîé äèôôåðåíöèàëüíî-àëãåáðàè-

÷åñêîé êðàåâîé çàäà÷è (21) îïðåäåëÿåò ìàòðèöà PQ. Ïî-

ñêîëüêó óñëîâèå (19) âûïîëíåíî, ðåøåíèå

Z(t, cr) = W (t, cr) + G
[
F(s, ϕ(s));A

]
(t), cr ∈ R2
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ìàòðè÷íîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çà-

äà÷è (21) îïðåäåëÿåò îáîáùåííûé îïåðàòîð Ãðèíà

G
[
F(s, ϕ(s));A

]
(t).

Çäåñü

MG
[
F(s, ϕ(s));A

]
(t) =

1

2 + 4π + 4π2
×

×



3− 4π3 + 2t + 2π2(−5 + 2t) + π(2 + 4t)

0

ψ(t)

0

0

0


,

ψ(t) := 3+5t−4π3t+t2+2π2
(
−1− 3t + t2

)
+2π

(
−2 + 3t + t2

)
.

7.3 Ñëó÷àé íåðàçðåøèìîñòè ñèñòåìû (16) îòíîñèòåëüíî ïðî-
èçâîäíîé

Ïðè óñëîâèè PQ∗(t)Ω(t) 6= 0, ëèáî PQ∗(t)F(t) 6= 0 ñèñòåìà (16)

íå ðàçðåøèìà îòíîñèòåëüíî ïðîèçâîäíîé, ïðè ýòîì ñèñòåìà

(16) ìîæåò èìåòü ðåøåíèÿ âèäà

Z(t) = P` Y (t)Pr, P` ∈ Rβ×β, Pr ∈ Rγ×γ,

ãäå P`, Pr � íåèçâåñòíûå ïîñòîÿííûå ìàòðèöû, ÿâëÿþùèåñÿ

èíòåãðèðóþùèìè ìíîæèòåëÿìè. Â ýòîì ñëó÷àå ëèíåéíûé

ìàòðè÷íûé îïåðàòîð DZ(t) ïðèíèìàåò âèä

DZ(t) =

p∑
i=1

Si(t)P` Y ′(t)PrRi(t) =
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=

βγ∑
k=1

p∑
i=1

Si(t)P` Ξ(k)PrRi(t) y
′
k(t),

ïðè ýòîì

M
[
DZ(t)

]
= Q1(t) · y′(t), Q1(t) :=

[
Q

(i)
1 (t)

]α·β
i=1
∈ Rγδ×α·β,

ãäå

Q
(k)
1 (t) =M

[
p∑
i=1

Si(t)P` Ξ(k)PrRi(t)

]
, k = 1, 2, ... , α · β.

Àíàëîãè÷íî

M
[
AZ(t)

]
= Ω1(t) · y(t), Ω1(t) :=

[
Ω

(j)
1 (t)

]α·β
i=1
∈ Rγδ×α·β,

ãäå

Ω
(k)
1 (t) =M

[
q∑
i=1

Φi(t)P` Ξ(k)Pr Ψi(t)

]
, k = 1, 2, ... , α · β.

Òàêèì îáðàçîì, çàäà÷à î ïîñòðîåíèè ðåøåíèé ìàòðè÷íî-

ãî äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîãî óðàâíåíèÿ (14) ïðè-

âåäåíà ê çàäà÷å î íàõîæäåíèè ðåøåíèé òðàäèöèîííîãî

äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîãî óðàâíåíèÿ [24, 26, 27]

Q1(t) · y′(t) = Ω1(t) · y(t) + F(t), F(t) :=M
[
F (t)

]
. (22)

Ïðè óñëîâèè [28, 30]

PQ∗1Ω1(t) = 0, PQ∗1(t)F(t) = 0, Q+
1 Ω1(t) ∈ C1

αβ×αβ[a; b], (23)

â ñëó÷àå

Q+
1 (t)F(t), PQ%(t)ψ(t) ∈ C1

αβ×1[a; b] (24)
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ñèñòåìà (22) ðàçðåøèìà îòíîñèòåëüíî ïðîèçâîäíîé

dy

dt
= Q+

1 (t)Ω1(t)y + F1(t, ψ(t)),

F1(t, ψ(t)) := Q+
1 (t)F(t) + PQ%(t)ψ(t).

Çäåñü PQ%(t) � (γδ × ρ)− ìàòðèöà, ñîñòàâëåííàÿ èç

% ëèíåéíî-íåçàâèñèìûõ ñòîëáöîâ (γδ × γδ)− ìàòðèöû-

îðòîïðîåêòîðà PQ1(t) : Rγδ → N(Q1(t)), ïðè ýòîì ïðåäïî-

ëàãàåì, ÷òî âåêòîð ψ(t) ∈ R% óäîâëåòâîðÿåò óñëîâèþ (24).

Óñëîâèå (23) ïðåäñòàâëÿåò ñîáîé, âîîáùå ãîâîðÿ, íåëèíåéíîå

óðàâíåíèå îòíîñèòåëüíî ïîñòîÿííûõ ìàòðèö P`, Pr, îïðåäå-
ëÿþùèõ ìàòðèöû

Q1(t) = Q1(P`, Pr, t), Ω1(t) = Ω1(P`, Pr, t).

Ïðåäïîëîæèì, ÷òî ñèñòåìà óðàâíåíèé (23) èìååò äåéñòâè-

òåëüíûå ðåøåíèÿ P` ∈ Rβ×β, Pr ∈ Rγ×γ, äëÿ êîòîðûõ âû-

ïîëíåíî óñëîâèå (24). Îáîçíà÷èì X(t) íîðìàëüíóþ ôóíäà-

ìåíòàëüíóþ ìàòðèöó [9]

dX(t)

dt
= Q+

1 (t)Ω1(t)X(t), X(a) = Iαβ

ïîëó÷åííîé òðàäèöèîííîé

Q+
1 (t)Ω1(t) ∈ C1

αβ×αβ[a; b]

ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ïðè óñëîâèè (24) ñèñòåìà (22) èìååò ðåøåíèå âèäà

y(t, c) = X(t)c + K
[
F1(s, ψ(s))

]
(t),

êîòîðîå îïðåäåëÿåò ðåøåíèå îáîáùåííîãî ìàòðè÷íîãî äèô-

ôåðåíöèàëüíî àëãåáðàè÷åñêîãî óðàâíåíèÿ (14)

Z(t, c) = W(t, c) +K
[
F1(s, ψ(s))

]
(t),
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W(t, c) := P`M−1
[
X(t)c

]
Pr, c ∈ Rα·β,

ãäå

K
[
F (s)

]
(t) := P`M−1

{
K
[
F1(s, ψ(s))

]
(t)
}
Pr

� îáîáùåííûé îïåðàòîð Ãðèíà ìàòðè÷íîé çàäà÷è Êîøè

Z(a) = 0 äëÿ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû

(14). Ïîäñòàâëÿÿ ðåøåíèå îáîáùåííîãî ìàòðè÷íîãî äèôôå-

ðåíöèàëüíî àëãåáðàè÷åñêîãî óðàâíåíèÿ (14) â êðàåâîå óñëî-

âèå (15), ïðèõîäèì ê çàäà÷å î íàõîæäåíèè ðåøåíèé

c =

α·β∑
j=1

Θ(j)ξj ∈ Rα·β, ξj ∈ R1, j = 1, 2, ... α · β

ìàòðè÷íîãî óðàâíåíèÿ òèïà Ñèëüâåñòðà [8]

LW(·, c) + LK
[
F1(s, ψ(s))

]
(·) = A ∈ Rµ×ν. (25)

Â êðèòè÷åñêîì ñëó÷àå (PQ∗ 6= 0) ïðè óñëîâèè (23) è

PQ∗d
M
{
A− LK

[
F1(s, ψ(s))

]
(·)
}

= 0 (26)

ðåøåíèå óðàâíåíèÿ (25) îïðåäåëÿåò âåêòîð [8, 10]

c = Q+M
{
A− LK

[
F1(s, ψ(s))

]
(·)
}

+ PQrcr, cr ∈ Rr.

Çäåñü PQ∗− (µ · ν × µ · ν)− ìàòðèöà-îðòîïðîåêòîð

PQ∗ : Rµ·ν → N(Q∗), Q :=
[
Qi

]α·β
i=1
∈ Rµ·ν×α·β,

ãäå

Qi :=M
{
LP`M−1

[
X(·)Θi

]
Pr
}
, i = 1, 2, ... α · β.

Îáîçíà÷èì (α · β × α · β)− ìàòðèöó-îðòîïðîåêòîð

PQ : Rα·β → N(Q).
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Â êðèòè÷åñêîì ñëó÷àå, ïðè óñëîâèè (23) è (26), ðåøåíèå

ìàòðè÷íîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çà-

äà÷è (14), (15) ïðåäñòàâèìî â âèäå

Z(t, cr) = W(t, cr) + G
[
F1(s, ψ(s));A

]
(t), cr ∈ Rr,

ãäå

W(t, cr) := P`M−1
[
X(t)PQrcr

]
Pr, G

[
F1(s, ψ(s));A

]
(t) :=

= K
[
F1(s, ψ(s))

]
(t) + P`M−1

{
X(t)Q+M

{
A−

−LK
[
F1(s, ψ(s))

]
(·)
}}
Pr.

Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå äîñòàòî÷íîå óñëîâèå

ðàçðåøèìîñòè ìàòðè÷íîé äèôôåðåíöèàëüíî àëãåáðàè÷å-

ñêîé êðàåâîé çàäà÷è (14), (15).

Òåîðåìà 7.2 Â êðèòè÷åñêîì ñëó÷àå (PQ∗ 6= 0) ïðè óñëîâèè

(26), à òàêæå PQ∗(t)Ω(t) 6= 0, ëèáî PQ∗(t)F(t) 6= 0, äëÿ ëþáûõ

äåéñòâèòåëüíûõ ðåøåíèé P` ∈ Rβ×β, Pr ∈ Rγ×γ óðàâíåíèÿ

(23), äëÿ êîòîðûõ âûïîëíåíî óñëîâèå (24), ðåøåíèå ìàò-

ðè÷íîãî äèôôåðåíöèàëüíî àëãåáðàè÷åñêîãî óðàâíåíèÿ (14),

óäîâëåòâîðÿþùåå êðàåâîìó óñëîâèþ (15)

Z(t, cr) = W(t, cr) + G
[
F1(s, ψ(s));A

]
(t)

îïðåäåëÿåò îáîáùåííûé îïåðàòîð Ãðèíà

G
[
F1(s, ψ(s));A

]
(t) := K

[
F1(s, ψ(s))

]
(t)+

+P`M−1
{
X(t)Q+M

{
A− LK

[
F1(s, ψ(s))

]
(·)
}}
Pr

ìàòðè÷íîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà-

÷è (14), (15), ãäå

K
[
F1(s, ψ(s))

]
(t) := P`M−1

{
K
[
F1(s, ψ(s))

]
(t)
}
Pr
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îáîáùåííûé îïåðàòîð Ãðèíà ìàòðè÷íîé çàäà÷è Êîøè

Z(a) = 0 äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû (14),

W(t, cr) := P`M−1
[
X(t)PQrcr

]
Pr, cr ∈ Rr

� ðåøåíèå îäíîðîäíîé ÷àñòè ìàòðè÷íîé äèôôåðåíöèàëüíî

− àëãåáðàè÷åñêîé êðàåâîé çàäà÷è (14), (15).

Óòâåðæäåíèÿ òåîðåì 7.1 è 7.2 îáîáùàþò ñîîòâåòñòâóþùèå

óòâåðæäåíèÿ [12] íà ñëó÷àé îáîáùåííîé ìàòðè÷íîé äèôôå-

ðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è (14), (15).

