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NMPO OOHE BAXITMBE BIOHOLWUEHHA B
FEOMETPII TPUKYTHUKA TA CYMDKHI MUTAHHSA

CrarTs mpuUCBSYEHA MUTAHHAM BIIPOBA/DKCHHS B IIKUIBHUH KypC T€OMETpii BaKIMBOTO
BIJTHOILIEHHS MDK JIOBXKMHAMH BIJPi3KiB, 110 CIIOIYy4alOTh BEPIIUHY TPUKYTHUKA 1 OPTOLEHTP Ta
LEHTP OIMCAHOrO0 Koja 1 CepeauHy NPOTHIEKHOI CTOPOHU. 3IIMCHEHHS BIPOBAKEHHS
MIPOMOHYETHCS LIISIXOM BIOCKOHAJIECHHS IUJAKTUYHOrO 3a0e3MeueHHs NEBHUX TeM LIKUIBHOTO
Kypcy reoMeTpii i yuHiB 8§ Ta 9 KiaciB 3akiaiB 3arajibHOi cepennboi ocBitu. Kpim Toro, B
cTaTl 3po0JICHO OTJIAM ICHYIOUMX CIOCOOIB TOBEACHHS 3a3HAYCHOTO TBEP/DKEHHS Ta HABEICHO
BUOpaHi 3 HUX.

KuarouoBi cnoBa: mpuxkymuux, opmoyenmp, yeHmp ORUCAHO20 KO, BiOHOULEHHS.
giocmaneti, cnocoou 008e0eHH s, WKINbHUL KYPC 2eoMempii, HA8UaHHsL.

«Kenmanue pemuTh 3ama4y MHOTHMH CIIOCOOAMH SIBIISACTCS
JaJleko HE TMpa3IHbIM. YBEpEeH, YTO Te, KTO HCKpPEHHE
3aWHTEPECOBAHBI B N3YUYCHHH MAaTEMATUKU U €€ TIPENoIaBaHuH,
yOenunuch He TOJIbKO B 3()()EKTUBHOCTH, HO U B 3CTETUYECKOU
MIPUBJIEKATEIILHOCTH TOMCKOB BTOPOTO CTIOC00a pereHus» [6]
N.A. Kymaup

BcTyn

[IpencraBiena cTaTTs NMPUCBSYEHA AUAAKTUYHUM 1 METOJAMYHUM acHeKTam
BIIPOBA/KEHHSI 10 MIKLIBHOTO KypCy F€OMETpii BIIOMOI0 TBEPHKEHHS (3 po3aily
«BIICTaHI MDK 4YyJAOBUMH TOYKAMHU TPHUKYTHHKA») KIACUYHOTO KYypCy
€JIEMEHTApHOI TeoMeTpli, a came: «BIACTaHb Bl BEPUIMH TPUKYTHUKA IO
OpTOLIEHTpa BIBIYl OuIblIa 3a BIACTaHb BIJ LEHTpPa OINHMCAHOIO KOJIa [0
MIPOTHJICIKHOT CTOPOHU» (Hamp., [3]).

ABTOpH HIMPO TMEPEKOHaH1 y TOMY, IO 3a3HAY€HE TBEPKEHHS MOBUHHO
3aiHATH B MIKUIBHOMY Kypcl reoMeTpli Take came MiClie, SK BJIACTHUBICTh TOYKHU
NEePEeTHUHY ME/IIaH Ta BIACTUBICTh TOUYKH MEPETUHY OICEKTPUC TPUKYTHHKA.

Cepen yMHHUX MiIPYYHUKIB 3 reomeTpii ciin Buaimutu [9] 1 [10], B sskux 1e
TBEP>KCHHSI aBTOpPAaMH 3aIllPOIMIOHOBAHO B SIKOCTI JIeMH. | Xoua MOXJIHMBI criocoOu
JIOBEJICHHSI Ta SICKpaBl 3aCTOCYBAaHHA LIOIO TBEP/KEHHS JOCHUTh IOBHO
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BUCBITJICHO B JiTeparypi (B mepury 4epry MaeMo Ha yBa3zi [5] 1 [6]), mpote
IUAAKTUYHI Ta METOAMYHI acCleKTH, TMOB’f3aHl 13 BIPOBAHKEHHSIM I[HOTO
Marepiany B IIKUIBHUM Kypc TeoMeTpii, MOTpeOyroTh yBark Ta BIAMOBIIHUX
HaIpalroBaHb.

binbmie Toro, 3 AOCBIAY CHUIKYBaHHS 31 CTYACHTAMH Ta BYMTEISMHU
MaTeMaTuku (1 He JUIIe MOJOJUMU), 13 MPUKPICTIO CIIJ KOHCTATYBaTH, IIO cCaM
3MICT I[bOTO TBEPIPKCHHS € MAJIOBIJOMUM Cy4acHIN akaJeMiuHii CIUTBLHOTI.

3 ypaxyBaHHSIM 3a3HAQ4€HOr0, METOK CTaTTl €: 3 OJHOrO OOKy —
nomnyJsipu3alis 3a3HayeHol (OpMYyNIH-TBEP/KEHHSI Ta BUOPaHUX CHOCOOIB HOTo
JOBEJICHHS; 3 IHIIOTO OOKY — MpomnaryBaHHS i7Iei 3MICTOBHO-BHBaXXEHOTO A000pY
IUAAKTUYHOIO MaTepialy 3 METOI0 O3HAaHOMIIEHHSI YYHIB 3 TBEPIKCHHSIMH, SKI
MaroTh F€OMETPUYHY IIHHICTh Ta IMIUPOKI 3aCTOCYBAHHS.

