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Bin peaaxiiiitHol koJieril

IMTanoBHi ynTayi!

Bu Tpumaere B pykKax Hepiimii BHUIYCK «30ipHHKA HAyKOBUX Ipallb (Hi3uKO-
MareMaTndHOro (axy/abrery CJ0B’sIHCHKOIO JIepKaBHOIO I1earorivHoro yHiBep-
cuTeTy». Bujgannsg HayKoBUX Ipallb BUKIaadiB, CTYAEHTIB Ta MOJIOINX HAYKOBIIIB
disuko-maremarudnoro daxynaprery CHITY 3amouarkoBano y 2010 pori, Ko
pe3yJIbTaT HAYKOBUX JOC/IIIXKEHb OYJ10 O1Iy0OJ/iIKOBAHO OKpeMoIo cepieto « Dizmko-
MaTeMaTUIHI HAyK» B 30ipHUKY HAyKOBUX Mpallb «Ilomykn i 3HaxiKn» 3a Ma-
TepiajaMn HayKoBo-ipakTnaHOl KoHdepenitii CAITY «AxTyanbhi nurtaHHs HAyKH
i ocituy (CITY, 20-22 ksiTast 2010p.).

Mertoio 36ipHuKa € mATpUMKa HayKOBOI aKTUBHOCTI K Cepejl CTYJIEHTIB, Tak
i cepen mostonux Bukiagadis CAITY ra inmmux BH3.

OcHoBy 30ipHIKa CKJIa/1al0Th IOBHOTEKCTOBI CTATTI JOIOBiIeil Ha IOrOPiYHiik
BeeykpaincbKiit HayKOBO-IIpaKTUYHI KOHepeH il « AKTyaIbHI TNTaHHSA HAyKH 1
ocituy (Cio’snenk, CJIITY, 19-21 kBitas 2011p.). OcHoBHI pe3ysibraTn J10M0-
BiJa/IMCh Ha CEKIINHMX 3aciTaHHAX Ta Oy peKOMEHJIOBaHI JI0 JPYKY I'OJIOBAMH
CEKIIiiT, 3aBiyBadaMyl BUITYCKOBUX Kadeap Ta HAYKOBUME KEPiBHUKAME BUITYCKO-
BX poOiT. BKazani mMarepiajm 1M0JIlaHO y HACTYITHUX I ITH PO3/IiljIax:

MATEMATUKA, PIBUKA,

[HOOPMATUKA TA METOAVKA 1T BUKJIAJAHHS,

METO/JUKA BUKJIAJAHHA MATEMATUKHN B 3OI TA BH3,
METOAVKA BUKJTAJAHHA ®I3UKN I ACTPOHOMIT B 30111 TA BH3.

[leprmoueprosumn 3aavuamMu 30ipHIKa €:
— IIponaryBaHHd HayKOBUX JOCATHEHb B Tajay3i (pisnKO-MaTeMaTHUHNX HayK,
30KpeMa BUCBIT/IEHHS aKTYyaJbHUX MUTAHbL CydacHOI HAYKW B Tajgy3l MaTeMaTu-
K1, dpizukn Ta iHhopMaTuKu,
— aKyMYJIIOBaHHSI METOJIMYHOIO JIOCBIly BUKJIaIaHHS (DI3UKO-MaTeMaTUIHUX JIUC-
muiutia B 3OI Ta BH3;
— ONPWIIOJIHEHHs pe3yJbTaTiB Ta HAyKOBUX JOC/II/ZKEHb CTYICHTIB (Di3uKo-
matemarmaroro gaxyaprery CJIIIY, BukomaHumx i/ KepIBHUIITBOM ITPOBITHIX
BUKJIaJIadiB BUITYCKOBUX Kadeap paKyabTeTy.



Bin penmakiiiinol KoJierit

BiamoBiziHO 10 HOBOI KOHIIEIIIIl MiATOTOBKN MaricTpiB B YKpaiHi cepejl peKo-
MEHJIOBAHUX BUMOT JIO0 BUITYCKOBUX POOIT € ONPUJIIOJHEHHS TeMU Ta Pe3yJIbTaTiB
JOCJTIIZKEeHHsT B HAYKOBOMY »KYpHAJIL, 30ip1ii Ta/abo Ha cailTi BUIOrO HABIAJIBHOTO
3aKJIaTy B €JIeKTPOHHOMY BUTISIL. &Y 3B’A3KY 3 IIUM, JIPYTOPSTHOIO 33 a9e0 30ip-
HUK& € IIJIBUIIEHHS PIBHS JUIJIOMHUX 1 MaricTepchbKuX pPoOIT CTYJIEHTIB (Pi3nKO-
maremaTudHoro daxynaprery C/AITY 3a paxyHOK 3ajydeHHs JI0 PeJIaKIiiiHOT KO-
Jieril 30ipHHKa HAyKOBHUX IIpallb IPOBIJIHUX HAYKOBIIB 3 4YHCJIa IIPOPECOPCHKO-
BUKJIAJAIILKOTO CKJIATY PaKyIbTeTy Ta J0JaTKOBOTO PeleH3yBaHHs HUMU OCHOB-
HUX PEe3YJIbTaTiB BUITYCKOBUX poOiT. Tomy 30ipHUK 1TepeBaykKHO MICTUTh CTATTI, AKi
BiJIOUBAIOTD PE3YJILTATU JIOC/I/PKEHb, BUKOHAHUX MOJIOJIMME HAYKOBIISIME, Mari-
CTpaHTaMU Ta CTYJIEHTaMMU, siIKi HaBYAIOThCs 3a CIeIiaJbHOCTIMU di3uKa i MaTe-
MaTHUKA.