Ïðèìåð 7.2 Òðåáîâàíèÿì òåîðåìû 7.2 óäîâëåòâîðÿåò çà-

äà÷à î ïîñòðîåíèè 2π-ïåðèîäè÷åñêèõ ðåøåíèé ìàòðè÷íîé

äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû

DZ(t) = AZ(t) + F (t), (27)

ãäå

S1 :=


1 0 1

0 0 0

0 0 0

0 1 0

 , S2 :=


1 0 0

0 0 0

0 0 1

0 1 0

 , R1 :=

(
1 0 1

0 1 0

)
,

R2 :=

(
0 1 0

0 0 0

)
, Φ1 :=


0 0 0

0 0 1

0 0 0

1 0 0

 , Φ2 :=


1 0 0

0 0 1

0 0 0

0 0 0

 ,

F (t) :=


0 sin t 0

0 0 0

0 0 0

0 cos t 0

 , Ψ1 :=

(
0 1 0

0 1 0

)
, Ψ2 :=

(
0 1 0

0 0 0

)
.
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Ïîñêîëüêó

PQ∗(t)Ω(t) =



0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 4 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 2 0 0 0 0 0 0



∗

6= 0,

ïîñòîëüêó óñëîâèå (17) íå âûïîëíåíî, ñëåäîâàòåëüíî ñèñòå-

ìà (27) íå ðàçðåøèìà îòíîñèòåëüíî ïðîèçâîäíîé, ïðè ýòîì

ñèñòåìà (27) ìîæåò èìåòü ðåøåíèÿ âèäà

Z(t) = P` Y (t)Pr, P` ∈ R3×3, Pr ∈ R2×2,

ãäå P`, Pr � íåèçâåñòíûå ïîñòîÿííûå ìàòðèöû, ÿâëÿþùèåñÿ

èíòåãðèðóþùèìè ìíîæèòåëÿìè. Çäåñü

Q =



2 0 1 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 2 0 0 0 0

0 0 0 2 0 1

0 0 0 0 0 0

0 0 0 0 0 1

0 0 0 0 2 0

2 0 1 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 2 0 0 0 0



, Ω :=



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2 0 0 1 0 0

0 0 4 0 0 2

0 0 0 0 0 0

2 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0



.
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Ñèñòåìà óðàâíåíèé (23) èìååò äåéñòâèòåëüíîå ðåøåíèå

P` :=

 1 0 0

0 1 0

0 0 0

 , Pr := I2,

äëÿ êîòîðîãî âûïîëíåíî óñëîâèå (24). Ïðîèçâåäåíèå

Q+
1 (t)Ω1(t) =

1

2



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2 0 0 1 0 0

2 0 0 1 0 0

0 0 0 0 0 0


îïðåäåëÿåò ìàòðèöó

X(t) =



1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

2
(
−1 + et/2

)
0 0 et/2 0 0

2
(
−1 + et/2

)
0 0 −1 + et/2 1 0

0 0 0 0 0 1


è îáùåå ðåøåíèå

W(t, c) =

 c1 c4 e
t/2 + 2c1

(
−1 + et/2

)
c2 c5 + 2c1

(
−1 + et/2

)
+ c4

(
−1 + et/2

)
0 0


çàäà÷è Êîøè Z(a) = A äëÿ îäíîðîäíîé ÷àñòè äèôôåðåíöè-

àëüíî-àëãåáðàè÷åñêîé ñèñòåìû (27). Ïîñêîëüêó PQ∗ 6= 0, ïî-

ñòîëüêó â çàäà÷å î ïîñòðîåíèè 2π-ïåðèîäè÷åñêèõ ðåøåíèé

ìàòðè÷íîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû (27)
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èìååò ìåñòî êðèòè÷åñêèé ñëó÷àé; çäåñü

Q =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2 (1− eπ) 0 0 1− eπ 0 0

2 (1− eπ) 0 0 1− eπ 0 0

0 0 0 0 0 0


,

PQ∗ =
1

2



2 0 0 0 0 0

0 2 0 0 0 0

0 0 2 0 0 0

0 0 0 1 −1 0

0 0 0 −1 1 0

0 0 0 0 0 2


.

Îáùåå ðåøåíèå

W(t, cr) =

 c1 −2c1

c2 c4

0 0

 , cr :=

 c1
...

c4

 ∈ R4

îäíîðîäíîé ÷àñòè 2π-ïåðèîäè÷åñêîé ìàòðè÷íîé çàäà÷è äëÿ

äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû (27) îïðåäåëÿ-

þò ìàòðèöû

PQ =
1

5



1 0 0 −2 0 0

0 5 0 0 0 0

0 0 5 0 0 0

−2 0 0 4 0 0

0 0 0 0 5 0

0 0 0 0 0 5


, PQr =



1 0 0 0 0

0 5 0 0 0

0 0 5 0 0

−2 0 0 0 0

0 0 0 5 0

0 0 0 0 5


.
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Ðåøåíèå P`, Pr ñèñòåìû óðàâíåíèé (23) îïðåäåëÿåò ìàòðè-

öû

PQ1(t) =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 1


, PQ%(t) =



0 0

0 0

1 0

0 0

0 0

0 1


;

òàêèì îáðàçîì, âåêòîð

F1(t, ψ(t)) := Q+
1 (t)F(t) + PQ%(t)ψ(t)

çàâèñèò îò ïðîèçâîëüíîé ôóíêöèè ψ(t) ∈ R%; çäåñü

Q+
1 (t)F(t) =

1

2

(
0 0 0 sin t cos t 0

)
è

PQ%(t)ψ(t) =

 0 0

0 0

ψ1(t) ψ2(t)

 , ψ(t) :=

(
ψ1(t)

ψ2(t)

)
, % = 2.

Ïîëîæèì

ψ(t) =

(
sin t

cos t

)
.

Òðàäèöèîííûé îïåðàòîð Ãðèíà çàäà÷è Êîøè

K
[
f (s)

]
(t) := X(t)

∫ t

0

X−1(s)f (s)ds

îïðåäåëÿåò îáîáùåííûé îïåðàòîð Ãðèíà çàäà÷è Êîøè äëÿ

ñèñòåìû (27)

K
[
F1(s, ψ(s))

]
(t) := P`M−1

{
K
[
F1(s, ψ(s))

]
(t)
}
Pr.
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Ïîñêîëüêó óñëîâèå (26) âûïîëíåíî, ðåøåíèå 2π- ïåðèîäè-

÷åñêîé ìàòðè÷íîé çàäà÷è äëÿ äèôôåðåíöèàëüíî-àëãåáðà-

è÷åñêîé ñèñòåìû (27)

Z(t, cr) = W(t, cr) + G
[
F (s);A

]
(t)

îïðåäåëÿåò îáîáùåííûé îïåðàòîð Ãðèíà

G
[
F1(s, ψ(s));A

]
(t) =

1

100

 −16 4 (8− 10 cos t− 5 sin t)

0 10 (−1 + cos t + 3 sin t)

0 0

 .

Çàìåòèì, ÷òî äëÿ ïðåäñòàâëåíèÿ ðåøåíèé äèôôåðåí-

öèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû (16), à òàêæå ïîñòðîåíèÿ

ðåøåíèé ìàòðè÷íîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðà-

åâîé çàäà÷è (14), (15), òàêæå ïðèìåíèìà öåíòðàëüíàÿ êàíî-

íè÷åñêàÿ ôîðìà [24, 25, 29, 31].

7.4 Î ðåãóëÿðèçàöèè ìàòðè÷íîé äèôôåðåíöèàëüíî àëãåáðà-
è÷åñêîé êðàåâîé çàäà÷è

Ïðåäïîëîæèì, ÷òî äëÿ ìàòðè÷íîé äèôôåðåíöèàëüíî-

àëãåáðàè÷åñêîé çàäà÷è (14), (15) èìååò ìåñòî êðèòè÷åñêèé

ñëó÷àé (PQ∗ 6= 0) è âûïîëíåíû óñëîâèÿ (17). Ïîñòàâèì ñëå-

äóþùóþ çàäà÷ó: ìîæíî ëè â ýòîì ñëó÷àå ìàëûìè âîçìóùå-

íèÿìè

ĽZ(·, ε) := LZ(·, ε) + εUZ(a, ε)V , U ∈ Rµ×α, V ∈ Rβ×ν

êðàåâîãî óñëîâèÿ (15):

ĽZ(·, ε) = A, A ∈ Rµ×ν, 0 < ε� 1. (28)

ïðèâåñòè ìàòðè÷íóþ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêóþ çà-

äà÷ó (14), (28) ê íåêðèòè÷åñêîìó ñëó÷àþ? Çäåñü ĽZ(·, ε) �
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ëèíåéíûé îãðàíè÷åííûé ìàòðè÷íûé ôóíêöèîíàë:

ĽZ(·, ε) : C1
α×β[a; b]→ Rµ×ν,

íåïðåðûâíûé ïî ìàëîìó ïàðàìåòðó ε ïðè ε ∈ [0, ε0]. Òàêèì

îáðàçîì ïîñòàâëåííàÿ çàäà÷à îòíîñèòñÿ ê çàäà÷àì î ðåãó-

ëÿðèçàöèè [9, 22, 32]. Êàê èçâåñòíî [18], ëþáàÿ (m × n)−
ìàòðèöà Q â îïðåäåëåííîì áàçèñå ìîæåò áûòü ïðåäñòàâëå-

íà â âèäå

Q = M · J ·N, rank Q := ρ; (29)

çäåñü M ∈ Rm×m è N ∈ Rn×n � íåâûðîæäåííûå ìàòðèöû,

J :=

(
Iρ O

O O

)
.

Ðàçëîæåíèåì (29) ìîæíî âîñïîëüçîâàòüñÿ ïðè ðåøåíèè

çàäà÷è î ðåãóëÿðèçàöèè ìàòðè÷íîé äèôôåðåíöèàëüíî-

àëãåáðàè÷åñêîé çàäà÷è (14), (15). Âîçìóùåíèå ìàòðèöû Q
áóäåì èñêàòü â âèäå

Q(ε) := Q + εR ∈ Rµ·ν×α·β, 0 < ε� 1.

Ïî îïðåäåëåíèþ ìàòðè÷íàÿ äèôôåðåíöèàëüíî-àëãåáðà-

è÷åñêàÿ çàäà÷à (14), (28) ïðåäñòàâëÿåò íåêðèòè÷åñêèé ñëó-

÷àé ïðè óñëîâèè PQ∗ = 0. Î÷åâèäíî, ýòî óñëîâèå ðàâíîñèëü-

íî óðàâíåíèþ [
Q + εR

]
·
[
Q + εR

]+
= Iµν (30)

îòíîñèòåëüíî (µν × µν)− ìàòðèöû R. Çàìåòèì, ÷òî óðàâ-
íåíèå (30) ðàçðåøèìî ëèøü äëÿ µν ≤ αβ. Äåéñòâèòåëüíî,

ïðåäïîëîæèì óðàâíåíèå (8) ïåðåîïðåäåëåííûì: µν > αβ,

ïðè ýòîì

rank
(
Q + εR

)(
Q + εR

)+ ≤ rank
(
Q + εR

)
=
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= rank
(
Q + εR

)+ ≤ µν < γδ,

÷òî ïðîòèâîðå÷èò ðàâåíñòâó ðàíãîâ ëåâîé è ïðàâîé ÷àñòè

óðàâíåíèÿ (30). Ïðè óñëîâèè µν ≤ αβ óðàâíåíèå (8) èìååò

ïî ìåíüøåé ìåðå îäíî ñåìåéñòâî ðåøåíèé

R := M · ΠJ ·N ∈ Rγδ×αβ,

ãäå ΠJ ∈ Rγδ×αβ � ìàòðèöà ïîëíîãî ðàíãà. Òàêèì îá-

ðàçîì, ïîñòàâëåííàÿ çàäà÷à î ðåãóëÿðèçàöèè ìàòðè÷íîé

äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé çàäà÷è (14), (15), ðàâíî-

ñèëüíà çàäà÷å î ðåãóëÿðèçàöèè ìàòðè÷íîãî óðàâíåíèÿ òèïà

Ñèëüâåñòðà (18) è ïðèâîäèò ê óðàâíåíèþ (2) ñ ìàòðèöåé

Q(ε), ðàçðåøèìîé ïðè óñëîâèè µν ≤ αβ â âèäå

Q(ε) := Q + εR, R := M · ΠJ ·N ∈ Rµν×αβ.