1.  OCHOBHI NOHATTA Ta nonepeAHi BiaoMocCTi
Hacninyroun [.A. Kymnipa ([5], [6]), Mae miclie «oHA 3 TOJOBHUX» ab0 K
«BaXJIMBa (opMyIIa reOMETPii TPUKYTHUKAY
1
OM, = EAH , (1)

ne: O —1ueHtp onucanoro HaBkono aABC xona; M, — cepenuna croponu BC';
H —oprouentp aABC.

B niapyunukax [9, C. 107] 1 [10, C. 129] ue TBepeHHS MOJAHO Y BUTIISII
JIEMU HACTYIHOI'O 3MICTY
Jlema. Axwo H — opmoyenmp mpuxkymnuxka ABC, OM, — nepnenouxynap,

onywenuti i3 yenmpa O onucanozo xoaa na cmopony BC, mo AH =20M,.

Crig TakoX 3ayBaXKMTH, IO aBTOpamu MmiApydHUKiB [9] 1 [10] B1acTUBICTH
TOYKU TIEPETUHY MeJiaH TPUKYTHHUKA 3alPOINIOHOBAHO JOBOJUTH 3a JOIOMOTOIO
3a3HA4YEHOI JIEMHU, TaK caMo SIK 1 aBTOPOM KHUTH [5].

Takox MaemMo CBOIM OOOB’S3KOM BIA3HAYMUTH, IO 3MICT 3a3HA4YCHOI
(hopMyITHU-TBEPIKEHHSI TI0JIaHO:

B [3, C. 54] y BurIs141 HACHIAKY 3 BIaCTUBOCTEM Koa Eitnepa
«CaeacrBue. Paccmosinue om eepuwiun mpeyeonvuuka 0o opmoyenmpa pagHo
VOBOEHHOMY PACCMOSHUIO OM YEeHMPAa ONUCAHHO20 Kpyed 00 NPOMUBONON0NCHOU
CMOPOHDbLY,

aB[14, C. 42] — y Burmisi 3auadi
«3amaya 630. Joxaosicume, umo paccmosinue om epuiuHbl Mpey2oibHUKA 00
MOYKU nepecedenusi Gvlcom 8080e 0Ooibule, 4eM pAcCmMoAHUe Om YeHmpa
ONUCAHHO20 KpYy2a 00 NPOMUBONOJIOHCHOU CIMOPOHBLY.

ABTOpH MpEICTaBICHOT CTATT1 CXWIBHI (POpMYITIOBaTH 3a3HaYCHY (HOPMYITY-
TBEepKeHHs (y 6€3 CHMBOJIBLHOMY BapiaHTi) B HACTYIHIN penaxiii
Jlema*, Biocmanv  6i0 eepwunu  (Henpsmoco) Kyma MPUKymHuxa 0o
(opmoyenmpa) mouxku nepemuHy 1020 UCOM B08iui OiLlba 3a BGIOCMAHbL Gi0
YeHmpa ONUCAH020 KOLa 00 CIMOPOHU, NPOMULEHCHOI 3A3HAYUEHOMY KYMY.
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Binrenep i B nogayibmomMy 0yJeMO BUKOPUCTOBYBAaTH HACTYITHI MO3HAYEHHS
JUIsl €IEMEHTIB TPUKYTHUKA:
M — ueHTpoig — TOYKAa MepeTHHy MeniaH (UeHTp TskKiHHA) aABC; H -
OPTOIIEHTP — TOYKA MEPETUHY MPSIMUX, 10 MICTATh BUCOTU aABC; O — ueHTp
KOJIa, OIMCaHoro HaBkono aABC; 4,, B,, C, — cepenunu ctopin BC, CA ta AB
(BinnoBigHO) aABC; A4,, B,, C, — ocHoBH BucoT aABC; a, B, y — (rpanycHi)
Mipu KyTiB LA, LB 1 LZC aABC; a, b, ¢ — nosxunu cropin BC, CA ta AB
(BiamoBinHO) AABC; R — noBkUHA pajilyca KoJia, OMMcaHoro HaBkoyio aABC .

JlemanvHo 13 CYMIDCHUMU NUMAHHAMU WOOO GIOCMAaHel 8i0 BepuluHU
MPUKYMHUKA 00 YYO008UX 1020 MOYOK MA GIOCMAHel MidC THUUMU BANCTUBUMU
MOUKAMU MPUKYMHUKA MOJHCHA O3HAtlomumucs, Hanpukiao, 6 [4], [1], [3].

2. OcHoBHa YacTuHa
3HalOMCTBO 13 3a3HAYE€HUM TBEP/DKEHHSIM MOXKHA pO3MoYaTh y 8 Kiaci,
NPOMOHYIOYM YYHAM B SIKOCTI YCHOi BOpaBH, TMEPEKOHATUCS B HOro
CIPaBEJIMBOCTI JUIsl IPABUJIBHOTO TPUKYTHHUKA.
[ToTiM IOIUIBHO MEPEUTH 10 PO3TISALY MPSIMOKYTHOTO TPUKYTHHKA (pHC. 1)
Ta 3aMpPONOHYBATH YUYHSIM OOIPYHTYBATH CIIPABEUIUBICTh HACTYITHUX PIBHOCTEH
AH = AC=2C A4,=204,; BH =BC =2C,B,=20B,; CH =20C,.