BacHOBHUKK 30ipHUKA MaiOTh HaMip 3poOUTH HOIro MaKCUMaJbHO BiIKPUTHM
sIK JIJISI aBTOPIB, Tak 1 JijIsd unTadiB. Bin Oyjae BUXOIUTH OJWH pa3 Ha PiK Y APYKO-
BaHOMY Ta €JeKTPOHHOMY BHIVIsAl. EjeKkTpoHHa Bepcisg Oyle JOCTYIIHOI Ha CTO-
pinkax odimiitHoro caiity dizuko-maremaruanoro gaxkyabrery CJITY. Ha caiiri
TaKOoXK OyJie PO3MIilleHo iH(OpMallilo 11010 CIIBIpaIll 3 aBTopaMu 30ipHIKA.

Sampornyemo go croiBopairi. HacHaru Ta TBopumx ycirixiB!
YneHn peJakiiiiiHol KoJierii.
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J1o 65-piuus pi3mKo-MaTeMaTITIHOTO
dakyabrery CUITIY

IcTopist izuko-MaTeMaTuIHOTO (haKyJIbTETy PO3IMOUNHAETHCA 31 CTBOPEHHI
y depBHi 1946 poky ddizuko-maremarnaroro Bigainentss mnpu CioB ssHCBKOMY
YINTEeTbCHbKOMY 1HCTHTYTi. llepmum KepiBHUKOM BigijieHHs OyJI0 MpU3HAUIE-
HO KaHJujaTta (pi3suKo-MaTeMaTHIHUX HAyK, YUHs BCECBITHBO BIJIOMUX yUCHHIX
A.M.Koamoroposa i C.M.Hikonbckoro — Bosbnepra Apona Axosuda. Bigminen-
Hs1 00’€/THYBaJIO ClleliaicTiB 3 MaTeMaTuky i pizuku. Ha Toit yac Habip cTy/ieHTiB
Ha QizmKo-MaTeMaTUIHe BiJIIEHHS CKJIa/aB JIUIle OJHy rpymy 3 29 cTynenTis
3a CIeNIaJbHICTIO «MaTeMaThKa 1 (Pi3uKas.

Y 1949 poui Ha 6a3i (izuKo-MaTeMaTUIHOTO BIJIJIJIEHHS BUHUKAE (DI3UKO-
maremaTudnuii paxynabrer. Jdekanom daxysabrery npusnaderno Ceprienko M.IT.

Y 1950 pori Ha ¢izuko-MaTeMaTHIHOMY (DaKyJIbTETI YTBOPIOIOTHCA JIBI Ka-
denpu — 1e Kadenpa Pisukn i kadeapa maremaTuku. [lepimmuMm 3aBigyBadem Ka-
denpu dizukn 6yaa Ceprienko M.II. ¥V 1951 poui mrar Kadejpn HapaxoByBaB
4 ocobu. OkpiMm 3aBijyBada, Ha Kadeapi nparoBagl 2 acucTeHTn i 1 crapiimii
BuKJjaad. CaMe B 1eil 4ac HAJIAroIXKyIOThCs TiCHI 3B'SI3KH 31 IIKOJIAMU MicTa Ta
paiiony.

[Ticns npuennanust 10 CJ0B’SIHCHKOIO yUIUTEIbCHKOIO 1HCTUTYTY ApTeMiB-
cbkoro Ta CTapobi/ibChbKOro yUUTe/TbChKUX IHCTUTYTIB Y 1954 porii yTBOPIOETHCS
CyioB’stHCBbKMIT JlepzKaBHUIL ITejtaroriyamii iHcTuTyT. BijgbyBaeThcs 3HaUYHE MTOKpa-
IEHHS BUKJIAJIAITBKOTO CKJIa 1y (Pi3MKO-MaTeMaTUIHOIO paKyJIbTEeTY.

Y 1954 porii 301/IbITYETHCA TEPMIH HaBYaHHS /10 4-X Ta -1 POKIB, 3pOCTAE KiJlb-
KICTb CTY/IEHTIB Ta KlJIbKICTh HaBUAJILHUX JIUCIUIIIH, K1 Telep BUKJIAJAI0ThCs
Ha ¢iz-mari. Y nboMy K polii Kadeipa MareMaTuKu 30LIbITNIACS, TTO€IHABIIN
B cobi maremarnani Kadeapu Cios’sinecbkoro, Apremisebkoro ta CtapodiibebKo-
Io yYUTEJbCHbKUX IHCTUTYTIB. Y pe3yabTari 10 Kadeapu MaTeMaTUKu Mpudysia
3HaYHA TPYyIa BUKIAJATIB, cepell AKNX KaHIUaT (PI3UKO-MATEeMATHIHIX HayK
Bongapenko I1.C., crapmmuii Bukiagad [esuenko B.E. ta inmi. [Ipogos:KyBasn
npaioBaT i Kpari Bukiaaadi Cios’saebkoro negincruryry: Kymina M.M. (1946
— 1961 pp.), Hlubankina H.I. (1949 — 1978 pp.), Mosuan-Konapa B.O. (1952 —
2003 pp.), Bosbrepr A.4. (1946 — 1977 pp.). Coix 3a3HaquTH, 10 HAI3BUYANHO
BEJINKY POJIb Yy popMyBanHi MaTeMaTunaanx Kadeap CaoB SHCHKOIO I1e1aroriaio-
ro incturyty Bigirpas Bosibnept Apon Axosuu. Binbine 30 pokis fioro camosij-
JTaHOT TTpaIll MaJIn HaI3BUYaline 3HAUEHHS /I CTAHOBJIEHHS MaTeMaTHIHNX HayK
y CJIOB’SIHCBKY.

Bumyck Nel, 2011 5



®dizuko-maremarudHomy dakyinbrery CHITY — 65

TypOyrounch Mpo MOJIIIIEeHHS KaJIpOBOro cKJjajy By3iB, MinicrepcTBo oCBi-
1 YPCP namnpasisie g0 CJI0B’IHCBKOIO I1€1aroriqtHOro IHCTUTYTY Ha Kadeapy
MaTeMaTUKN KpallliX BUITYCKHUKIB YHIBEPCUTETIB Ta IHCTUTYTIB: y 1955 pori Ha
kadenpy npudys Bumycknuk JIbsichbkoro yuisepcutery Cosoryd B.C.. y 1956
polli — BUIIYCKHUK Haiictapimoro B Ykpaiui Hixkuncbkoro nepincruryty ABpa-
menko M.IL., Bunycknuk Knisebkoro yaisepcutery Menbnukos [1.K., Bumycknuns
Xapxkiscbkoro yaiBepcurery Kocobymbka T.A., a HacTymHOro poky 10 Kadenpn
upudysa 3 OpJsioBebkoro nepinctutyty llepenboskina B.1.