Äåéñòâèòåëüíî, â ñèëó íåâûðîæäåííîñòè ìàòðèö M è N

èìååò ìåñòî ðàâåíñòâî [11, 4.48]

rank Q(ε) = rank (J + εΠJ) = µν,

ïðè ýòîì PQ∗(ε) = 0, ñëåäîâàòåëüíî ñèñòåìà (2) ñ ìàòðè-

öåé Q(ε) ðàçðåøèìà äëÿ ëþáûõ ïðàâûõ ÷àñòåé. Ïîëîæèì

äëÿ îïðåäåëåííîñòè, ÷òî V ∈ Rβ×ν � ôèêñèðîâàííàÿ ïî-

ñòîÿííàÿ ìàòðèöà è U ∈ Rµ×α � íåèçâåñòíàÿ ïîñòîÿííàÿ

ìàòðèöà. Çàìåòèì, ÷òî

UZ(a, ε)V = UW (a, c)V = UM−1(c)V , c ∈ Rαβ;

çäåñü

c =

α·β∑
j=1

Θ(j)ξj ∈ Rα·β, ξj ∈ R1, j = 1, 2, ... α · β,
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ãäå, íàïîìíèì, Θ(j), j = 1, 2, ... αβ � åñòåñòâåííûé áàçèñ

ïðîñòðàíñòâà Rαβ. Ïðè ýòîì

UZ(a, ε)V = UM−1

 α·β∑
j=1

Θ(j)ξj

V =

=

α·β∑
j=1

UM−1
(

Θ(j)
)
Vξj =

α·β∑
j=1

U Ξ(j)Vξj.

Òàêèì îáðàçîì,

M
[
UZ(a, ε)V

]
=
{
M
[
U Ξ(1)V

]
, ...M

[
U Ξ(αβ)V

]}
ξ,

ñëåäîâàòåëüíî{
M
[
U Ξ(1)V

]
, ... , M

[
U Ξ(αβ)V

]}
= MΠJN. (31)

Íåèçâåñòíóþ ìàòðèöó U ∈ Rµ×α áóäåì èñêàòü â âèäå

U =

α·µ∑
j=1

Λjζj ∈ Rµ×α, ζj ∈ R1, j = 1, 2, ... α · µ,

ãäå Λ(j), j = 1, 2, ... α·µ � åñòåñòâåííûé áàçèñ ïðîñòðàíñòâà

Rµ×α; îáîçíà÷èì (µν × αµ) � ìàòðèöû

Πi :=
{
M
[
Λ1 Ξ(i)V

]
, ... , M

[
Λαµ Ξ(i)V

]}
, i = 1, 2, ... αβ.

Óðàâíåíèå (31) ïðèâîäèò ê ñèñòåìå

D · ζ =M
(
MΠJN

)
, (32)

ðàçðåøèìîé îòíîñèòåëüíî âåêòîðà ζ ∈ Rαµ òîãäà è òîëüêî

òîãäà, êîãäà

PD∗M
(
MΠJN

)
= 0. (33)
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Çäåñü

D :=


Π1MΛ1 Π1MΛ2 . . . Π1MΛαµ

Π2MΛ1 Π2MΛ2 . . . Π2MΛαµ
... ... . . . ...

ΠαβMΛ1 ΠαβMΛ2 . . . ΠαβMΛαµ

 ∈ Rα·β·µ·ν×α·µ,

êðîìå òîãî, PD∗ � ìàòðèöà-îðòîïðîåêòîð:

PD∗ : Rα·β·µ·ν → N(D∗).

Ïðè óñëîâèè (33) è òîëüêî ïðè íåì ñèñòåìà (32) îïðåäåëÿåò

ïî ìåíüøåé ìåðå îäèí âåêòîð ζ ∈ Rαµ :

ζ = D+ · M
(
MΠJN

)
,

êîòîðûé îïðåäåëÿåò ìàòðèöó

U :=M−1
[
D+M

(
MΠJN

)]
,

ãàðàíòèðóþùèé ðàçðåøèìîñòü çàäà÷è î ðåãóëÿðèçàöèè ìàò-

ðè÷íîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé çàäà÷è (14), (15).

Âîçìóùåíèå ìàòðèöû Q :

Q(ε) := Q + εR ∈ Rµ·ν×α·β

ïðè óñëîâèè

Q+(ε)M
{
A− ĽK

[
F(s, ϕ(s))

]
(·)
}
∈ Cαβ×µν[0, ε0]

îïðåäåëÿåò ðåøåíèå

Z(t, ε) : Z(·, ε) ∈ C1
α×β[a; b], Z(t, ·) ∈ Cα×β[0, ε0]

ìàòðè÷íîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé çàäà÷è (14),

(28) âèäà

Z(t, ε) = W (t, ε, cr) + G
[
F(s, ϕ(s));A

]
(t), cr ∈ Rr, (34)
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ãäå

W (t, ε, cr) :=M−1
[
X(t)PQr(ε)cr

]
îáùåå ðåøåíèå îäíîðîäíîé ÷àñòè ðåãóëÿðèçîâàííîé ìàò-

ðè÷íîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé çàäà÷è (14), (28)

è

G
[
F(s, ϕ(s));A

]
(t) := K

[
F(s, ϕ(s))

]
(t)+

+M−1
{
X(t)Q+(ε)M

{
A− ĽK

[
F(s, ϕ(s))

]
(·)
}}

� îáîáùåííûé îïåðàòîð Ãðèíà çàäà÷è î ðåãóëÿðèçàöèè

ìàòðè÷íîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé çàäà÷è (14),

(15). Ìàòðèöà PQr(ε) ñîñòàâëåíà èç r ëèíåéíî íåçàâèñèìûõ

ñòîëáöîâ îðòîïðîåêòîðà PQ(ε). Òàêèì îáðàçîì, äîêàçàíî

ñëåäóþùåå äîñòàòî÷íîå óñëîâèå ðåãóëÿðèçàöèè ìàòðè÷íîé

äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé çàäà÷è (14), (15).

Òåîðåìà 7.3 Â êðèòè÷åñêîì ñëó÷àå (PQ∗ 6= 0) ïðè óñëîâè-

ÿõ (17), (32) è

µν ≤ αβ, Q+(ε)M
{
A− ĽK

[
F(s, ϕ(s))

]
(·)
}
∈ Cαβ×µν[0, ε0]

çàäà÷à î íàõîæäåíèè ðåøåíèÿ Z(t) ∈ C1
α×β[a; b] ìàòðè÷-

íîãî äèôôåðåíöèàëüíî àëãåáðàè÷åñêîãî óðàâíåíèÿ (14), óäî-

âëåòâîðÿþùåãî êðàåâîìó óñëîâèþ (15) ìàëûì âîçìóùåíè-

åì

ĽZ(·, ε) := LZ(·, ε) + εM−1
[
D+M

(
MΠJN

)]
Z(a, ε)V

êðàåâîãî óñëîâèÿ (15) ïðèâîäèòñÿ ê çàäà÷å î íàõîæäåíèè

ðåøåíèÿ

Z(t, ε) : Z(·, ε) ∈ C1
α×β[a; b], Z(t, ·) ∈ Cα×β[0, ε0]

ìàòðè÷íîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé çàäà÷è (14),

(28) â íåêðèòè÷åñêîì (PQ∗(ε) = 0) ñëó÷àå âèäà (34).
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Ïðèìåð 7.3 Òðåáîâàíèÿì òåîðåìû 7.3 óäîâëåòâîðÿåò

ìàòðè÷íàÿ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêàÿ êðàåâàÿ çàäà-

÷à

A(t)⊗ Z ′(t) = AZ(t) + F (t), LZ(·) = 0, (35)

ãäå

A(t) :=

(
1 0

0 0

)
, LZ(·) :=

∫ 2π

0

S(t)Z(t)T (t)dt,

Φ1 :=



0 1 0

0 0 0

1 0 0

0 0 0

0 0 0

0 0 0


, S(t) :=

 0 t 0

t 0 t

0 t 0

 ,

Ψ1 :=

(
1 0 0 0

0 0 0 0

)
, T (t) :=

(
sin t 0

0 sin t

)
.

Âûøå â ïðèìåðå 7.1 áûëî ïîêàçàíî, ÷òî äëÿ ìàòðè÷íîé

äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé çàäà÷è (35) èìååò ìåñòî

êðèòè÷åñêèé ñëó÷àé

PQ∗ 6= 0, Q =



0 −2π 0 0 0 0

−2π 0 −2π 0 0 0

0 −2π 0 0 0 0

0 0 0 0 −2π 0

0 0 0 −2π 0 −2π

0 0 0 0 −2π 0


,

ïðè ýòîì âûïîëíåíî óñëîâèå (17) ðàçðåøèìîñòè ñèñòåìû

(16) îòíîñèòåëüíî ïðîèçâîäíîé. Ìàòðèöà Q â îïðåäåëåííîì
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áàçèñå ìîæåò áûòü ïðåäñòàâëåíà â âèäå (29), ãäå

J :=

(
I4 O

O O

)
∈ R6×6,

à òàêæå

M =



0 −2π 0 0 0 0

−2π 0 0 0 0 0

0 −2π 0 0 1 0

0 0 0 −2π 0 1

0 0 −2π 0 0 0

0 0 0 −2π 0 0


,

è

N =



1 0 1 0 0 0

0 1 0 0 0 0

0 0 0 1 0 1

0 0 0 0 1 0

0 0 0 1 0 0

0 0 1 0 1 0


.

Ïîëîæèì äëÿ îïðåäåëåííîñòè V = I2 è

ΠJ :=



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0

−2π 0 0 −2π 0 2π

0 0 0 0 2π 0


,

ïðè ýòîì óñëîâèÿ (32) è 6 = µν ≤ αβ = 6 âûïîëíåíû.

Âîçìóùåíèå ìàòðèöû Q :

Q(ε) := Q + εR, R := M · ΠJ ·N
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îïðåäåëÿåò ñîìíîæèòåëü

U = −2π

 0 0 0

0 0 0

1 0 0

 ,

ïðè ýòîì

Q(ε) =



0 −2π 0 0 0 0

−2π 0 −2π 0 0 0

−2πε −2π 0 0 0 0

0 0 0 0 −2π 0

0 0 0 −2π 0 −2π

0 0 0 −2πε −2π 0


� êâàäðàòíàÿ íåâûðîæäåííàÿ ìàòðèöà

detQ(ε) = 64π6ε2,

óäîâëåòâîðÿþùàÿ óñëîâèþ

Q+(ε)M
{
A− ĽK

[
F(s, ϕ(s))

]
(·)
}
∈ C6×6[0, ε0].

Ïîëîæèì äëÿ îïðåäåëåííîñòè A := 0,

F (t) :=



1 0 0 0

0 0 0 0

1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0


,

ïðè ýòîì, ìàëîå âîçìóùåíèå êðàåâîãî óñëîâèÿ (35)

ĽZ(·, ε) := LZ(·, ε) + εUZ(0, ε)V
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ïðèâîäèò ìàòðè÷íóþ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêóþ

çàäà÷ó (35) ê íåêðèòè÷åñêîìó (PQ∗ = 0) ñëó÷àþ, ïðè-

÷åì ðåãóëÿðèçîâàííàÿ çàäà÷à (35) îäíîçíà÷íî (PQ = 0)

ðàçðåøèìà äëÿ ëþáûõ íåîäíîðîäíîñòåé, â ÷àñòíîñòè, äëÿ

íåîäíîðîäíîñòåé A è F (t), èñïîëüçîâàííûõ â ïðèìåðå 7.1.