B
A, C, =0

Ll A
C=H B

0
Puc. 1.: po BNaAKy nNpPAMOKYTHOIO TOUKYTHUKA.

BuokpemieHnHs BUMAAKy MPSIMOKYTHOTO TPUKYTHUKA € OUIBII HIXK
JOIUTBHUM, OCKUIBKH B TMOJAJBIIIOMY, B 3aJIe)KHOCTI BiJ OOpaHOTO CHOCOOY
JIOBEJICHHS (32 YMOB JOTPUMaHHSI HAJEXKHOTO PIBHS MaTE€MaTU4YHOI CTPOTOCTI)
TaKu# MiIXi7 M030aBiisie BiJl HEOOX1AHOCTI PO3IJISIAY IbOTO BUIAMIKY. bijbiie Toro,
BKpail Ba)KJIMBO 3alPONOHYBATH YUYHSM JOBECTH
TBepaxenns 1. Opmoyenmp mpukymHuka cnignaodae 3 o020 8epuiuHor mooi i
Jquwe mooi, KOau YyeHmp ONUCAHO20 KOJA CRIBNAdAc i3 cepeouHor NpOmuiedcHoOi
CMOPOHU.

Ile TBepmXKeHHS  JOIUIBHO MPOMOHYBAaTH (SK  HACHIZOK)  IICI
YCBIJIOMJICHOTO ONIaHYBaHHS YUYHSIMU HACTYITHUX TBEP/IXKEHb:

«OpmoyeHmp MpPUKYMHUKA CNiBNaoddae 3 1020 8epuuHo mooi i auuie mooi,
KOAU MPUKYMHUK € NPAMOKYMHUM 3 2INOMEHY3010 HANPOMU YI€l 8EPUILUHIUY,

«YeHmp ONUCAHO20 KOAA MPUKYMHUKA CHIBNAOAc i3 CepeouHoro 1020
CMOpOHU MOOi i auwe mooi, KOaU MPUKYMHUK € NPAMOKYMHUM 3 NPAMUM KYMOM
HAnpomu yi€i CMopoHuy.
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2.1. Cnocobu noBeaeHHA

Y BoCcbMOMY KJIaci AOILUIHHO MPOMOHYBATH HACTYITHI CIOCOOU JIOBEJICHHS
1) 3a monmoMororw piBHOCTI TPUKYTHHMKIB Ta BJACTUBOCTEH cepeIHbOI JiHil
TPUKYTHUKA

Puc. 2.: a)

1) Hexait A', B', C' — cepenunu BinpizkiB AH , BH 1 CH BianoBiJHO.
Ockutbku A'C' — cepenns niHit aAHC, 0 A'C'|| AC, 2A'C'= AC ; aHanoriuxo,
ockinmbku A,C, — cepenns muist aABC, 10 4,C, || AC, 24,C, = AC.
Posrnsnemo a4'HC' ta 2 4,0C,.

Ockuibkn CC, L AB 1 OC; L AB, 10 (32 O3HaKOW HapalelbHUX IPIMUX)
HC'||OC,. Ananoriuno, ockinbku AA, L BC 1 OA4, L BC, to HA'|O4,. Takum
yuHOM, B 2aA'HC' 1a aA4,0C, mnpsmi, IO MICTATh BIANOBIAHI CTOPOHH, €
napajielbHUMU. A TOMY BIJNOBIAHI KyTH € piBHUMHU. KpiM TOro, OCKUIbKH

1
A'C'=AOCO=EAC, T0 AA'HC'=2A4,0C, (32 CTOPOHOIO Ta IPHJIETINMU

kytamn). 3Binku OC, =HC', O4,=HA'. A 3 toro mo C' 1 A' € cepennHamu
Biapi3kiB CH 1 AH , octato4Ho oaepxkyeMo, mo 20C, =CH , 204, = AH .
2) B ananoriunuii crnocid MoxHa nokasatu, mo aA4'HB'=aA,0B,. 3Bigku i
BUILUIMBaTHME piBHICT OB, = HB'. A 3 ypaxyBaHHsaM yMoBU [HB'=B'B — (TpeTs)
IO0BOJKyBaHa piBHICTb 208, = BH .
3ayBaxkennsi 1. Buxopucmosyrouu oonomisxcni mouku A', B' i C' (cepeounu
giopiskie AH, BH i CH ), nagedeni MipKy8aHHs (3 OUeBUOHUMU SMIHAMU) MONCHA
nepemeopumu Ha 008edeHHs nodioHocmi (3a 08oma Kymamu ma 3 Koe@iyieHmom
k =2) nacmynnux nap mpuxymuuxie: aA,0C, i aAHC ma »A0B, i ~rAHB.
3 noodibnocmeti nap mpuKymHuKie i UNIUBAMUMYMb MPU 00B00ICYBAHI PIBHOCHIL.
Taxkum yunom, edxce y 8-my Kaaci, € NPUHYUNOBA MONCIUBICIb ZHAUOMUMU

VuHi@ 31 3micmom Jlemu, He3zanedxcHo 8i0 mo2o, 3a SAKUM NIOPYUHUKOM
300liCHIOEMbCS HABYaHHA ceomempii ([5] i [6] — «Opyeuii cnocioy).
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[Ile ommH mOCWUTH IliKaBHi cmocid («moctuii crmocio» B [5] 1 [6])
IPYHTYETbCS Ha po3naal nap 4otupukytHukiB OC A'B, ta OC,B'A, abo
0B,A'C, ta OB,C'4,, abo x OA,B'C, tTa O4,C'B, (B TepMiHax NONEPEIHBOIO
crioco0y), SIKi € mapaneaorpaMamMmu — puc. 2 a), b).