Y 1956 pori 3 HixKMHCHKOTO MEIIHCTUTYTY MepeBejieH] Moapy kK B'adecias
Makcumosuy i Faynmna Bopucisra Capuenko. ¥ mpomy 2k pori B.M. Capuenka
OyJ10 TIPU3HAYEHO JIeKaHOM (haKyabTeTy. AJte, siK 1 paHile, 3a/IlAaeThCsi TOCTPOIO
npobJieMa KaJIpiB 3 HAMBUINOIO KBaJlihiKalli€lo, 3 HAyKOBUMU CTYIIEHSAME Ta BUe-
HuMu 3BaHHAMU. OCOOJIMBO TITHUM JIJIsT TOKPAICHHST PiBHS KaJIpiB Kadeapn
maremaTuku oyso npudbyrts Cosnoryba B.C. Bin y 1956 pori ovonus kadeapy i
CTBOPUB CIIPUAT/INBI YMOBH /I HaBUAJILHOI Ta HayKoBOI poboTn. Perymsgpnnmvm
CTaJIM 3aHATTA KadeIpaabHOro ceMinapy.

Y 1959 porii iHCTUTYT 040JII0€ KaH1u1aT (Pi3uKo-MaTeMaTHIHuX HAyK, JOIeHT
['opomko B.4.

[IpoTsrom Bcwhoro icHyBaHHd (DIZUKO-MATEMATHIHOTO (PaKyIbTETy OJHIM
3 HaBaXKJIUBIMNNX HaIpPAMIB pOOOTH 3aBXKu OyJI0 TOKpaIlleHHs HaBYaJIbHO-
MeTOIN4HOI 6a3u Ha (aKyJIbTeTi Ta opraHidallis HayKOBO-IOC/IIHIX J1abopaTopiii.
[Ile y 1939 pomi OyJsio posrodaTo podOTY 31 cTBOpPEHHs JiabopaTopil TPYI0BOro
HaBuanHsg. Ha 3arajbHuX 3acajiax CTBOPIOIOTLCSA HAYKOBO-JIOCIIHI J1abopaTopil
Oiodizuku, Pi3uKu TBEPAOro Tijia, MarHeTH3MY, CIEKTPOCKOIIT. 3HaYHa KiJIbKICTb
PE3YIBTATIB, OJIEPKAHNX Y JaDOPATOPIAX (PaKyIbTeTy, MAIOTh BayKJINBE HAPOJIHO-
rocrojiapcbke 3nadents. Ha ocHOBI ux j10C/1i2KeHb BUKOHYIOTHCS 1 3aXUIAI0THCS
KaHIMIaTChKI IucepTaliil KoaumiiMu ctyaentaMu dpakynabrery: [ /1. [Toranenkom,
A.® IIpynom, B.I1.OBuapenko, B.O.Haxrodiem, M.T.MaJsitoroto Ta iHIIIMA.

Y 1956 porii yepes 3aIpoBazKEeHH MMOJITEXHIYHONO HaBIAHHS B ITKOJIaX, Ka-
denapa pizuku mocuanaa podoTy 3 MOJITEXHIYHOI MiAr0TOBKY MailOyTHIX BUMTE-
JiB. CTBOPIOIOTHCS J1ADOPATOPIT PaIiOTEXHIKH, €JIEKTPOTEXHIKN, TEXHIYHUX 3aC0-
0iB HABYaHHS, HaBYaJbHI MaliCTepHi.

3 1961 poky mo 1964 pik kadegapy disukn ovosoBa Benikos @.1., sknit
OaraTo yBaru MpuIIgB METOMMII BUKJIAJAHHS BIAIOBIIHIUX AUCHUILIIH. DaKyib-
TeT 1 Kadepr 3pocTaloTh, HAOYBAIOTh BJIACHOIO 00JTUIYs, (DOPMYIOTHCS TPaAJINTIIL.
OpnHiero 3 TpajuIiii € TicHuit 38’a30K Kadep 31 mkosamu. g Tpaauiisa 30epira-
€TbeCs it 10 choronui. 3 iHimiaTuBn Kadegapu (Mi3UKU MOPIIHO TPOBOIMINCH KOH-
depentiil roHux (QI3NKIB 1 TEXHIKIB, PEryJIdpHO MpallioBaia MKoJaa (PI3UKIB I
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yV4HIB cTapmux KjaciB. IIpodecopcbko-BuKaaanbKuil ckias Kadegapu JINThCs
JIOCBIJIOM 1 3HAHHAMU 3 BUNUTEJIAMHU TIKIJ MicTa, paitony Ta B nijioMmy Bciel /lo-
HerpKol obstacti. 3 npuxojoMm y 1964 p. nonenta Kanyrina M.I. 3magno 3pocin
00CcATH HayKOBO-JIOCIiIHOT pOOOTH.