Ðåøåíèå ðåãóëÿðèçîâàííîé ìàòðè÷íîé äèôôåðåíöèàëüíî-

àëãåáðàè÷åñêîé êðàåâîé çàäà÷è (35)

Z(t) = G
[
F(s, ϕ(s));A

]
(t)

îïðåäåëÿåò îáîáùåííûé îïåðàòîð Ãðèíà

G
[
F(s, ϕ(s));A

]
(t) =

 t 0

0 0

3− 4π − 2π2 + t + t2

2 0

 .

Ïðåäïîëîæèì äàëåå, ÷òî äëÿ ìàòðè÷íîé äèôôåðåí-

öèàëüíî-àëãåáðàè÷åñêîé çàäà÷è (14), (15) èìååò ìåñòî êðè-

òè÷åñêèé ñëó÷àé (PQ∗ 6= 0) è âûïîëíåíû óñëîâèÿ (17). Ïî-

ñòàâèì ñëåäóþùóþ çàäà÷ó: ìîæíî ëè â ýòîì ñëó÷àå ìàëûìè

âîçìóùåíèÿìè

ǍZ(t, ε) := AZ(t, ε) + εUZ(t, ε)V , U ∈ Rγ×α, V ∈ Rβ×δ

ìàòðè÷íîãî îïåðàòîðà AZ(t) ïðèâåñòè ìàòðè÷íóþ äèô-

ôåðåíöèàëüíî àëãåáðàè÷åñêóþ çàäà÷ó (14), (15) ê íåêðèòè-

÷åñêîìó ñëó÷àþ?

Ïîëîæèì äëÿ îïðåäåëåííîñòè, ÷òî V � ôèêñèðîâàííàÿ

ïîñòîÿííàÿ ìàòðèöà è U(ω) � ïîñòîÿííàÿ ìàòðèöà, çàâè-

ñÿùàÿ îò íåèçâåñòíîãî âåêòîðà ω. Âîçìóùåíèå ìàòðè÷íîãî

îïåðàòîðà AZ(t) ïðèâîäèò ê çàäà÷å î ïîñòðîåíèè ðåøåíèé

Z(t, ε) : Z(·, ε) ∈ C1
α×β[a; b], Z(t, ·) ∈ Cα×β[0, ε0]
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ìàòðè÷íîãî äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîãî óðàâíåíèÿ

DZ(t, ε) = ǍZ(t, ε) + F (t), (36)

ïîä÷èíåííûõ êðàåâîìó óñëîâèþ (15). Âîçìóùåíèå ìàòðè÷-

íîãî îïåðàòîðàAZ(t) ïðèâîäèò âîçìóùåíèþ ìàòðèöûQ âè-

äà

Q(ω, ε) ∈ Rµ·ν×α·β, 0 < ε� 1.

Ïî îïðåäåëåíèþ, äèôôåðåíöèàëüíî-àëãåáðàè÷åñêàÿ çàäà÷à

(28), (36) ïðè óñëîâèè

PQ∗(ω, ε) = 0 (37)

ïðåäñòàâëÿåò íåêðèòè÷åñêèé ñëó÷àé. Òðåáîâàíèå (37) ïðåä-

ñòàâëÿåò, âîîáùå ãîâîðÿ, íåëèíåéíîå óðàâíåíèå îòíîñèòåëü-

íî íåèçâåñòíîãî âåêòîðà ω; ïðè íàëè÷èè äåéñòâèòåëüíûõ

êîðíåé ýòîãî óðàâíåíèÿ ìàëîå âîçìóùåíèå ìàòðè÷íîãî îïå-

ðàòîðà AZ(t) îïðåäåëÿåò ìàòðèöà U(ω).

Ïðèìåð 7.4 Ìàòðè÷íàÿ êðàåâàÿ çàäà÷à

Z ′(t) = AZ(t), LZ(·) := Z(0)− Z(2π) = 0, (38)

íå ðàçðåøèìà â êëàññå Z(t) ∈ C1
2×3[0; 2π] äëÿ ïðîèçâîëüíîé

íåîäíîðîäíîñòè F (t) ∈ C2×3[0; 2π]; â òî æå âðåìÿ, â êëàññå

ôóíêöèé

Z(t, ε) : Z(·, ε) ∈ C2×3[0; 2π], Z(t, ·) ∈ C2×3[0, ε0]

ìàëîå âîçìóùåíèå

ǍZ(t, ε) := AZ(t, ε) + εUZ(t, ε)V , U ∈ R2×2, V ∈ R3×3

ìàòðè÷íîãî îïåðàòîðà AZ(t) := AZ(t) +Z(t)B îïðåäåëÿåò

êðàåâóþ çàäà÷ó

Z ′(t, ε) = ǍZ(t, ε) + F (t), LZ(·, ε) = 0, (39)
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ðàçðåøèìóþ äëÿ ïðîèçâîëüíîé íåîäíîðîäíîñòè F (t). Çäåñü

A :=

(
0 1

−1 0

)
, B :=

 0 0 −2

−1 1 −2

2 0 0

 ,

êðîìå òîãî

LZ(·, ε) := Z(0, ε)− Z(2π, ε).

Äåéñòâèòåëüíî, ìàòðè÷íàÿ êðàåâàÿ çàäà÷à (38) óäîâëåòâî-

ðÿåò óñëîâèÿì ëåììû 7.1, ãäå

W (t, c) := U(t) · Θ · V (t), Θ ∈ R2×3,

è U(t) è V (t) � íîðìàëüíûå ôóíäàìåíòàëüíûå ìàòðèöû:

U(t) =

(
cos t sin t

− sin t cos t

)
, V (t) =

 cos 2t 0 − sin 2t

cos 2t− et et − sin 2t

sin 2t 0 cos 2t

 .

Äëÿ ìàòðè÷íîé çàäà÷è (38) èìååò ìåñòî êðèòè÷åñêèé ñëó-

÷àé:

PQ∗ =
1

2



1 0 1 0 0 0

0 1 0 1 0 0

1 0 1 0 0 0

0 1 0 1 0 0

0 0 0 0 2 0

0 0 0 0 0 2


6= 0,

â òî æå âðåìÿ, ìàëîå âîçìóùåíèå

ǍZ(t, ε) := AZ(t, ε) + εUZ(t, ε)V

ìàòðè÷íîãî îïåðàòîðà AZ(t) := AZ(t) + Z(t)B âèäà

U(ω) := ωI2, V := I3
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îïðåäåëÿåò êðàåâóþ çàäà÷ó (39), îäíîçíà÷íî ðàçðåøèìóþ

äëÿ ïðîèçâîëüíîé íåîäíîðîäíîñòè F (t) è ε, ω 6= 0. Äåéñòâè-

òåëüíî, ìàòðèöà

Q(ω, ε) =



ψ(ε) 0 e2πεσ 0 0 0

0 ψ(ε) 0 e2πεσ 0 0

0 0 1− e2π(1+ε) 0 0 0

0 0 0 ψ(ε) 0 0

0 0 0 0 ψ(ε) 0

0 0 0 0 0 ψ(ε)


îïðåäåëÿåò îðòîïðîåêòîð PQ∗(ω, ε) = 0; çäåñü

ψ(ε) := 1− e2πε, σ := 1− e2π, ω := 1.

Ïðè ýòîì Q(ε) � êâàäðàòíàÿ íåâûðîæäåííàÿ ìàòðèöà:

detQ(ε) =
(
−1 + e2πε

)4
(
−1 + e2π(1+ε)

)2

.

Ïîëîæèì äëÿ îïðåäåëåííîñòè

F (t) :=

(
cos 5t 0 0

0 0 0

)
, A := 0.

Ðåøåíèå ðåãóëÿðèçîâàííîé ìàòðè÷íîé êðàåâîé çàäà÷è (39)

îïðåäåëÿåò îáîáùåííûé îïåðàòîð Ãðèíà

Z(t, ε) = G
[
F (s);A

]
(t, ε)

Çäåñü

MG
[
F (s);A

]
(t, ε) =

1

(4 + ε2) (16 + ε2) (36 + ε2) (64 + ε2)
×
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×



−ε
(
13120 + 2184ε2 + 90ε4 + ε6

)
cos 5t+

+5
(
7680 + 1648ε2 + 80ε4 + ε6

)
sin 5t

−
(
−10752 + 304ε2 + 32ε4 + ε6

)
cos 5t+

+10ε
(
736 + 44ε2 + ε4

)
sin 5t

0

0

−2
(
−8448− 536ε2 + 38ε4 + ε6

)
cos 5t+

+20ε
(
496 + 56ε2 + ε4

)
sin 5t

−4ε
(
−1616− 40ε2 + ε4

)
cos 5t+

+60
(
−128 + 20ε2 + ε4

)
sin 5t


.

Äîêàçàííàÿ òåîðåìà 7.3 îáîáùàåò ñîîòâåòñòâóþùèå óñëî-

âèÿ ðåãóëÿðèçàöèè ëèíåéíûõ íåòåðîâûõ êðàåâûõ çàäà÷ [21]

íà ñëó÷àé ìàòðè÷íîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé çà-

äà÷è (14), (15) è ìîãóò áûòü èñïîëüçîâàíû â òåîðèè óñòîé-

÷èâîñòè äâèæåíèÿ [3, 4, 5], ïðè ðåøåíèè äèôôåðåíöèàëüíûõ

óðàâíåíèé Ðèêêàòè è Áåðíóëëè [7, 13], à òàêæå ïðè ðåøåíèè

ëèíåéíûõ êðàåâûõ çàäà÷ äëÿ ìàòðè÷íûõ äèôôåðåíöèàëü-

íûõ óðàâíåíèé [12, 14, 15, 16].
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8 Ñ.Ì.×óéêî, À.Ñ.×óéêî, Ä.Â.Ñûñîåâ Ìàòðè÷-