2)  3a 0onomozoi onucanozo Koia ma napanenozpama

Puc. 3.: b)

1)  Hexait 44, — niameTp Kousa, onucaHoro HaBkoiao aABC — puc. 3 a), b).
Toni ZACA, = ZABA, =90° s KyTH, 110 CIIUPAIOThCS Ha diaMeTp A4, .
2)  3a o3Hakorw napanenbHux npsmux A,C||BH (60 A4,C L AC 1 BH 1 AC)
ta A,B||CH (60 A,B 1L AB 1 CH L AB). 3B11KM 3a BU3HAYEHHSIM YOTUPUKYTHUK
HCA,B € napanenorpaMoMm 1 TOMY

A,C=BH, A, B=CH . (1)
3) 3 iHmoro 6oky, B,0 1 C,0 € cepennimu niHiaMH aACA, 1a aABA,
BIIMOB1IHO. 3B1/IKH (32 BJIACTUBICTIO CEPEAHBOI JIiHIT TPUKYTHHKA) Ma€EMO, 110

20B,=4,C, 20C, = 4,B. (2)
3i ciBBigHoMIeHs (1) 1(2), ogep:KyeEMO pIBHOCTI
20B,=BH 1a 20C,=CH . 3)

4) [ToBroproroun kpoku 1)-3), Hanpuknaza, s aiamerpa BB,, oxep)KuMo
BIJIMOB1/IH1 PIBHOCTI
204,= AH 1a 20C,=CH . (4)
4*)  IloBroproroun kpoku 1)-3), Hampuxnan, ans aiamerpa CC,, 0onepKUMO
BIJIMOB1/IH1 PIBHOCTI
204,= AH 1a 20B,=BH . (4%)
3 (3)1(4) (abo (3) 1 (4*)) maemo cripaBeTUBICTh JOBOI)KYBAaHUX PIBHOCTEH.
IIle 3 nBOMa crocobaMu JTOBEACHHS 3a JOIOMOIOI0 OIMMCAHOTO KOja MOKHA
o3HarioMuTHCS B [5] 1 [6] («11’ ATHIY 1 «JI€B’ AT CIIOCOOM).
3) 3a 00nomozoro nodionocmi — oue. 3ayeasricennsa 1 euuye.
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4)  3a 00nomozor0 «<nO0BOECHO20 MPUKYMHUKQ) MaA NOJIOHOCHI.

Puc. 4.: a) Puc. 4.: b)

1) Hexait maemo noButbHUN aABC. IlpoBenemo mnpsmi [, m, n, 10
MPOXOJATh yepe3 BepiinHu A, B 1 C mapanenbHO 10 NPOTHIECKHUX cTOpiH BC,
CA ta AB BiANOBIIHO.

OcCKUTbKH OpsMI, 1110 MICTATh CTOPOHU TPUKYTHHUKA HE € MapajebHUMHU, TO 1
3a3HayeHi npsMmi /, m, n He € MapajelbHUMHU. A TOMY MO3HAYMMO iX TOYKHU
nepetuny sk C, =[(1m, A, =m(\n ta B,=n(/.
2) AABC € noniouuMm 10 aA4,B,C; (3a 1BoMa Kyramu). biblie Toro, OcKiIbKu
qoTUpUKYTHUKH CB,AB 1 CAC,B € mnapanenorpamamu (3a BHU3HAUEHHSIM), TO
B,A=CB=AC, (Ix mNpOoTWIEKHI CTOPOHM IHapaneiorpamis). 3Biiku A4 -—
cepenuHa cropoHu B,C, ta B,C,=BC. AHanoriyio: B — cepeiyHa CTOPOHHU
C,4, ta C;4, =CA; C — cepenuna ctoponn A,B; ta A,B, = AB.

Taxkum unHOM 24, B,C, € noniOuum 1o aABC 3 xoedinieHTOM k =2 .
3)  OugeBuaHO, IIO:

npsimi A4,, BB, 1 CC, (axi MicTITh BUCOTH aABC Ta nepeTuHarThCS B
Toulll /1) € cepeAMHHUMHU NEPIEHANKYSIPAaMU 10 BIANOBIIHUX CTOPIH a4, B,C;;

a npami A0, B,O 1 C,0 — cepeiMHHUMM MEPHEHAUKYSpaMU 10
BIIMOBIAHUX CTOPiH aABC Ta nepeTuHaroThes B Toull O.

Taxkum unnom Binpisku AH 1 4,0, BH 1 B,O, CH 1 C,0 € BiINOB1IHUMU
BIApI3KaMH TNOAIOHUX TPUKYTHUKIB a4, B,C, Ta aABC. 3Bigku i BUILIMBAE, L0
CHpaBIKyIOThCs piBHOCTI AH =204,, BH =20B,, CH =20C,.