Y 1969 porii sasigyBadem Kadegapu disuknu cras jgonenT Komicapos 4.C. 3
fforo npuxo/1oM Ha KadeIpy MovYa I MIUPOKO 3aJIydaTi 10 HayKOBO-T0C/IiTHOI pO-
ootu cryuenTiB. Ha kadenpi Oysio opranizoBaHo HayKOBI I'YPTKU 3 icTOpil pizuku,
dizuKm TBepOro Tija, PI3MKH MarHiTHUX SBUII, TYPTOK 3 II03aK/JIaCHOI poboTH
BunTes pizuku. HaykoBi mpali cTy/eHTiB H-To Kypcy (pi3mKo-MaTeMaTUIHOIO
dakynbrery Koxan M., Onumenko A. y 1972 pomni na Bceecorosnomy KOHKYPCi
CTYJEHTChKUX poOIT 3aitHsiin 1-e miciie 1 Oy/in Biji3HAYEH] MOYECHUME MeTa IsiMI.
Benmky yBary BukJajadi kadejpn TPUILIAIA METOAMYHIN PoOOTI, BUBUEHHIO
IIJISIXIB aKTUBI3aIl Hi3HABAJIBHOI JIiIbHOCTI IIKOJIAPIB Ha ypoKax dizuku. IIpo-
BiiHUI BUKJIa1ad Kadeapu, KaHaugaT nejaroriqiux Hayk €pinmnoxos b.®@. npa-
1oBaB HaJl MoHOrpadieo «OcHOBHI 3aKoHN MexaHiKn». Ha kadeapi perysiaspHo
MIPOBOJIMBCS HAYKOBO-JIOCIIHNI ceMinap Jijist BUNTE B MKiI micTta. [Topiuno Bun-
Tesi PI3UKM TPOXOJINJIN MTepeniiroToBKy. JlabopaTopre ob/aiHaHHs Kadepu j1a-
BaJI0 MOXKJIUBICTH MPOBOJNTHU 31 CTYJeHTaMH HEe TLILKKM HaBYAJIbHY, a i HayKOBO-
JIOCJTITHY pOOOTY.

3 1970 poky Ha Kadeapi MareMaTUKN IOUNHAETHCS TOMITHE 3POCTaHHS Ki/lb-
KOCT1 CITeIiaJIicTiB 3 HayKOBUMU CTYIEHAMU Ta BUYEHUMU 3BaHHAMU: KaHIHJIaT
dbisuko-maremarnannx Hayk, jgoreHt lamrynos K.JI. (1969), kangumar TexwHi-
aHux Hayk, jorent Tomryrosa JI.M. (1971), kangumar nejaroriaoux Hayk, J0-
nert Jlabypkin K.JI. (1973), xammnmar ¢i3suko-MareMaTHIHUX HayK, JOIEHT
Boxko B.O. (1978), kangumar negaroriaaux Hayk, gorneHt Bikon B.A. (1978).
[TocTynose mokparieHHs TPodecopCbKO-BUKIIAIAIILKOTO CKIaly Kadegapu TpaHC-
dopMy€eThCA y MABUIIEHHS HAYKOBOTO PIBHSA HABYAJILHIX 3aHATH, BJOCKOHAJIEHHA
MeTOJU4IHOI MaiicTepHocTi Buk/ajadis. Iix BrimmBoM 1ux dgakropiB y 1974 pomi
CKJIQIAI0ThCs CIIPUATINBI YMOBU JIJI BiJIOKPEMJIEHHSI CAMOCTiitHOT Kadeapu Ma-
TEMaTUYHOTO aHaJIi3y. 3 bOro Yacy (DyHKIHOHYBaJIO JIBI MaTeMaTn4uHi Kadeipu:
Kagedpa mamemamuru i xKagpedpa mamemamuuro2o aHai3y. 3aBiryBadeM Kade-
JIpW MaTeMaTUKN MPU3HAYeHO KaHIngaTa MeJaroriyunx Hayk, gomneHTta Illesuen-
ka Bomomnmupa €roposuda, a mepmunM 3aBigyBadeM Kadeapn MaTeMaTHIHOIO
aHaJi3y cTaB Kanjaujar pisuko-MmareMaTndnnx Hayk, jgortent [Hlamrynos Kaszum
Hasierosuu (nekan diznko-maremarudnoro daxyssrery 1971 — 1973 pp.). Bounn
3po0OMJIN BarOMIl BHECOK Yy PO3BUTOK (DAKYJIBTETY, ITiIBUIIEHHS PIBHS MaTeMaTu-
YHOI KYJIbTYPU CTYJIEHTIB, NOJIIIIEHHS PIBHS X HAYKOBOI 1 METOJUYHOI I11JIOTOB-
KU, 3aJIydeHHs CTYJAEHTIB 10 HAyKOBO-JIOC/ITHOI pOOOTH.
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Axrusno npaiioasin Haykosi ryprku. Joment [lamrynos K. /1. kepyBas ryp-
TKOM 3 MaTeMaTHIHOTO aHasizy. dJeH I[bOTo I'ypTKa, I'oJIOBa CTYAEHTCHKOIO Ha-
YKOBOT'O TOBapHUCTBa (iznko-mMareMaTudHoro daxymaprery 1971 — 1975 pp. Py-
kacoB B.I. B momaabiioMy 3aXucTuB KaHNJIATCHKY 1 JOKTOPCHKY JncepTallii Ta
oyB pektopoMm yuiBepcutery 3 2003 1o 2009 pp., wieHum nporo ) ryprka Jle-
xkuenko JLI. (Ilreckamposa) i Cepmiok A.M. (Tepermenko) cramm Bukaadamu
daxkynbrery. Jonent [lepuenko B.€. kepyBaB rypTKOM 3 METOJINKHI MAaTEeMATUKI,
yienn sikoro Tpymr H.I. i JIogarko €.0. B nogaabimoMy 3axXucTUIN KaHIIIaTChKI
JIcepTallil, cTaji BUKJIaadaMi YHIBEPCUTETY. 3 NMPUXOJIOM Ha Kadepy JI0CBi/I-
deHnX BUMTENB MK Ta KBamidikosannx meronuctis K.II. Bimonenko (1964 p.)
ta P.A. Yypinosoi (1970) sra1uHO 3pic piBeHb BUKJIAJIQHHSA METOIUKN HABYAHHSI
MaTeMaTUKH. [IpoTaroM KijJbKOX POKIB IIiJ| KEPIBHUIITBOM BUKJIaJIadiB Kadeapn
MaremaTukun Bunokyposoi ['I1., Umenronol T 1., Koabacinoi H.I. nparmosaJio -
roTOBYE BiJIJIIJIEHH, siKe FOTYBAJIO MOJIOIE JIO BCTYITY Ha (Bi3MKO-MaTeMaTUIHII
dakysbretr. Benke 3HadeHHs Kadeapa MaTeMaTUKN TPUILIsIA 3B’ A3KaM 13 TITKO-
Jamn Mict Ta paiioniB lonembkoro periony. Ha kadenpi mocriitHo mpaliioBaJm
ceMiHapu Jiisi BUMTEIB 1 JiekTopil jisg yuniB. I3 1970 mo 1985 pik npu kade-
Jipi nparoBasia ¢ijiss BeecorosHol 3a09HOT MaTeMaTUIHOI KON i yuHiB [o-
HerpKol obstacTi, sikoio KepyBas Illesuenko B.€. @inig SMIII yeminiHo mpario-
BaJia 3aBJsIKU akTUBHINN podori ABpamenka M.II., Bermuka €.B., Kocobyikoi-
Capuenko T.A., Tpym H.I., Tepemenko A.M. o poboru SMIII 3asyuarorbes i
CTYJICHTH CTapIINX KypciB (izmKo-mMareMaTudIHoro gakysabrery. Maiizke Bci Bu-
nyckuukn SMIII micsst 3akiHYeHHST KON YCINITHO 3/aBajii BCTYIIHI iCIIUTH 3
maremaTuku B pizai BH3. Bararo 3 BumyckHukis BHOpaJ/i MaTeMaTHKY CBOEIO
podeciero.