íûå çàäà÷è ñ ïàðàìåòðè÷åñêèì âîçìóùåíèåì

Òðàäèöèîííî èçó÷åíèå ïåðèîäè÷åñêèõ è íåòåðîâûõ êðàåâûõ

çàäà÷ â êðèòè÷åñêèõ ñëó÷àÿõ áûëî ñâÿçàíî ñ ïðåäïîëîæå-

íèåì, ÷òî äèôôåðåíöèàëüíîå óðàâíåíèå, à òàêæå êðàåâîå

óñëîâèå, èçâåñòíû è ôèêñèðîâàíû [9, 33]. Êàê ïðàâèëî, èçó-

÷åíèå ïåðèîäè÷åñêèõ çàäà÷ â ñëó÷àå ïàðàìåòðè÷åñêîãî ðå-

çîíàíñà îãðàíè÷èâàëîñü èññëåäîâàíèåì âîïðîñîâ óñòîé÷èâî-

ñòè [34, 35, 36]. Â òî æå âðåìÿ, ïðè èçó÷åíèè ïåðèîäè÷åñêèõ

êðàåâûõ çàäà÷ â ñëó÷àå ïàðàìåòðè÷åñêîãî ðåçîíàíñà â ñâÿçè

ñ ìíîãî÷èñëåííûìè ïðèëîæåíèÿìè â ýëåêòðîíèêå [34], òåî-

ðèè ïëàçìû [37], íåëèíåéíîé îïòèêå, ìåõàíèêå [38] è ñòàí-

êîñòðîåíèè [39], íàðÿäó ñ íàõîæäåíèåì ðåøåíèé òðåáóåòñÿ

âû÷èñëåíèå ñîáñòâåííîé ôóíêöèè ñîîòâåòñòâóþùåãî äèô-

ôåðåíöèàëüíîãî óðàâíåíèÿ. Öåëüþ äàííîé ñòàòüè ÿâëÿåòñÿ

ïîñòðîåíèå ðåøåíèé ëèíåéíûõ ìàòðè÷íûõ êðàåâûõ çàäà÷ â

ñëó÷àå ïàðàìåòðè÷åñêîãî ðåçîíàíñà, ðàçðåøèìîñòü êîòîðûõ

îáåñïå÷åíà ñîîòâåòñòâóþùèì âûáîðîì ñîáñòâåííîé ôóíê-

öèè êðàåâîé çàäà÷è. Èñïîëüçóåìàÿ êëàññèôèêàöèÿ ëèíåé-

íûõ ìàòðè÷íûõ êðàåâûõ çàäà÷ â ñëó÷àå ïàðàìåòðè÷åñêîãî

ðåçîíàíñà â çàâèñèìîñòè îò ïðîñòîòû èëè êðàòíîñòè êîðíåé

óðàâíåíèÿ äëÿ ïîðîæäàþùèõ êîíñòàíò ñóùåñòâåííî îòëè-

÷àåòñÿ îò àíàëîãè÷íîé êëàññèôèêàöèÿ ïåðèîäè÷åñêèõ çàäà÷

â ñëó÷àå ïàðàìåòðè÷åñêîãî ðåçîíàíñà [35, 36] è ñîîòâåòñòâó-

åò îáùåé êëàññèôèêàöèè ïåðèîäè÷åñêèõ è íåòåðîâûõ êðà-

åâûõ çàäà÷ [9, 33]. Ïîëó÷åííûå äëÿ ëèíåéíûõ ìàòðè÷íûõ

êðàåâûõ çàäà÷ â ñëó÷àå ïàðàìåòðè÷åñêîãî ðåçîíàíñà óñëî-

âèÿ ðàçðåøèìîñòè, à òàêæå óðàâíåíèå äëÿ ïîðîæäàþùèõ

ôóíêöèé îáîáùàþò ñîîòâåòñòâóþùèå óñëîâèÿ ðàçðåøèìî-
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ñòè, à òàêæå òðàäèöèîííîå óðàâíåíèÿ äëÿ ïîðîæäàþùèõ

êîíñòàíò â ñëó÷àå ïàðàìåòðè÷åñêîãî ðåçîíàíñà [40, 41, 42]

� íà ñëó÷àé ëèíåéíûõ ìàòðè÷íûõ êðàåâûõ çàäà÷ [12], ïðè

ýòîì ñóùåñòâåííî èñïîëüçóåòñÿ òåõíèêà ðåøåíèÿ ìàòðè÷-

íûõ óðàâíåíèé Ëÿïóíîâà, à òàêæå èõ îáîáùåíèé � ìàòðè÷-

íûõ óðàâíåíèÿ Ñèëüâåñòðà [8, 10, 17].

8.1 Ïîñòàíîâêà çàäà÷è

Èññëåäóåì çàäà÷ó î ïîñòðîåíèè ðåøåíèé

Z(·, ε) ∈ C1
α×β[a; b], Z(t, ·) ∈ Cα×β[0; ε0], h(ε) ∈ Cρ[0; ε0]

ìàòðè÷íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

Z ′(t, ε) = AZ(t, ε)+Z(t, ε)B+F (t, ε)+ε Φ(Z(t, ε), h(ε), t, ε),

(40)

ïîä÷èíåííûõ êðàåâîìó óñëîâèþ

LZ(·, ε) = A(ε), A(ε) ∈ Cδ×γ[0; ε0]. (41)

Ðåøåíèå ìàòðè÷íîé êðàåâîé çàäà÷è (40), (41) èùåì â ìàëîé

îêðåñòíîñòè ðåøåíèÿ ïîðîæäàþùåé çàäà÷è

Z ′0(t, ε) = AZ0(t, ε) + Z0(t, ε)B + F (t, ε), LZ0(·, ε) = A(ε).

(42)

Çäåñü A ∈ Rα×α è B ∈ Rβ×β � ïîñòîÿííûå ìàòðèöû. Ìàò-

ðè÷íûé îïåðàòîð Φ(Z(t, ε), h(ε), t, ε) ïðåäïîëàãàåì ëèíåé-

íûì ïî ïåðâîìó àðãóìåíòó Z(t, ε), à òàêæå ëèíåéíûì ïî

âòîðîìó àðãóìåíòó h(ε). Ìàòðèöû F (t, ε) è A(ε) ïðåäïîëà-

ãàåì íåïðåðûâíûìè ïî íåçàâèñèìîé ïåðåìåííîé t ∈ [a; b],

à òàêæå íåïðåðûâíûìè ïî ìàëîìó ïàðàìåòðó ε ∈ [0; ε0].

Êðîìå òîãî, LZ(·, ε) � ëèíåéíûé îãðàíè÷åííûé ìàòðè÷íûé
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ôóíêöèîíàë:

LZ(·, ε) : C1
α×β[a; b]→ Rδ×γ.

Âîîáùå ãîâîðÿ, ïðåäïîëàãàåì α 6= β 6= δ 6= γ. Óñëîâèÿ

ðàçðåøèìîñòè è ñòðóêòóðà ðåøåíèÿ ëèíåéíîé äèôôåðåí-

öèàëüíîé ñèñòåìû (42) áûëè ïðèâåäåíû â ìîíîãðàôèè [2].

Êîíñòðóêòèâíûå óñëîâèÿ ðàçðåøèìîñòè è ñòðóêòóðà ïåðè-

îäè÷åñêîãî ðåøåíèÿ ëèíåéíîé äèôôåðåíöèàëüíîé ñèñòåìû

(42) ïðè óñëîâèè α = β ïîëó÷åíû â ñòàòüå [7] ñ èñïîëüçî-

âàíèåì îáîáùåííîãî îáðàùåíèÿ ìàòðèö è îïåðàòîðîâ, îïè-

ñàííîãî â ñòàòüå [6]. Êàê èçâåñòíî [2, c. 211], îáùåå ðåøåíèå

W (t,Θ) = U(t) · Θ · V (t), Θ ∈ Rα×β

çàäà÷è Êîøè

Z ′(t) = AZ(t) + Z(t)B, Z(a) = Θ

îïðåäåëÿþò U(t) è V (t) � íîðìàëüíûå ôóíäàìåíòàëüíûå

ìàòðèöû:

U ′(t) = AU(t), U(a) = Iα, V ′(t) = BV (t), V (a) = Iβ.

Îáùåå ðåøåíèå Z(t) ∈ C1
α×β[a; b] çàäà÷è Êîøè [7]

Z ′(t) = AZ(t) + Z(t)B + F (t), Z(a) = Θ (43)

èìååò âèä

Z(t,Θ) = W (t,Θ) + K
[
F (s)

]
(t), Θ ∈ Rα×β,

ãäå

K
[
F (s)

]
(t) :=

∫ t

a

U(t)U−1(s)F (s)V (t)V −1(s) ds
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� îïåðàòîð Ãðèíà çàäà÷è Êîøè äëÿ ìàòðè÷íîãî óðàâíåíèÿ

(43). Ïîäñòàâëÿÿ îáùåå ðåøåíèå ìàòðè÷íîãî äèôôåðåíöè-

àëüíîãî óðàâíåíèÿ (43) â êðàåâîå óñëîâèå (41), ïðèõîäèì ê

ëèíåéíîìó àëãåáðàè÷åñêîìó óðàâíåíèþ

LZ(·,Θ) = A− LK
[
F (s)

]
(·) (44)

îòíîñèòåëüíî ìàòðèöû Θ ∈ Rα×β. Îáîçíà÷èì

Ξ(j) ∈ Rα×β, j = 1, 2, ... α · β

� åñòåñòâåííûé áàçèñ [11] ïðîñòðàíñòâà Rα×β è cj � êîí-

ñòàíòû, îïðåäåëÿþùèå ðàçëîæåíèå ìàòðèöû Θ ∈ Rα×β ïî

âåêòîðàì Ξ(j) áàçèñà ïðîñòðàíñòâà Rα×β, ïðè ýòîì

LW (·,Θ) =

α·β∑
j=1

LU(·)Ξ(j)V (·)cj, Θ =

α·β∑
j=1

Ξ(j)cj, cj ∈ R1.

Òàêèì îáðàçîì, ïðèõîäèì ê ëèíåéíîìó àëãåáðàè÷åñêîìó

óðàâíåíèþ

Q · c =M
[
A
]
−M

{
LK

[
F (s)

]
(·)
}

(45)

îòíîñèòåëüíî âåêòîðà c ∈ Rα·β, ðàâíîñèëüíîìó óðàâíåíèþ

(44); çäåñü

Q :=
[
M
[
Q(1)

]
M
[
Q(2)

]
...M

[
Q(α·β)

] ]
,

Q(j) := LU(·)Ξ(j)V (·) ∈ Rβ×δ.

Óðàâíåíèå (45) ðàçðåøèìî òîãäà è òîëüêî òîãäà, êîãäà

PQ∗dM
{
A− LK

[
F (s)

]
(·)
}

= 0. (46)

Çäåñü PQ∗ � îðòîïðîåêòîð: Rδ·γ×δ·γ → N(Q∗); ìàòðèöà PQ∗d
ñîñòàâëåíà èç d ëèíåéíî íåçàâèñèìûõ ñòðîê îðòîïðîåêòîðà
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PQ∗ ìàòðèöû Q ∈ Rδ·γ×α·β. Ïðè óñëîâèè (46) è òîëüêî ïðè

íåì îáùåå ðåøåíèå óðàâíåíèÿ (45)

c = Q+M
{
A− LK

[
F (s)

]
(·)
}

+ PQrcr, cr ∈ Rr

îïðåäåëÿåò îáùåå ðåøåíèå [8, 10] ìàòðè÷íîãî óðàâíåíèÿ (44)

Θ =M−1
{
Q+M

{
A− LK

[
F (s)

]
(·)
}}

+M−1
[
PQrcr

]
,

à òàêæå îáùåå ðåøåíèå ìàòðè÷íîãî äèôôåðåíöèàëüíîãî

óðàâíåíèÿ (43), ïîä÷èíåííîãî êðàåâîìó óñëîâèþ (41)

Z(t,Θr) = W (t,Θr) + G
[
F (s);A

]
(t), Θr :=M−1

[
PQrcr

]
.

Çäåñü PQ � îðòîïðîåêòîð: Rα·β×α·β → N(Q); ìàòðèöà PQr
ñîñòàâëåíà èç r ëèíåéíî íåçàâèñèìûõ ñòîëáöîâ îðòîïðîåê-

òîðà PQ,

G
[
F (s);A

]
(t) := W

{
t,M−1

{
Q+M

[
A−

−LK
[
F (s)

]
(·)
]}}

+ K
[
F (s)

]
(t)

� îáîáùåííûé îïåðàòîð Ãðèíà [12] ìàòðè÷íîé êðàåâîé çà-

äà÷è (41), (43) Q+ � ïñåâäîîáðàòíàÿ (ïî Ìóðó-Ïåíðîóçó)

ìàòðèöà [9, 11]. Îáîçíà÷èì èíäåêñû{
j1, j2, ... jr

}
⊆
{

1, 2, ... m · n
}

ëèíåéíî íåçàâèñèìûõ ñòîëáöîâ îðòîïðîåêòîðà PQ, ïðè ýòîì

W (t,Θr) :=

r∑
k=1

U(t) · Ξ(jk)V (t) · cjk, Θr ∈ Rα×β

� îáùåå ðåøåíèå ìàòðè÷íîãî äèôôåðåíöèàëüíîãî óðàâíå-

íèÿ (43), ïîä÷èíåííîãî êðàåâîìó óñëîâèþ (41). Ïðè óñëîâèè

PQ∗ 6= 0 áóäåì ãîâîðèòü, ÷òî äëÿ êðàåâîé çàäà÷è (42) èìååò
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ìåñòî êðèòè÷åñêèé ñëó÷àé, ïðè ýòîì çàäà÷à (42) ðàçðåøèìà

ëèøü äëÿ òåõ íåîäíîðîäíîñòåé F (t) è A, äëÿ êîòîðûõ âû-

ïîëíåíî óñëîâèå (46). Â ñâîþ î÷åðåäü, ïðè óñëîâèè PQ∗ = 0

äëÿ êðàåâîé çàäà÷è (42) èìååò ìåñòî íåêðèòè÷åñêèé ñëó-

÷àé, ïðè ýòîì çàäà÷à (42) ðàçðåøèìà äëÿ ëþáûõ íåîäíî-

ðîäíîñòåé F (t, ε) è A(ε). Óñëîâèå (46) ÿâëÿåòñÿ îáîáùåíèåì

ñîîòâåòñòâóþùèõ óñëîâèé [9] íà ñëó÷àé ìàòðè÷íîé êðàåâîé

çàäà÷è (42).