Maemo cBOiM npueMHUM 00OB’S3KOM BII3HAYUTH, IO J0JATKOBA MOOYI0BA
Ta 171es1, Kl BUKIIAJICHO B MyHKTax 1)-3), HanexaTh BijoMoMy MaTemMatuky Kapmy
["aycy, sikuii mepimuM y 3a3Ha4eHHI croci0 3anponoHyBaB 10BEICHHS TBEPIKCHHS

PO MEPETUH MPAMHUX, K1 MICTSATh BUCOTH TPUKYTHHKA. (Hamp., [8, C. 73])
3ayBaikeHHst 2. He 6aocko nepexowamucsi y momy, W0 3A3HAYEHUl Sulye

aA,B,C, ¢ obpasom sABC npu zomomemii H, . I modi cnpaseonusicmo

008002ICYBAHOI (POPMYTU-MBEPONHCEHHSL MOICHA NOKA3AMU MAK, 5K Ye 3p0DJIeHO 8
[5, C. 95-96]1[6, C. 141] («Tpemiii cnocio).
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Tomy y 9-my knaci € npuHyunosa MONCIUBICMb 3HAUOMUMU VUHIE 31
smicmom Jlemu, HezanedcHo 6i0 moeo, 3a SAKUM NIOPYUHUKOM 30IUCHIOEMbCS
HABYaHHs 2eomempii.

VY neBsATOMY Kiaci JOIIIBHO MPOMOHYBATH HACTYITHI CIOCOOM JOBEICHHS
5) 3a oonomozorw meopemu cunycie

MIPOTIOHYEMO CaMOCTIMHO 03HalioMuTHCs B [5] a60 [6] («choMHUil CrIOCIO).
3ayBaxkennsi 3. Hauibinbwt psacHuMu € NpUlioMu 008eOeHHs, NO8 A3aHI 3
00YUCTeHHAM 6 3a2anbHOMY 6uelA0i okpemo eenudurn AH ma OA,. Binvwicmos 3

HUX (3 MOYHICMIO 00 NEepeno3HaAuyeHb) Malomb C8OIM pe3VIbMmamom HACMYNHI
cnisgionowenns: AH =204, =2R|cosal; AH =204, =a-|ctgal;

AH =204, =N4R* —d* ; AH =204,=2R+r-r,.

Ilpu 3asnauenomy nioxooi ciio nam’smamu, WO He KOXCeH O0OPAHUN NPULOM
MOJICHA «3a AHANO2IEN NepeHecmuy 8i0 napu 8i0N0GIOHUX BIOPI3Ki6, 0OUH 3 SAKUX
Micmums 8epuiuHy 20Cmpo20 Kymd, Ha napy GiOn08iOHUX 8i0pPI3Ki8, 0OUH 3 SAKUX
Micmumbe 8epuuny mynoz2o Kyma. I momy, aKkuwo 01 mynoKymuno2o mpukymHuKa
B8CMAHOBNEHO BIOHOWEHHS auule OJis1 OOHIEL napu 8i0N0GIOHUX 8IOPI3KI6, MO MAKUl
Cnocib 008e0eHH s He MONCHA 88ANCAMU YLIKOM KOPEKMHUM 8 CEeHCI NOGHOMU.

6) 3a oonomozcow meopemu CuUHycig, 060X ONUCAHUX KiJl Ma NAPAIEIbHO20
nepenecenHsn

1)  Ockinbku ZBHC =180° — ZA, To 3a TeOpeMOIO CHHYCIB pajiycH Kil @ i
@, , OMCAHNUX HaBKOJIO (B1ANOBINHO) aBAC 1a aBHC, € pIBHUMH.

2)  Ockinpku BC € CHUIBHOIO XOpAOK Kul @ 1 @, (3 ueHtpamu O 1 O,
BIJIIOBIIHO), TO JiHIA HeHTpiB OO, € nepneHAuKyJIsipHow 10 xopau BC Ta
AUITH 11 HaBO1 y Touni A,. 3Biaku O4, = 4,0,.
3) 3 iHworo 60Ky, KOJIO @, € 00pa3oM Koja @ NpH NapajeiabHOMY IEPEHECEH!1
Ha BEKTOp TQ=2-@.

3a o3Hakoo mapanenbHux npsamux AH ||OA, (6o AH L BC 1 O4, L BC),

toMmy AH ||OO,. binpiie toro, ajis BEpUIMHU HENpsiMOro ZA BEKTOPH AH Ta

_

OA, € cniBHanpsAMIeHUMH. ([ilicHO: 015 6epuiun 20CMpUx Kymie nPAMOKYMHO20

MPUKYMHUKA mMa eepuiun 2ocmpokymuozo mpuxymuuxa (O i H Hnanescamo
BHYMPIWHIN YACMUHI MPUKYMHUKA) Ye O0YeB8UOHO, Ol GepuLUH 20CMpuUx ma
Myno2o Kymieé mMYNOKYMHO20 MPUKYMHUKA 6 YbOMY MOJNCHA NEePEeKOHAMUCS
WLISIXOM De3nocepeOnboi nepesipKiL).

TakyuM 4YHHOM, OCKIJIBKH ETTTQ, Aew, Hew,, To Touka H (xona

®,) € oObpazoM TOUkH A (Koja @) IpH NapajeIbHOMY IEPEHECEHHI Ha BEKTOP

TQ . Tomy cnpaBmxyeTbest BekTopHa piBHICTE AH = OO0, =204, .
3B1IKM 1 BUILIUBAE CIPABEUINBICTD 1OBOXKYBaHOI pIBHOCTI AH =204, .
Cxoxuit migxin (2-uii cocid mo 3amayi Ne53528) naBeaeno B [15].
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7) 3a 00nomo2010 0cb060i cumempii, onucan020 Koaia ma napanenozpama
MIPOTIOHYEMO CaMOCTIHO o3HaliomuTucs B [S] a6o [6] («BockMUiA criocioy).
8) 3a 0onomozoro comomemii - 1 — ous. 3aysasxicenns 2 euue.