3a 15 pokis dinito SMII sakinauan mona st 400 yunis. Pedopma mikinbaoT Ma-
TeMaTHIHOI OCBITH Ha ovaTKy 70-X pokiB OyJia MO3UTUBHO CHPUNHHATA ITPAIliBHU-
KaMi Kadeapn MaTeMaTuki. Bukiagadi MaTeMaTnanux Kadeap Opajin akTUBHY
y4acTb B II€PENiINOTOBIIl BUUTEIIB-MaTeMaTUKIB.

[Ipotsirom 1973 — 1977 pokiB Kadejipa MaTeMaTUKN IIPOBEJIa II'siTh 00JIACHIX
HAYKOBO-IPAKTUYHUX KOH(EPEHIIiil BUNTEIIB 3 00MIHY JIOCBIIOM POOOTH 38 HOBH-
Mmu rporpamamu. [lopiuno npu kadegapi miasuiryBaan Keasidikaiiio maike 120
yanreniB. g pobora He BTpaTmia aKTyaJbHOCTI it choroaHi. Besnke 3HavUeHHs Y
30LIBINEHH] KIJTBKOCTI Ta SKOCTI BCTYITHUKIB Ha (PI3UKO-MaTeMaTUIHUI (PaKyib-
Ter Bifirpas mijrorosunit Biaia (nigrorosui kypen). Bin icaysas 3 1971 poky 10
1987 poxy.
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31973 p. mo 1978 p. nekanom dakyabreTy OyB KaHmaT Hi3uKo-MaTeMaTnd-
HuX Hayk, goueHT Iloramnenko I'eopriit KoctssntunoBud, a 3 1978 p. mo 1993 p.
— Kanauaar (ismko-MareMaTnIHuX Hayk, goueHtT IIpyn A.®. B meit gac Bigdy-
BaE€ThCs 3HAUHE 301/IbIIIEHHS] KOHTUHI€HTY CTYJEHTIB 1 I10JaJIbIle HapOIIeHH Ma-
TepiajbHOl 0a3u. 3IiCHIOEThCs 11epeobiiaJHAHHSI Ta CTBOPEHHsI HOBUX KabiHETiB
i 1aboparopiii 3 cydacHIM O0JIaJHAHHAM Ta MeTONnIHuM 3abe3nedenHsiM. CTBO-
PIOETHCsT J1abopaTOPisd TEeXHIYHUX 3ac00iB HaBUYaHHs, sTKa 00JIa/IHaAHA TPUCTPOSIMI
JIUTs1 TIEpEBIPKU 3HAaHb CTYJIEHTIB 3 Habopom npuiaiaiB « MKY-48». [TonmoBHIOIOTHCS
KaOIHETH HOBUMU HaBYAJILHUMU IMOCIOHMKAMU, OOIUCTIOBA/ILHOIO TEXHIKOIO, METO-
JUIHEM 3ab0e31edeHHsgaM. Tak, sl [IpOoBejeHHsI JIabOpaTOPHUX 3aHSITh 3 JUCIU-
IUIIHA «O0YUC/IIOBAJIBHI Ta, BUMIpIOBaJIbHI POOOTH» OYJI0 IPUI0aHO PI3HOMAHITHI
BUMIipIOBaJIbHI TIpmJiajin Ta oduucsoaibii Mammman BK-1, BK-2, Ickpa Ta immmi.
st mpoBeJieHHs 3aHATh 3 00YUC/IIOBAJIbHOI MaTeMAaTUKI 00JIaIHYEThCsS KabiHeT
3 YCTAHOBKOIO MaJInX OOYMC/IIOBAJIbHIX MalUH, & 3T0JA0M JIJIs 3aHATH 3aCTOCOBY-
€TbCsl oOumcoBa/ibHa MalnHa «IIpominby. Ha modyarky 80-x pokiB 3’sBISIOTHCA
J1abopaTopil KOMIT' IOTEPHOT TEXHIKH, K1 HA3UBAIOTH KOMII IOTEPHUMHU KJIACAMI.

3 1984 poky diznko-MaTeMaTuIHN PaKyIbTeT TePEeXoUTh Y HOBUI 8-MU 110-
BEPXOBUil KOPITYC, sIKMii 3 TOT'O Yacy € IOJIOBHUM HaB4YabHUM KopirycoMm CJioB’siH-
CHKOTO JIEPYKABHOT'O TEJIarOriYHOTO IHCTUTYTY. [loKpalnyoThcss yMOBU HaBYaHHSA
Ta MaTepiajbHe 3a0e3leveHHs HaB4YabHOro 1mporecy. Y 1986 pori na ¢izmko-
MaTeMaTHIHOMY (haKy/IbTeTi IPaIoTh BxKe JIBa KOMII FOTEPHUX KJIACH.