8.2 Óñëîâèÿ ðàçðåøèìîñòè

Ïðåäïîëîæèì, ÷òî äëÿ êðàåâîé çàäà÷è (42) èìååò ìåñòî

êðèòè÷åñêèé ñëó÷àé, ïðè ýòîì óñëîâèå (46) âûïîëíåíî è çà-

äà÷à (40), (41) â ìàëîé îêðåñòíîñòè ðåøåíèÿ

Z0(t,Θr) = W (t,Θr) + G
[
F (s, ε);A(ε)

]
(t)

ïîðîæäàþùåé çàäà÷è (42) èìååò ðåøåíèå

Z(t, ε) = Z0(t,Θr) + X(t, ε), Θr ∈ Rα×β,

äëÿ êîòîðîãî â äîñòàòî÷íî ìàëîé îêðåñòíîñòè íà÷àëüíîãî

çíà÷åíèÿ ñîáñòâåííîé ôóíêöèè µ0(ε) ñóùåñòâóåò íåïðåðûâ-

íàÿ ñîáñòâåííàÿ ôóíêöèÿ

h(ε) = h0(ε) + ζ(ε), h0(ε), ζ(ε) ∈ Cρ[0; ε0].

Òàêèì îáðàçîì, ïðèõîäèì ê çàäà÷å î íàõîæäåíèè ðåøåíèÿ

X(t, ε) : X(·, ε) ∈ C1
α×β[a, b], X(t, ·) ∈ Cα×β[0, ε0]

è ñîáñòâåííîé ôóíêöèè ζ(ε) ìàòðè÷íîé íåòåðîâîé êðàåâîé

çàäà÷è

dX(t, ε)/dt = AX(t, ε) + X(t, ε)B+
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+εΦ(Z0(t, c0(ε)) + X(t, ε), h0(ε) + ζ(ε), t, ε), LX(·, ε) = 0,

(47)

ðàçðåøèìîé òîãäà è òîëüêî òîãäà, êîãäà

PQ∗dMLK
[
Φ(Z0(t, c0(ε)) + X(t, ε), h0(ε) + ζ(ε), t, ε)

]
(·) = 0.

Îáîçíà÷èì âåêòîð

č0(ε) :=

[
c0(ε)

h0(ε)

]
∈ Cr+ρ[0, ε0].

Â ñèëó íåïðåðûâíîñòè ïî Z(t, ε) è µ(ε) íåëèíåéíîé ôóíêöèè

Φ(Z(t, ε), µ(ε), t, ε) â ìàëîé îêðåñòíîñòè ðåøåíèÿ ïîðîæäà-

þùåé çàäà÷è (42) è íà÷àëüíîãî çíà÷åíèÿ h0(ε) ôóíêöèè h(ε)

ïðèõîäèì ê ñëåäóþùåìó óðàâíåíèþ

F(č0(ε)) :=MLK
[
Φ(Z0(t, c0(ε)), h0(ε), t, ε)

]
(·) = 0.

Íåîáõîäèìûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ ìàòðè÷íîé

êðàåâîé çàäà÷è (40), (41) â ñëó÷àå ïàðàìåòðè÷åñêîãî ðåçî-

íàíñà îïðåäåëÿåò ñëåäóþùàÿ ëåììà, ÿâëÿþùàÿñÿ îáîáùå-

íèåì ñîîòâåòñòâóþùåãî óòâåðæäåíèÿ [42] íà ñëó÷àé ìàò-

ðè÷íîé êðàåâîé çàäà÷è, à òàêæå [9, 33] íà ñëó÷àé ïàðàìåò-

ðè÷åñêîãî ðåçîíàíñà è ÿâíîé çàâèñèìîñòè íåîäíîðîäíîñòåé

ïîðîæäàþùåé êðàåâîé çàäà÷è îò ìàëîãî ïàðàìåòðà.

Ëåììà 8.1 Ïóñòü ìàòðè÷íàÿ êðàåâàÿ çàäà÷à (40), (41)

ïðåäñòàâëÿåò êðèòè÷åñêèé (PQ∗ 6= 0) ñëó÷àé è âûïîëíå-

íî óñëîâèå ðàçðåøèìîñòè (46) ïîðîæäàþùåé çàäà÷è (42).

Ïðåäïîëîæèì òàêæå, ÷òî â ìàëîé îêðåñòíîñòè ïîðîæäà-

þùåãî ðåøåíèÿ Z0(t, c0(ε)) ìàòðè÷íàÿ êðàåâàÿ çàäà÷à (40),

(41) èìååò ðåøåíèå

Z(·, ε) ∈ C1
α×β[a; b], Z(t, ·) ∈ Cα×β[0; ε0],
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ïðè ýòîì â äîñòàòî÷íî ìàëîé îêðåñòíîñòè ôóíêöèè h0(ε)

ñóùåñòâóåò ñîáñòâåííàÿ ôóíêöèÿ h(ε) ∈ Cρ[0; ε0]. Òîãäà

èìååò ìåñòî ðàâåíñòâî

F(č0(ε)) = 0. (48)

Ïî àíàëîãèè ñ íåòåðîâûìè ñëàáîíåëèíåéíûìè êðàåâûìè

çàäà÷àìè â êðèòè÷åñêîì ñëó÷àå [9], à òàêæå ïåðèîäè÷åñêè-

ìè êðàåâûìè çàäà÷àìè â ñëó÷àå ïàðàìåòðè÷åñêîãî ðåçîíàí-

ñà [33, 35, 36], óðàâíåíèå (48) áóäåì íàçûâàòü óðàâíåíè-

åì äëÿ ïîðîæäàþùèõ ôóíêöèé ìàòðè÷íîé êðàåâîé çàäà-

÷è (40), (41) â ñëó÷àå ïàðàìåòðè÷åñêîãî ðåçîíàíñà. Êîðíè

óðàâíåíèÿ äëÿ ïîðîæäàþùèõ ôóíêöèé (48), â äàííîì ñëó-

÷àå � ìàòðèöû Θ0(ε) ∈ Rα×β, à òàêæå ñîáñòâåííûå ôóíêöèè

h0(ε) îïðåäåëÿþò ïîðîæäàþùåå ðåøåíèå Z0(t,Θ0(ε)), â ìà-

ëîé îêðåñòíîñòè êîòîðîãî ìîãóò ñóùåñòâîâàòü èñêîìûå ðå-

øåíèÿ èñõîäíîé ìàòðè÷íîé êðàåâîé çàäà÷è (40), (41) â ñëó-

÷àå ïàðàìåòðè÷åñêîãî ðåçîíàíñà. Åñëè æå óðàâíåíèå (48) íå

èìååò êîðíåé

Θ0(ε) ∈ Cα×β[0; ε0], h0(ε) ∈ Cρ[0; ε0],

òî èñõîäíàÿ ìàòðè÷íàÿ êðàåâàÿ çàäà÷à (40), (41) â ñëó÷àå

ïàðàìåòðè÷åñêîãî ðåçîíàíñà íå èìååò èñêîìûõ ðåøåíèé.

Ïðåäïîëîæèì, ÷òî óðàâíåíèå äëÿ ïîðîæäàþùèõ ôóíêöèé

(48) èìååò íåïðåðûâíûå äåéñòâèòåëüíûå êîðíè. Ôèêñèðóÿ

îäíî èç ðåøåíèé č0(ε) ∈ Cr+ρ[0; ε0] óðàâíåíèÿ (48), ïðèõî-

äèì ê çàäà÷å îá îòûñêàíèè ðåøåíèÿ

X(t, ε) : X(·, ε) ∈ C1
α×β[a; b], X(t, ·) ∈ Cα×β[0, ε0]

ìàòðè÷íîé êðàåâîé çàäà÷è (40), (41) â îêðåñòíîñòè ïîðîæ-

äàþùåãî ðåøåíèÿ

Z0(t,Θr(ε)) = W (t,Θr(ε)) + G
[
F (s);A(ε)

]
(t),
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Θr(ε) :=M−1
[
PQrcr(ε)

]
,

à òàêæå ôóíêöèè

h(ε) := h0(ε) + ζ(ε), ζ(ε) ∈ Cρ[0, ε0]

â îêðåñòíîñòè òî÷êè h0(ε). Â óêàçàííîé îêðåñòíîñòè èìååò

ìåñòî ðàçëîæåíèå âåêòîð-ôóíêöèè

Φ
[
Z0(t,Θ0(ε)) + X(t, ε), h0(ε) + ζ(ε), t, ε

]
=

= Φ
[
Z0(t,Θ0(ε)), h0(ε), t, ε

]
+DX

[
Z0(t,Θ0(ε)), h0(ε), X(t, ε)

]
+

+Dh

[
Z0(t,Θ0(ε)), h0(ε), ζ(ε)

]
+

+R
[
Z0(t,Θ0(ε)) + X(t, ε), h0(ε) + ζ(ε), t, ε

]
.

Äåéñòâèòåëüíî, â ìàëîé îêðåñòíîñòè ðåøåíèÿ č0(ε) óðàâíå-

íèÿ äëÿ ïîðîæäàþùèõ ïîðîæäàþùèõ ôóíêöèé (48) èìååò

ìåñòî ðàçëîæåíèå âåêòîð-ôóíêöèè [43, c. 636]

MΦ
[
Z0(t,Θ0(ε)) + X(t, ε), h0(ε) + ζ(ε), t, ε

]
=

=MΦ
[
Z0(t,Θ0(ε)), h0(ε), t, ε

]
+

+Ax
[
Z0(t,Θ0(ε)), h0(ε)

]
x(t, ε) +Aζ

[
Z0(t,Θ0(ε)), h0(ε)

]
ζ(ε)+

+R
[
Z0(t,Θ0(ε)) + X(t, ε), h0(ε) + ζ(ε), t, ε

]
.