9) 3a 0onomozoio 2omomemii - 2.
1

1) Hexait a4ABC — noBuUIbHMM TpUKYTHUK. Po3risiHemo romoretito H,? 3
HeHTpoM y Toulli M (nepetuny menian aABC) ta koedimientom k =—0,5.
Ockibku (32 BIACTUBICTIO TOYKM TEPETHHY MEAlaH TPUKYTHUKA)

AM BM CM 2 :
= = =— (a Touka M € BHYTpPIIIHHOIO
MA, MB, MC,

TOYKOIO KO>KHOro 3 BinpiskiB A4, BB, CC,), TO cIpaBIXKyHOTbCS U BEKTOpHI

, . MA, MB, MC, 1

pIBHOCTI = = =——. Tomy (32 BU3Ha4YEHHSAM rOMOTETIi) TOUKH 4,
MA MB MC 2

B, 1 C, € obpazamu Touok 4, B 1 C (BIANOBIIHO) B 111 FOMOTETII.

CIPAB/IKYIOTHCS PIBHOCTI

2)  OckulbKM TOMOTETIS (IJIOMIMHU) € TMOJIOHICTIO (IJIOIIMHHU), TO 00pa3zoM
npsAMoi € npsma. OueBuaHo, mo odbpazom npsamux AB, BC 1 CA e npsami 4B,

B,C, ta C,4, BIONOBIZHO. 3a BIACTUBICTIO CEPEIHBOI JIHII TPUKYTHHKA
AB|| A4,B,, BC||B,C, Ta CA||C,4,.

binblie Toro, OCKUIbKHM NpU TOMOTETII 30€piratoThCsi KyTH MK IPSIMUMU, TO
obpazamu npsamux A4, BB, 1 CC, B uil romorerii € npsami [,, m,, n,, WO
IpOXOJATh uepe3 Touku 4,, B, 1 C, nepnenaukynsapHo no npamux B,C,, C 4, 1
A4,B,, atomy 1 1o npamux BC, CA ta AB BiINOBIIHO.

Kpim Toro, o6pa3om opronieHTpy H (K TOUKH NEPETUHY NpsMUX AA,, BB,
1 CC,) € Touka nepetuny (ix obpasiB —) npsaMux /,, m, 1 n,, T00T0 Touka O —
IIEHTpP KOJjia, OMMcaHoro HaBkojIo aABC . 3Binku H A}O o (H ) =0.
3)  Taxum umHOM npu romotetii H,° obpasamu Binpiskis AH, BH i CH e
Biapisku 4,0, B,O 1 C,O BianosinHo. Ockinbku H A}O ° ¢ TOomiOHICTIO 3
Koe(dilieHTOM k':‘k‘:%, TO MawTh Micue piBHocTi AH =24,0, BH =2B5,0,
CH =2C,0 . 3BiaKu i1 BUIIJIMBAE CIPABEAJIUBICTh JOBOIKYBAHOTO TBEPIKECHHS.

3ayBaxkennsi 4. Jlobpe 8ioomo, WO OOHUM 3 OCHOBHUX pe3VIbMmamis

3acmocy8anus 00 MpUKYMHUKA 3A3HAYEHOi 20Momemii € Cnie8iOHOULeHHS
1

H,?(H)=0< MO=-LMH < HM =2MO,

M
be3nocepeoHim HACIIOKOM 5K020 € MBepOdCeHHs, wo Hocumv Haszey «lIpama
Etinepa» (mamnp. [1, C. 40], [2, C. 28] ab6o [7, C. 194]), a came
Teopema (Eiisiepa). B noBuUIbHOMY (HEpPIBHOCTOPOHHBOMY) TPHUKYTHHUKY
OPTOLICHTP, LIEHTP TSXKIHHA (LIEHTPOiA) Ta IIEHTP OMKCAHOTO KOJia HalleXkKaTh OJHIN
npsMiid, mnpudyoMy Touka M  posramoBaHa MibK Toukamu O 1 H Ta
CIpaBIKY€eThCs piBHICTE HM : MO =2:1.
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10) Bexmopnuii cnocio.

1) Hexait aABC — noBUIbHUN TPUKYTHUK. J[OBeIeMO CIOYaTKy BEKTOPHY
PIBHICTb, SIKa HOCUTH Ha3By «popmyina ['aminbroHa» (aus., Hamp., [7, C. 178] abo
[13, C. 51])

OH =04+ 0B+ 0C.
Ockuibkn  C, — cepenuHa AB, TO 3a MNpaBWIOM Mapajerorpama

OA+OB = ZTQ = OC, . KpiM TOrO, OCKUIBKH ‘@‘ = ‘@‘ (SIK pazilycu OIMHCAaHOTO
xoia), To Meaiana OC, € Bucororo aA4AO0B . 3Biaku OC, L AB . 1tomy OC, || CC,.

Hexaii mam OC,+0C=0Q, toni OC,=-0C+0Q=CO+0Q=CQ.
3einkun OC, ||CQ 1 Tomy CQ L AB. 3Biaku i BUIUIMBAE, 10 TOUYKa () HAJEXKUTH

npsiMii, sika mictuth Bucory CC, .
binbiie Toro, 3 mpuIyIieHHs Ipo Te, 110
OQ*:(@+@)+WT:(@+@)+@:(ﬁ+%)+@,

MaTUMEMO, 1[0 Toyka (* HaJIeXUTh KOXHIM 3 MpsSMHX, Kl MICTATh BHUCOTH

AABC. I Tomy Taka Touka Q* cniBnagatume 3 optoueHtpoM H aABC.
2)  OckuibKkH (32 MEPIIOI0 YaCTUHOIO) CIPABIXKYETHCS BEKTOPHA PIBHICTD

OH =04 +0B +0C =(04 + 0B)+ 0C =20C, + OC,

0 20C, =—0OC +OH =CH . 3Bigku i BHIUIUBAE, 110 CH|=2|0C,|. 3BiAKH U
0 0

BUILJIMBAE CIIPABENIMBICTH JOBOKYBAHOTO TBEPIXKEHHS.