Y 1979 pomi nonent [Hlamrynos K./. y 3B’a3Ky 3 jgocarnennsam TeHCIHHO-
ro BIKYy TlepejaB 3aBilyBaHHsg Kadeapn MaTeMaTHdHoro anajizy boxky B.O.,
BUITYCKHUKY aclipanTypu KuiBcbKoro jiepzKaBHOIO 1eJaroriqHoro iHCTUTYTY M.
M.Topbkoro (nuni Hamjonanbuuit neparoriunuii yuisepcurer im. M. Iparomano-
Ba), Akuil y 1978 p. 3aXUCTUB KAaHJANJATCHKY JAUCEPTAIIIO 3a clieriaabHicTio «/lu-
depeHntiaibHi piBHAHHS», a B 1979 p. orpuMaB 3BaHHS JOILIEHTA.

Y 1984 poui Ha 1ocajy 3aBigyBada 11i€l kKadeapu Oysio oopano B.I.Pykacosa,
KNI TTOBEPHYBCA Ha Kadeapy Mic/id HaBIaHHd B aciipaHTypi [HcTutyTy Marema-
tukn AH YPCP i ycriniHoro 3axucty aucepTrariil Ha 3/100yTTsI HAyKOBOTO CTYIICHST
KaHigaTa (pisuKo-MaTeMaTUIHIX HayK 3a clieliajbHicTio «Maremarnannii ana-
JII3.

Y 1985 p. ma mocajy 3aBijyBada Kadejpu mareMaTUKd OyJIo NMPU3HAUEHO
BUKJIaa9a JIOHeIbKOro Mo TeXHiaHoro iIHCTUTYTY Yeenka B.M., akuii 3aBepiins
HaBYAHHS B aclipaHTypi XapKiBCbKOIO IHCTUTYTY PaJioe/IeKTPOHIKH 1 3aXUCTUB
JIIcepTalliio Ha 37100yTTS HayKOBOTO CTYIEHS KaHaugaTa (hi3uKo-MaTeMaTmIHIX
HayK 3a CIHeljaJbHicTIO «Ajrebpa i Teopist ducesrs.
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3 npuxojiom B.I.Pykacosa i B.M.Ycenka Ha gaxyabTeTi 3Ha4HO I11IBUIITUBCS
piBeHb MaTeMaTUIHUX JIOCIKeHb. [1i IX KepiBHUIITBOM BUITyCKHUKAMU (Pi3HKO-
MaTeMaTHIHOro (haKy/abTeTy BIEpIIe ovYaIl BUKOHYBATUCS JIUCepTaliiiHi 10CTi-
JIZKEHHsI 3 MaTeMaTHK Oe31ocepe/iHbO B YHiBepcuTeTi. BoHn dmraim JIeKIil cTy-
JIeHTaM He TLILKN 3 6a30BUX KYypCIB MATEMaTUIHOIO aHaJII3y 1 ajredpu, a ii cre-
IiaJIbHI KyPCH 3 CyJacHUX MPoO/IeM MATeMATUKU. SHAYHO OIMTUPUIACS TeMaTUKa
JUIJIOMHIX, & B IOJAJIBIIOMY 1 MaricTepCbKuX pOOiT.

B 1986 pomni B.I.Pykacosa 0yJ10 mpu3HavdeHo Ha 110ca 1y ITPpOPeKTopa 3 HayKOBOI
pobotu, a B 1998 porii itoro OyJio niepeBejieHo Ha MOca Ly POPEKTOpa 3 HaBYaJbHOT
poboru. 3 2003 no 2009 pik BiH mparoBaB PEeKTOPOM HAIIOrO yHiBepcuTery. ¥
3B'93KY 3 BEJIMKUM 00CsIroM BUKOHYBaHOI poboTun PykacoBum B.I. Ha kepiBHHX
1ocaJiax B yHIBepCHTETi, 000B’SI3KM 3aBilyBada KadeIpr MaTeMaTUIHOIO aHAI3Y
B 1986 pori Bin nepejas jonenty Boxky B.O.

Y 1988 pori Ha 0CHOBI Kadepu MaTeMaTuKI CTBOPEHO JBi Kadepu: kKadeapa
asreOpu i reomerpil (3aB. Kadeapu jgoreHt Yeenko B.M.) ta kadenpa MeToaukm
BUKJ/IaJIaHHsT MaTeMaTnku (3aB. Kadeapu jonent Bikoa B.A.).

Y 1994 pori BijIOyBa€ThCs EBHUI IEPEPOBIIOJILI JUCITUILIIH Ha IINX Kadeipax.
Kadenpy mMeroaukn BUKJIaJaHHS MaTeMaTUKN OyJio repeiiMeHOBaHO B Kadelpy
reoMeTpil i METOMKI BUKJIQIAHHsT MaTeMaThKN (3aB. kadenpu gorneat MoTopHuii
JL.T.), a kadenpy anredpu i reomerpii — B Kadepy aaredbpu (3aB. Kadepu JOIEHT
Yeerko B.M.). 3 1993 p. mo 1997 p. Ycenko B.M. rtakoxk BUKOHYBaB 000B’sI3KH
nekana daxyabrery. 3 1997 p. mo 2004 p. mexkanoMm ¢akyabreTy Oy/a KamIimIar
nejarorivuux Hayk, jgonent Ilypurina JI.C.