Çäåñü

Ax
[
Z0(t,Θ0(ε)), h0(ε)

]
:=

∂

∂x
Φ
[
Z(t, ε), h(ε), t, ε

]
∣∣∣∣∣∣∣∣∣ X(t, ε) = 0

ζ(ε) = 0

� (α · β × α · β) � ìàòðèöà,

Aζ
[
Z0(t,Θ0(ε)), h0(ε)

]
:=

∂

∂ζ
Φ
[
Z(t, ε), h(ε), t, ε

]
∣∣∣∣∣∣∣∣∣ X(t, ε) = 0

ζ(ε) = 0
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� (α · β × ρ) � ìàòðèöà, R[Z(t, ε), h(ε), t, ε] � îñòàòîê ýòîãî

ðàçëîæåíèÿ è

x(t, ε) :=MX(t, ε) ∈ C1
αβ[a; b]

� íåèçâåñòíàÿ âåêòîð-ôóíêöèÿ. Òàêèì îáðàçîì

DX

[
Z0(t,Θ0(ε)), h0(ε), X(t, ε)

]
:=

=M−1
{
Ax
[
Z0(t,Θ0(ε)), h0(ε)

]
x(t, ε)

}
è

Dh

[
Z0(t,Θ0(ε)), h0(ε), ζ(ε)

]
:=

=M−1
{
Aζ
[
Z0(t,Θ0(ε)), h0(ε)

]
ζ(ε)

}
� äèôôåðåíöèàëû ìàòðè÷íîé ôóíêöèè

Φ
[
Z0(t,Θ0(ε)) + X(t, ε), h0(ε) + ζ(ε), t, ε

]
∈ C1

α×β[a; b]

è

R[Z(t, ε), h(ε), t, ε] :=M−1
{
R[Z(t, ε), h(ε), t, ε]

}
∈ C1

α×β[a; b]

� îñòàòîê ýòîãî ðàçëîæåíèÿ. Ñ ó÷åòîì óðàâíåíèÿ äëÿ ïî-

ðîæäàþùèõ ôóíêöèé (48), à òàêæå ïîñëåäíåãî ðàçëîæåíèÿ

çàäà÷à î íàõîæäåíèè ðåøåíèÿ

X(t, ε) = W (t,Θr(ε)) + X(1)(t, ε)

è ñîáñòâåííîé ôóíêöèè ζ(ε) ìàòðè÷íîé íåòåðîâîé êðàåâîé

çàäà÷è (47) ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà

PQ∗dMLK
{
DX

[
Z0(t,Θ0(ε)), h0(ε), X(t, ε)

]
+

+Dh

[
Z0(t,Θ0(ε)), h0(ε), ζ(ε)

]
+

+R
[
Z0(t,Θ0(ε)) + X(t, ε), h0(ε) + ζ(ε), t, ε

]}
(·) = 0.
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Çäåñü W (t,Θr(ε)) � îáùåå ðåøåíèå îäíîðîäíîé ÷àñòè êðàå-

âîé çàäà÷è (47) è

X(1)(t, ε) := ε G
[
Φ(Z(s, ε), h(ε), s, ε); 0

]
(t)

� ÷àñòíîå ðåøåíèå ìàòðè÷íîé êðàåâîé çàäà÷è (47). Îáîçíà-

÷èì ξj(ε) ñêàëÿðíûå ôóíêöèè, îïðåäåëÿþùèå ðàçëîæåíèå

ìàòðèöû

Θr(ε) =

α·β∑
j=1

Ξ(j)ξj(ε), ξj(ε) ∈ C[0, ε0], j = 1, 2, ... α · β

ïî âåêòîðàì Ξ(j) ∈ Rα×β áàçèñà ïðîñòðàíñòâà Rα×β, âåêòîð

č(ε) :=

(
ξ(ε)

ζ(ε)

)
∈ Rαβ+ρ, ξ(ε) ∈ Rαβ, ζ(ε) =

ρ∑
j=1

θ(j)ζj(ε);

çäåñü θ(j) ∈ Rρ, j = 1, 2, ... ρ � åñòåñòâåííûé áàçèñ [11]

ïðîñòðàíñòâà Rρ è ζj(ε) � êîíñòàíòû, îïðåäåëÿþùèå ðàçëî-

æåíèå âåêòîðíîé ôóíêöèè ζ(ε) ∈ Rρ ïî âåêòîðàì θ(j) áàçèñà

ïðîñòðàíñòâà Rρ. Òàêèì îáðàçîì, ìàòðè÷íàÿ êðàåâàÿ çàäà-

÷à (47) ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà

PQ∗dMLK
{
DX

[
Z0(t,Θ0(ε)), h0(ε),W (t,Θr(ε))

]
+

+Dh

[
Z0(t,Θ0(ε)), h0(ε), ζ(ε)

]}
(·) =

= − PQ∗MLK
{
DX

[
Z0(t,Θ0(ε)), h0(ε), X(1)(t, ε)

]
+

+R
[
Z(t, ε), h(ε), t, ε

]}
(·).

Íàéäåííîå íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ðàçðåøè-

ìîñòè ìàòðè÷íîé êðàåâîé çàäà÷è (47) ïðåäñòàâëÿåò ñîáîé

ëèíåéíîå àëãåáðàè÷åñêîå óðàâíåíèå îòíîñèòåëüíî ìàòðèöû

Θr(ε), à òàêæå âåêòîðíîé ôóíêöèè ζ(ε). Îáîçíà÷èì ìàòðèöó

D0 = D(č0(ε)) :=
{
D(0)

0 ; D(1)
0

}
∈ Cd×(α·β+ρ)[0, ε0];



8 Ñ.Ì.×óéêî, À.Ñ.×óéêî, Ä.Â.Ñûñîåâ Ìàòðè÷íûå êðàåâûå çàäà÷è 96

çäåñü

D(0)
0 (č0(ε)) :=

=
{
PQ∗dMLK

{
DX

[
Z0(t,Θ0), h0,W

(
t,Ξ(i)

)]}
(·)
} ∣∣∣∣∣∣

α · β

i = 0

,

D(1)
0 (č0(ε)) :=

=
{
PQ∗dMLK

{
Dh

[
Z0(t,Θ0(ε)), h0(ε), θ(j)

]}
(·)
} ∣∣∣∣∣∣

ρ

j = 0

.

Àíàëîãè÷íî ïðåäëîæåííîé âûøå ñõåìå ðåøåíèÿ ëèíåéíîãî

àëãåáðàè÷åñêîãî óðàâíåíèÿ (44) ïðèõîäèì ê óðàâíåíèþ

D0 č(ε) = −PQ∗dMLK
{
DX

[
Z0(t,Θ0(ε)), h0(ε), X(1)(t, ε)

]
+

+R
[
Z(t, ε), h(ε), t, ε

]}
(·)

îòíîñèòåëüíî âåêòîðíîé ôóíêöèè č(ε) ∈ Rαβ+ρ. Ïðè óñëî-

âèè [42]

PD∗0PQ∗d = 0, D+
0

(
č0(ε)

)
∈ C(α·β+ρ)×d[0, ε0] (49)

ìàòðè÷íàÿ êðàåâàÿ çàäà÷à (40), (41) èìååò ïî ìåíüøåé ìåðå

îäíî ðåøåíèå. Çäåñü PD∗0 �(d× d)− ìàòðèöà-îðòîïðîåêòîð:

PD∗0(č0(ε)) : Rd → N
(
D∗0(č0(ε))

)
,

D+
0 (č0(ε)) � ïñåâäîîáðàòíàÿ ïî Ìóðó-Ïåíðîóçó ìàòðèöà [9,

11]. Òàêèì îáðàçîì, ïðè óñëîâèè (49) ïî ìåíüøåé ìåðå îäíî

ðåøåíèå ìàòðè÷íîé êðàåâîé çàäà÷è (40), (41) îïðåäåëÿåò

ñëåäóþùàÿ îïåðàòîðíàÿ ñèñòåìà

Z(t, ε) = Z0(t,Θ0(ε)) + X(t, ε), h(ε) := h0(ε) + ζ(ε),
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X(t, ε) = W (t,Θr(ε)) + X(1)(t, ε), ζ(ε) = J1 č(ε),

č(ε) = −D+
0 PQ∗dMLK

{
DX

[
Z0(t,Θ0(ε)), h0(ε), X(1)(t, ε)

]
+

(50)

+R
[
Z(t, ε), h(ε), t, ε

]}
(·), Θr(ε) =M−1

[
J0 č(ε)

]
,

X(1)(t, ε) = ε G
[
Φ(Z0(s,Θ0(ε)) + X(s, ε),

h0(ε) + ζ(ε), s, ε); 0
]
(t);

çäåñü

J0 :=
(
Iαβ O

)
∈ Rαβ×(ρ+αβ), J1 :=

(
O ... Iρ

)
∈ Rρ×(ρ+αβ)

� ïîñòîÿííûå ìàòðèöû. Äëÿ íàõîæäåíèÿ ïðèáëèæåííîãî

ðåøåíèÿ îïåðàòîðíîé ñèñòåìû (50) ïðèìåíèì ìåòîä ïîñëå-

äîâàòåëüíûõ ïðèáëèæåíèé [9, 33, 43]. Òàêèì îáðàçîì, äîêà-

çàíî ñëåäóþùåå óòâåðæäåíèå, êîòîðîå ÿâëÿåòñÿ îáîáùåíè-

åì ñîîòâåòñòâóþùåãî óòâåðæäåíèÿ äëÿ íåòåðîâûõ êðàåâûõ

çàäà÷ äëÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-

íåíèé íà ñëó÷àé ìàòðè÷íûõ êðàåâûõ çàäà÷ ñ ïàðàìåòðè÷å-

ñêèì âîçáóæäåíèåì [35, 36, 42, 46].

Òåîðåìà 8.1 Ïóñòü ìàòðè÷íàÿ êðàåâàÿ çàäà÷à (40), (41)

ïðåäñòàâëÿåò êðèòè÷åñêèé (PQ∗ 6= 0) ñëó÷àé è âûïîëíå-

íî óñëîâèå ðàçðåøèìîñòè (46) ïîðîæäàþùåé çàäà÷è (42).

Òîãäà äëÿ êàæäîãî êîðíÿ

c0(ε) ∈ Cr[0, ε0], h0(ε) ∈ Cρ[0, ε0]

óðàâíåíèÿ äëÿ ïîðîæäàþùèõ ôóíêöèé (48) ïðè óñëîâèè

(49) â ìàëîé îêðåñòíîñòè ðåøåíèÿ Z0(t, c0(ε)) ïîðîæäàþ-

ùåé çàäà÷è (42) è â äîñòàòî÷íî ìàëîé îêðåñòíîñòè íà-

÷àëüíîãî çíà÷åíèÿ h0(ε) ôóíêöèè h(ε) çàäà÷à (47) èìååò

ïî ìåíüøåé ìåðå îäíî ðåøåíèå

X(t, ε) : X(·, ε) ∈ C1[a, b], X(t, ·) ∈ C[0, ε0]
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è ñóùåñòâóåò íåïðåðûâíàÿ ôóíêöèÿ h(ε) : h(0) := h∗0. Ïðè

ýòîì â ìàëîé îêðåñòíîñòè ðåøåíèÿ Z0(t, c0(ε)) ïîðîæäà-

þùåé çàäà÷è (42) è â äîñòàòî÷íî ìàëîé îêðåñòíîñòè íà-

÷àëüíîãî çíà÷åíèÿ h0(ε) ôóíêöèè h(ε) ìàòðè÷íàÿ êðàåâàÿ

çàäà÷à (40), (41) èìååò ïî ìåíüøåé ìåðå îäíî ðåøåíèå

Z(t, ε) : Z(·, ε) ∈ C1
α×β[a, b], Z(t, ·) ∈ Cα×β[0, ε0],

êîòîðûå îïðåäåëÿåò îïåðàòîðíàÿ ñèñòåìà (50); äëÿ íà-

õîæäåíèÿ ýòîãî ðåøåíèÿ ïðèìåíèìà èòåðàöèîííàÿ ñõåìà

Zk+1(t, ε) = Z0(t,Θ0(ε))+Xk+1(t, ε), hk+1(ε) := h0(ε)+ζk+1(ε),

Xk+1(t, ε) = W (t,Θr(ε)) + X
(1)
k+1(t, ε), k = 0, 1, 2 ... , (51)

čk+1(ε) = −D+
0 PQ∗dMLK

{
DX

[
Z0(t,Θ0(ε)), h0(ε), X

(1)
k (t, ε)

]
+

+R
[
Zk(t, ε), hk(ε), t, ε

]}
(·), ζk+1(ε) = J1 čk+1(ε),

Θrk+1
(ε) =M−1

[
J0 čk+1(ε)

]
, X

(1)
k+1(t, ε) =

= ε G
[
Φ(Z0(s,Θ0(ε)) + Xk(s, ε), h0(ε) + ζk(ε), s, ε); 0

]
(t).