Cnig  Bim3HauuTH, 1O 3MicT 1)-0i uyactunu (popmynu [amurbTOHA)
HaBejieHOro po3B’sa3aHHs nojxano B [11, C. 140] ta [12, C. 153] y Burisiai reopeMu
Ta KJIIOYOBOi 3a/1adi BiANMOBIAHO. TOMy € NPHUHIIMIIOBA MOXJIMBICTh 3HAHOMHUTHU
YYHIB 3 JIOBOJ)KYBAHOIO (POPMYIIOIO-TBEP/KEHHSIM Yy BHIJISA1I Oe3mocepenHix
HACIIJKIB 13 3a3HAYCHUX TEOPEMHU Ta KIFOYOBOI 3aa4l.
3ayBaxkeHHsi 5. Biocymuicms pucyukie 0o 9-eco ma 10-20 cnocobis He €
BUNAOKOBUM A came YLIeCNPAMOBAHUM ACHEKMOM 6UKIAdy, 00 PUCYHKU OO0
3a3HavyeHux cnocoobig HOCAMb CYMO LIIOCMPAMUSHUL XapaKkmep, a ix i0cymuicmo
aodic HISIK He NPUMEHULYE MameMamudHoi cmpo2ocmi HageoeHux 00IPYHMY6aHb.

binbie Toro, aBTOpu MMPO NEPEKOHAHI B TOMY, IIO 3 MEBHOTO MOMEHTY
($haxoBOi MIATOTOBKM CTYACHTIB (MaWOyTHIX BYMTENIB MAaTeMaTUKH) CIIJ
OPUAUIATA yBary TUM BIpaBaM 1 TUIaM TE€OMETPUYHUX 3aJlay, METOoJaM Ta
npuiioMaMm B reoMeTpii, siki He MOTPeOyIOTh PUCYHKIB.

Ha mnpeBenukuii >xanb, CHiA TakoXX KOHCTaTyBaTH, IO JUisl 0Oaratbox
CTYJEHTIB Ta MOJIOJUX BUMTEJIB PUCYHOK JI0 3aJayl € BIANPaBHUM IMYHKTOM Ta
LIJIKOBUTO BU3HAYAIBHUM ISl TOOYIOBHU JAHIIOXKKA OOTPYHTYBaHb.

KpiM Toro, mobpe BiAOMO, 110 MOUIMPEHUMH MOMHUIKAMH B T€OMETPIi €
MOMWIKH, TOB’S3aHl, HANpHUKIaA 3 BUAOM TPUKYTHUKA, SKUNW ax HISK He
3aJI0BOJIbHSIE YMOBY 3ajadi, ad0 * HaBINAaKd — € OJHUM 3 MOKJIMBUX BHUIIAQJKIB
peanizarii.
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2.2. Hacnigku Ta npukKiHUeBi 3ayBaXeHHA

3 ypaxyBaHHsM TBepakeHHs 1, Ha TyMKy aBTOpiB, 3MicT JleMu™, OUIbII HIXK
JOLLUIbHO (POPMYITIOBATH B TEPMiHAX BEKTOPHOT PIBHOCTI, & caMe
Jlema**.  J[ua oosinornoco aABC cnpagocyromucs 6eKmopHa pieHicmo

24,0=—AH < AH =204,
oe: O — yewmp koaa, onucano2o Haskonro aABC; A, — cepeduna cmoporu
BC; H — opmoyenmp aABC.
ToOTo, I TOBHOIIIHHOTO OMaHYBaHHS 3a3HAYEHOTO BITHOIICHHS, BaXKJINBO
YCBIJIOMJTIOBATH, 1110 JIJIsl TOBUIbHOTO TpUKyTHUKA ABC :

—_—

—a0o0 KIHII (KOJIIHEApHUX IMPOTHIIEKHO HAIpaBleHUX) BekropiB AH Ta A0

OJIHOYACHO HaJIeKaTh BHYTPILIHINA YaCTHHI TPUKYTHHUKA; 110 MOXJIMBO TO1 1 JUIIIE
TOJ11, KOJIU TPUKYTHHUK € TOCTPOKYTHHUM;

—_—

—a0o0 KIHII (KOJIIHEApHUX IMPOTHJIEKHO HAIpaBleHUX) BekropiB AH Ta A,0

OJIHOYACHO HaJIeKaTh 30BHIIIHIA YaCTHHI TPUKYTHHUKA; 1110 MOMJIMBO TOJI1 1 JIUIIIE
TO1, KOJIU TPUKYTHUK € TYIIOKYTHHUM;

— a0o0 x Bekropu AH Ta A0 0OIHOYACHO € HYIBOBUMHU BEKTOPaMHU; 11O MOMKIIUBO
TOJ1 1 TUIIE TOA1, KOJIU TPUKYTHUK € IPSIMOKYTHHM.