[Toumnatoun 3 1996 poky Ha (daky/IbTeTi 3HOBY IPOBEJIEHO MOJIEPHIBAIIIIO0 KOM-
II'I0TepHOI TexHiKKM Ta nepudepiitaux npuctpois. Y 2006 pori Kadenpa dizukn
OTPUMYE HOBUIl cydacHuil KabiHeT JijIs BUBUEHHSI IIKIJILHOTO Kypey (Pi3uKM Ta Me-
TOJMKY HABYAHHA (PI3UKU 3 KOMII IOT€paMU Ta HaiflcydacHIINUM MYyJIbTUMEIIHHIM
00J1aJHAHHAM. 3aB/IsIKII BBEJCHHIO B eKCILIYaTallilo ayJuTopil 3 MyJIbTUMe iiiHIM
obJIaJHAHHAM Ha aKyJbTeTi 3'sIBUIacd MOXKJIMBICTh BCl JIEKIIHI 3aHATTS MIPO-
BOJINTHU 3 KOMIT FOTEPHUMU JEMOHCTPAIISIMIU.

Benuke 3uHa4YeHHs /I PO3B sA3aHs 3aB/laHb, dAKi CTOATL Iepe)] (paKyIbTeToOM
1 YHIBEpCUTETOM B IIJIOMY, Ma€ 3a0e3ledYeHiCTh HaBYaJIbHOIO MIPOIecy KaJapaMu 3
HAYKOBUMHU CTYIIEHSIMU Ta BUYCHUMU 3BAHHIMU, OCOOJIUBO JIOKTOPAMHU HAyK, IPO-
decopamu.

[Tepmum goKTOpPOM (hiBMKO-MaTeMaTUIHUX HAYK Ha (PI3MKO-MATEeMaTUIHOMY
dakysbreri craB Heuboson Mukosia Ky3spMud, ioro JOKTOpCbKa JIECepTallid
(1989 p.) mpucssigena mpobsemam (hi3uKE TBEPIOTO TijA.

Y 1995 pori TOKTOPCHKY jucepTalifo 3 6iodizuku 3axuctuB KoctikoB OJiek-
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caryp [lerpoBuy.

Y 2001 porii JJOKTOPCHKY AUCEpTalliio 3 aaredpu 3axuctus Ycenko Biragiit Mu-
xaftmopud. ¥ 2003 pori JOKTOPCHKY JHUCEPTAIiIo 3 Teopil HAOIMKeHHs (DYHKILI
zaxuctuB PykacoB Bosogumup [Banosmy.

Y 2006 porii JOKTOPCHKY JicepTallifo 3 (PI3UKM HAITIBIPOBITHUKIB 3aXUCTUB
Hajrouiit Bikrop OJsiekciiioBu.

Y 2009 porii JOKTOPCHKY JAUCEPTaIliio 3 JudepeHIiaJbHuX PiBHIHb 3aXICTUB
Yyiiko Cepriit Muxaitiaopud, siknii 3 2009 poKy € BUKOHYIOUNM 000B’I3KI PEKTOPA
CJI0B’sIHCHKOT'O JIepyKaBHOI'O 1eJAroriYHOIO YHIBEPCUTETY.

CroroaHi piznKo-MaTeMaTuIHNil (haKyJIbTET — e MOTYKHUI HaBIaIbHIIT Ta Ha-
YKOBHII IIIPO3/11JI YHIBEPCUTETY, sAIKUIT MOYKE MUIIATACS CBOIMU 3HAYHUMHU 3100y~
Tkamu. Ha daxynabreri nHaBdaerhed nonas 400 cTygeHTIB 3a CHENiabHOCTIMU
«MaTeMaTukay 1 «pizuKay» 3 J0JATKOBOIO CIIeliai3allieio «iHhopMaTKay.

CreniajbHOCTI aKpeJIuTOBaHI 3a HaMBUIUMHI OCBITHHO-KBa iiKaIiiiHnMn
piBHsAMI: «0OaKajgaBp», <«CIeMiaicT», <«MaricTp». 3HadHa YaCTUHA BUITYCKHH-
KIB IIPOJIOBXKYE HaBYaHHd B acCIHIPAHTypPl HAIIOI'O YHIBEPCUTETY, acCIlpaHTypax
HayKOBO-nocaiganx ycranoB HAH Vkpalau Ta npoBiIHNX BUIINX HABYAJILHIX 38~
KJIa/iB Kpainu. B acmipanTypi, 1o Jiie Ha ¢aKyabTeTi, 3/11iiCHIOETbCS 11 IN0TOBKA
HAYKOBO-11€JIAIONYHUX KaJIPiB BUIIOI KBaJidiKallil 3a cleniaJlbHOCTIMM:
01.01.01. «Maremarnunnit anamiz» i 01.04.07. «®Pisuka TBEpIOTO TiTas.

3 2004 poky jgekaHoM GakyIbTeTy € KaHIuIaT (PI3UKo-MaTeMaTHIHIX HayK,
norenT Hosikos Ouier Osekcanaposud. HaykoBa Ta HaBYaIbHO-METOINTHA POOO-
Ta Ha (PaKy/JIbTeTI BeJleThCd JOoTUpPMa KadepaMu:

— MATEeMaTUYHOTO aHaJII3Yy (3aBimyBau Kadegapn — KaHaugaT HiznKo-MaTeMa-
tnaHnx Hayk, gorent C.O.Yaituenko);

— reoMeTpil Ta METOAWKM BUKJIAJAHHS MAaTeMaTUKHU (3aBigyBad Kadeapu
— KauauIaT disuko-mareMaTuaHux Hayk, gorert O.B.Yyiiko);

— aJsirebpu (3aBijyBad Kadegapn — KaHuaaT (PisuKo-MaTeMaTHIHIX HayK, JI0-
near O.M.Ps6yxo);

— disukn (3aBiayBad kadeap - J0KTOp (Hi3MKO-MaTEeMATHIHUX HAYK, TTPOdEcop
B.O.Haxrowii).

Ha kadejipax dakyibrery mnpaliforoTh 1noHa i 40 Bukaajiadis, 3 skux 4 JJOKTO-
pu Hayk, podecopn Ta 26 KaHUJIATIB HAyK, JIONEHTIB.