Äëèíà îòðåçêà [0, ε∗], íà êîòîðîì ïðèìåíèì ìåòîä ïðî-

ñòûõ èòåðàöèé, ìîæåò áûòü îöåíåíà, êàê ïîñðåäñòâîì ìàæî-

ðèðóþùèõ óðàâíåíèé Ëÿïóíîâà [9, 33], òàê è íåïîñðåäñòâåí-

íî èç óñëîâèÿ ñæèìàåìîñòè ñîîòâåòñòâóþùåãî îïåðàòîðà

àíàëîãè÷íî [48, 47]. Â ñëó÷àå ïàðàìåòðè÷åñêîãî ðåçîíàíñà

äîêàçàííàÿ òåîðåìà ÿâëÿåòñÿ îáîáùåíèåì ñîîòâåòñòâóþùèõ

óòâåðæäåíèé [40, 41, 42] íà ñëó÷àé ìàòðè÷íîé êðàåâîé çà-

äà÷è è âåêòîðíîé ôóíêöèè h(ε). Â îòñóòñòâèå ïàðàìåòðè-

÷åñêîãî ðåçîíàíñà äîêàçàííàÿ òåîðåìà ÿâëÿåòñÿ îáîáùåíè-

åì ñîîòâåòñòâóþùåãî óòâåðæäåíèÿ [9, 33] íà ñëó÷àé ÿâíîé

çàâèñèìîñòè íåîäíîðîäíîñòåé F (t, ε) è A(ε) ïîðîæäàþùåé

êðàåâîé çàäà÷è (41) îò ìàëîãî ïàðàìåòðà.
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8.3 Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ óðàâíåíèÿ òèïà Ìàòüå

Óñëîâèÿ äîêàçàííîé òåîðåìû 8.1 âûïîëíÿþòñÿ â ñëó÷àå 2π-

ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ òèïà Ìàòüå

Z ′(t, ε) = AZ(t, ε) + Z(t, ε)B + ε Φ(Z(t, ε), h(ε), t, ε), (52)

ãäå

Φ(Z(t, ε), h(ε), t, ε) := µ(ε)S1Z(t, ε) + ν(ε)Z(t, ε)S2+

+S3 cos2 t Z(t, ε), h(ε) := ( µ(ε) ν(ε) ) ∈ C2[0, ε0],

êðîìå òîãî

A :=

(
1 −2

1 −1

)
, B :=

(
−2 −2

4 2

)
, S1 :=

(
0 1

0 0

)
,

S2 :=

(
0 0

0 1

)
, S3 :=

(
1 0

0 −1
2

)
.

Îáùåå ðåøåíèå ïîëóîäíîðîäíîé çàäà÷è Êîøè äëÿ ìàò-

ðè÷íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ Z ′(t) = AZ(t) +

Z(t)B, Z(0) = Θ èìååò âèä

W (t,Θ) = U(t) · Θ · V (t), Θ ∈ R2×2,

ãäå U(t) è V (t) � íîðìàëüíûå (U(0) = I2, V (0) = I2) ôóí-

äàìåíòàëüíûå ìàòðèöû:

U(t) =

(
cos t + sin t −2 sin t

sin t cos t− sin t

)
,

V (t) =

(
cos 2t− sin 2t − sin 2t

2 sin 2t cos 2t + sin 2t

)
.
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Îáîçíà÷èì

Ξ(1) =

(
1 0

0 0

)
, Ξ(2) =

(
0 0

1 0

)
, ... , Ξ(4) =

(
0 0

0 1

)
� åñòåñòâåííûé áàçèñ ïðîñòðàíñòâà R2×2. Îáùåå ðåøåíèå

îäíîðîäíîé ÷àñòè ìàòðè÷íîé çàäà÷è (52) îïðåäåëÿåò ìàò-

ðèöà Q = 0 è åå îðòîïðîåêòîðû PQ = PQ∗ = I4. Òàêèì îá-

ðàçîì, äëÿ ìàòðè÷íîé 2π-ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíå-

íèÿ òèïà Ìàòüå (52) èìååò ìåñòî êðèòè÷åñêèé ñëó÷àé; óðàâ-

íåíèå (48) ïðè ýòîì èìååò äåéñòâèòåëüíûé êîðåíü

č0(ε) :=

[
c0(ε)

h0(ε)

]
∈ C6[0, ε0], h0(ε) :=

[
µ0(ε)

ν0(ε)

]
∈ C2[0, ε0],

ãäå

c0(ε) =
1

20
( 2 0 − 1−

√
3 − 1−

√
3 )∗

è

µ0(ε) ≡ −1

3

(
2 +
√

3
)
, ν0(ε) ≡ −1

3
.

Ýòîìó êîðíþ ñîîòâåòñòâóåò ìàòðèöà ïîëíîãî ðàíãà

D0

(
č0(ε)

)
, ïðè ýòîì óñëîâèå (49) âûïîëíåíî, ñëåäîâàòåëü-

íî, ñîãëàñíî äîêàçàííîé òåîðåìå, â ìàëîé îêðåñòíîñòè ïî-

ðîæäàþùåãî ðåøåíèÿ Z0(t, c0(ε)) è â äîñòàòî÷íî ìàëîé

îêðåñòíîñòè íà÷àëüíîãî çíà÷åíèÿ h0(ε) ôóíêöèè h(ε) 2π-

ïåðèîäè÷åñêàÿ çàäà÷à äëÿ óðàâíåíèÿ òèïà òèïà Ìàòüå (52)

èìååò ïî ìåíüøåé ìåðå îäíî ðåøåíèå

Z(t, ε) : Z(·, ε) ∈ C2×2[a, b], Z(t, ·) ∈ C2×2[0, ε0].

Çàìåòèì, ÷òî ìàòðèöà D0, êëþ÷åâàÿ ïðè èññëåäîâàíèè

ìàòðè÷íûõ êðàåâûõ çàäà÷ (40), (41) â ñëó÷àå ïàðàìåòðè÷å-

ñêîãî ðåçîíàíñà, êàê è â ñëó÷àå íåòåðîâûõ êðàåâûõ çàäà÷
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äëÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé,

ìîæåò áûòü íàéäåíà íåïîñðåäñòâåííî èç óðàâíåíèÿ äëÿ ïî-

ðîæäàþùèõ ôóíêöèé (48). Äåéñòâèòåëüíî:

∂

∂č
PQ∗dM

{
LK

[
Φ(Z0(s,Θ0(ε)), h0(ε), s, ε)

]
(·)
}

=

=
∂

∂(ξ, ζ)
PQ∗dM

{
LK

{
DX

[
Z0(s,Θ0(ε)), h0(ε),

W (s,

α·β∑
j=1

Ξ(j)ξj(ε)) + X(1)(s, ε)
]
+

+Dh

[
Z0(s,Θ0(ε)), h0(ε),

ρ∑
j=1

θ(j)ζj(ε)
]}

(·)
} ∣∣∣∣∣∣∣∣∣ X(t, ε) = 0

ζ(ε) = 0

,

ñëåäîâàòåëüíî

∂

∂č
PQ∗dM

{
LK

[
Φ(Z0(s,Θ0(ε)), h0(ε), s, ε)

]
(·)
}

= D0.

Ïðåäëîæåííàÿ ñõåìà èññëåäîâàíèè ìàòðè÷íûõ êðàåâûõ

çàäà÷ (40), (41) â ñëó÷àå ïàðàìåòðè÷åñêîãî ðåçîíàíñà, êàê

è â ñëó÷àå íåòåðîâûõ êðàåâûõ çàäà÷ äëÿ ñèñòåì îáûêíîâåí-

íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, àíàëîãè÷íî [9, 15, 49,

50] ìîæåò áûòü ïåðåíåñåíà íà ìàòðè÷íûå êðàåâûå çàäà÷è

ñ çàïàçäûâàíèåì, àíàëîãè÷íî [9, 48, 44, 45] íà àâòîíîìíûå

ìàòðè÷íûå êðàåâûå çàäà÷è, àíàëîãè÷íî [51] íà ëèíåéíûå

íåòåðîâû êðàåâûå çàäà÷è äëÿ ìàòðè÷íûõ äèôôåðåíöèàëü-

íûõ óðàâíåíèé ñ èìïóëüñíûì âîçäåéñòâèåì â ñëó÷àå ïàðà-

ìåòðè÷åñêîãî ðåçîíàíñà, àíàëîãè÷íî [52, 53] íà ëèíåéíûå

íåòåðîâû êðàåâûå çàäà÷è äëÿ ìàòðè÷íûõ ðàçíîñòíûõ óðàâ-

íåíèé â ñëó÷àå ïàðàìåòðè÷åñêîãî ðåçîíàíñà.
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íåíèé ñ âûðîæäàþùèìñÿ àáñîðáöèîííûì ïîòåíöèàëîì.

1200 � 1300 Äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ñòàðøèé

íàó÷íûé ñîòðóäíèê Ì.Ì.Ìàëàìóä. Äåòåðìèíàíòû âîç-

ìóùåíèÿ è òîæäåñòâà ñëåäîâ äëÿ ãðàíè÷íûõ çàäà÷.

1300 � 1400 Äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåñ-

ñîð Â.È.Ðÿçàíîâ. Î ïðîáëåìå Ðèìàíà-Ãèëüáåðòà.

9 ñåíòÿáðÿ 2015 ã.

1000 � 1030 Êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, äî-

öåíò Ñ.Î. ×àé÷åíêî. Ðÿäè Ôóð'¹ ïî ñèñòåìi ðàöiîíàëü-

íèõ ôóíêöié.
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1030 � 1130 Äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðî-

ôåññîð Ñ.Ì.×óéêî. Î ðåãóëÿðèçàöèè ìàòðè÷íîé

äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è.

1200 � 1300 Äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåñ-

ñîð

È.È.Ñêðèïíèê. Î òî÷íûõ îöåíêàõ ðåøåíèé êâàçè-

ëèíåéíûõ ýëëèïòè÷åñêèõ óðàâíåíèé ñ íåñòàíäàðòíûìè

óñëîâèÿìè ðîñòà ÷åðåç ïîòåíöèàëû Âîëüôà.

1300 � 1330 Äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ñòàðøèé

íàó÷íûé ñîòðóäíèê Â.Ô.Ùåðáàê. Ñèíòåç èíâàðèàíò-

íûõ ìíîãîîáðàçèé â çàäà÷àõ íàáëþäåíèÿ è èäåíòèôè-

êàöèè äèíàìè÷åñêèõ ñèñòåì.

1330 � 1400 Êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê

Â.È.Ìîãèëåâñêèé. Ñïåêòðàëüíûå è ïñåâäîñïåêòðàëü-

íûå ôóíêöèè ñèììåòðè÷åñêèõ ñèñòåì.



Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ãîñóäàð-

ñòâåííîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé. Íîìåð

ãîñóäàðñòâåííîé ðåãèñòðàöèè 0109U000381.

Ìàòåðèàëû ðàñøèðåííîãî ñåìèíàðà Èíñòèòóòà ïðèêëàä-

íîé ìàòåìàòèêè è ìåõàíèêè ÍÀÍ Óêðàèíû è êàôåäðû ìàòå-

ìàòèêè Äîíáàññêîãî ãîñóäàðñòâåííîãî ïåäàãîãè÷åñêîãî óíè-

âåðñèòåòà (ê 65-ëåòèþ ÷ëåíà-êîððåñïîíäåíòà ÍÀÍ Óêðàèíû

À.À.Áîé÷óêà). � Ñëàâÿíñê. � 2016. � 112 ñ.