Ha mpaktuili AOLUTBHO BUKOPUCTOBYBATH HACTYIHI (POPMYIH ISl JOBXKUH
BIJIPI3KiB, MPO K1 HAETHCS B TBEPAKEHHI (Harp., [4]):

AH =204, =V4R? —a® =2R-|cosa|=a-|ctga|=2R+r—r,
BH =20B,=\4R* =b* =2R -|cos f|=b-|ctg B|=2R+r~1,,  (¥)
CH =20C,=~4R* - ¢* =2R"C087‘=C"Ctg}/‘=2R+l’—l’c

Ae: r — pallyc BIMCAHOTO Kosa TpukyTHuka ABC; r,, 1, 1 r, — paAlycH 30BHI
BIIMCAHUX KUI, 5Kl JAOTHKalThea a0 ctopin BC, AC T1a AB BiANOBITHO Ta
MPOJOBKEHB ABOX IHIINX cTOPiH aABC.

[IpononyeMo ynTayam Jjisi CAMOCTIHHOTO OTpPAIFOBaHHS HACTYITHI 3a7a4l
Bunpasa 1. Yu icuye mpukymuuk, opmoyenmp ma yeHmp Onucano2o Koid sK020

Hanedicams cepeoritl NiHii mpuxymuuxa. Bionosiob oorpynmytime.
3agaua 1 ([7, C. 159]). AM, — wmediana pisnobedpenoco aABC (AB=AC).

3uaumu £A, akwo OM, =OH (O —yeump onucanoeo kona, H — opmoyenmp).

3apaua 2 ([7, C. 214]). V kono 3 yemmpom O enucarno womupukKymoux 3i 63a-
EMHO NepneHOuKyIApHUMU OiacoHanramu. JJosecmu, wo eiocmans 6i0 mouxku O 00
CMOPOHU YOMUPUKYMHUKA OOPIBHIOE NOTOBUHT O0BAHCUHU NPOMUNENCHOT CIMOPOHU.

3amava 3 ([16, 3amaua 3 qis 11 xnacy]). B eocmpoxymuomy aABC mouku H i
O € mouxamu nepemumny 6UCOM i YEHMPOM ONUCAHO20 KOA 8i0N06ioHo. [Ipsama
HO nepemnyna cmoponu AB i AC 6 moukax X ma Y eionosiono, npuuwomy
mouxa H nanexcums 6iopizky OX . Bussunocs, wo XH = HO =O0Y . 3naiidimo
epaodycny mipy ZBAC. (Onexciti Macanimin)
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bt neranbHO 3 MOXXIMBHMHU 3aCTOCYBAaHHSIMHU 3a3Hau€HOi (QopMysu-
TBEPXKEHHS MOkHa o3Haniomutucs B [5, C. 98-102] ta [4, C. 2-3].

BucHoBKkuM

BrnacHuii gocBin Ta HaBeIEHI Pe3yNbTaTH JO3BOJISIIOTH CTBEPIXKYBATH, IO
3aCTOCYBaHHSI HaBeAEHOI (HOPMYIU-TBEPIKEHHS € JOCUTh JIEBUM IMIIXOJOM JI0
PO3B’sI3yBaHHSI IIUPOKOTO KOJIa TEOMETPUYHHUX 3a]1a4.

Ha nymKky aBTOpiB, 3alpONOHOBAaHUN MIAXIT A0 BIPOBAHKEHHS BaXIUBUX
reOMETPUYHUX TBEP/KEHb Il YaCc HaBYAHHSI TEOMETpli € camMe THUM BHJIOM
0COOUCTOrO0 PO3BUTKY Ta (PaxoBOi MIsNIBHOCTI, sIKI MOBHHHI OyTH BKJIIOYEHI HE
JUIIE B MpOrpamMy MiArOTOBKM MaOyTHIX BUMTENIB MAaTEMATUKH, a ¥ y Iporpamy
KypcCiB MiIBUIIEHHS KBaji(ikallii BUNTENIB MaTeMaTUKu. BBakaemo, 1110 11e 1acTh
MOXJIMBICTh OINAHOBYBATH CHPABXKHIO MaTEMaTUYHy KyJIbTypy Ta OUIbII
MOMIPKOBAHO MIAXOJUTH 10 TUJAKTUYHOTO 3a0€3MeUYeHHsI TEM HIKUIBHOTO KypCy
reoMeTpii.

Takox mepexoHaHi, 1110 HaBeACHUI MaTepial AOULILHO BUKOPUCTOBYBATU B
OCBITHBOMY TMPOIIECI SIK OCHOBY IS 3MICTOBOTO MOAYJIA BHOIPKOBHX OCBITHIX
KOMIIOHEHTIB (TakuX SIK «BUOpaHI MUTaHHS METOJMKWA HAaBYaHHS MaTEMAaTHUKH)
OCBITHIX MpOrpaM MIATOTOBKM 3400yBayiB BHILOi OCBITU 3a CHELIAJBHICTIO
014 Cepenns ocBiTa (MaTeMatuka).
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About one important relationship in triangle geometry and
related issues

The article is devoted to the introduction of an important relationship
between the lengths of the segments connecting the vertex of the triangle and the
orthocenter and the center of the circumcircle and the middle of the opposite side
in the school course of geometry. Implementation is proposed by improving the
didactic support of certain topics of the school course of geometry for students of
8th and 9th grades of general secondary education. In addition, the article reviews
the existing methods and selects some of them to bring this statement.

Keywords: triangle, orthocenter, center of the circumscribed circle,
distance correlation, methods of proof, school course of geometry, training.
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