Bapas Ha daKkyibTeTi PYHKIIOHYIOTh YOTUPU KOMII FOTEPHI KJIACH 1 JIBI MYJ/Ib-
TUMeJIiiiHI JJabopaTopil, sIKi obJiaiHaHl HaiflcyYaCHIIIOKn KOMII FOTEPHOI0 TEXHIKOIO
Ta ay/ioBI3yaJbHUMHI 3acO00aMU HaBYaHHs, sKi 00’€/[HAHI Y JIOKAJIbHY €JIeKTPOH-
Hy MepeXKy Ta MaloTh BUXIJI JIO BCECBITHBOI Mepexki [HTepHeT 1depes 1110100081
CYIyTHUKOBUN KaHAJ 3B SI3KY.
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HapuasibHo MerojinvuHe nporpamue 3abe3revenHs KOMITI0TEPHUX KJIaCiB OB~
HICTIO BIJIIOBiJIa€ CydacHOMY PiBHIO. DBIJIBIICTH pecypciB JOKaJIbHOI MepexKi I10-
OyZ0BaHO 3a TEXHOJIOIIEI <«KJIEHT—CEPBEP», JOCTYI JI0 SIKOI iCHye i3 Mepe:xi
Internet.

o mociyr BuKJIaJIa4diB 1 CTYJAEHTIB MYJbTUME/IIH]I Ta rpadidHi MpoeKTopu,
IPOEKIIIiTHI maHea i Ta eKpaHu, udpoBa Bigeokamepa, NPUHTEPU Ta CKaHEPH. Y
KabiHeTi iHOpMATUKN 3aBXK/I1 MOXKHA 3HANTH HEOOXITHY JIiTepaTypy Ta HaiicBi-
JKIiII 1IepioJInyHi BUJIAaHHS Ha KOMII'IOTEPHY TeMaTuky. depe3 JIoKaJbHY Mepe-
JKY CTYJIEHTH (PI3UKO-MaTeMaTHIHOr0O (haKyIbTeTy MaloTh JOCTYII JIO HABYAJILHO-
METOJIMIHIX MaTepiaiB, pO3MIleHnX KadeapaMu y MEpPeXkKi, MOyKYTh KOPUCTYBa~
THCs €JIGKTPOHHUMHI HaBYaJbHUMU ITOCIOHMKaMM, OpaTi y4acTh B daTax Ta KOH-
CYJIbTYBATHCS 3 BUKJIaadaMu Ha (PaKyIbTeTChbKIX (popyMax, BUKOHYBATH 3aB/ia-
HH$ TeCTIB Ha JUCTAHIIHUX KypcaX HaBYaHHH.

Ha cdaxyapreri cTBOPEHO CHPUATINBI YMOBHU JIJIsI TPOBEJICHHS CTY/I€HTCHKITX
HAYKOBUX JIOCJIJI?KEHb. BayK/IMBOIO CKJIaI0OBOIO »KUTTA (PaKyJIbTeTy € 3yCcTpidi 3
MPOBIIHIMU BUYEHUME, HAYKOBI ceMiHAPH 3a y4acTio (qaxiBIiB 3 MaTeMaTnKH, (i-
3UKN Ta MeTOIMKH 1X HapdaHHsi. Ha 0a3i daxyiabreTy IpoBOIsATHCS MiXKHAPOJIHI
HayKOBI KOH@epeHIlil, (popyMu Ta KPyIJii CTOJIM MOJIOL 1 CTYJIEHTIB.

HayxkoBi 1mikosm, 1110 1npaiiooTh Ha (paky/JIbTeTi, JOCATIN 3HAUHUX YCITiXiB.

Ha xadepi MaTreMaTuIHOrO aHAJI3Y I1i)] KEPIBHUIITBOM JIOKTOpa (hi3MKO-
MaTeMaTHIHUX HayK, npodecopa Pykacosa Bosoaumupa IBanosBuda 0yJ1io cTBope-
HO HAyKOBY IIKOJIY 3 Teopil Hab/mKeHHsT pyHKIIiH. JlociizKeHHs IIKOJIN 110B’ d3a-
Hi 13 3HAXO/PKEHHAM aCUMIITOTUYHIX (POPMYJI JIjII BEPXHIX IpaHeil BiIXUIeHb TPHU-
FOHOMETPUYHUX TOJIHOMIB, sKi MOPOJZKYIOThCs JIHIMHUMU MEeTOAaMU I11CYyMOBY-
BaHHsI psiiB Pyp’e, Ha PI3HUX KJlacax HepioandHuX (PYHKIIN o/iHiel Ta 6araTbox
JIRCHIX 3MIHHUX, 1110 MaioTh y3arajbHeni W-noxinni y posyminni O.1.Cremnamniig,
y piBHOMIpHiil 1 iHTerpasbHiit MeTpukax. OjiepzKani IpeicTaBHUKAME IKOJIA Pe-
3YJbTATH OXOILIIOIOTH IMUPOKUil cHeKTp (BYHKINH, 10 BKIIOYae (PyHKIIT MasIol
Ta CKIHYEHHOI IJIaJIKOCTi, HECKIHYEeHHO JIMepeHIiiioBHI, B TOMY YHCJI aHaJiTU-
gHi 1 ni YHKIN, a cepeji MeTo/iB HadJMmxKeHHsd — kKjaacwaHi metoqun Dype,
Basue-Ilyccena, @eitepa, 3urmynaa, @apapa, Porosuncskoro, Creksiosa. oci-
JIZKYIOThCST TAKOXK aHAJIONIUHI 3a/1adi HAO/IMKEHHsI KJIaciB JIOKAJbHO 1IHTEIPOBHUX
dbyukmiit, 3aganux Ha fiiicHiil oci (i HEOOOB’SI3KOBO TEPIOIMYHIX) 3a JIOTOMO-
rolo NINX PYHKIIIN eKcIoHeHiajbHoro Tuiy. OTpuMani acuMITOTHYHI (hOPMYJIH
B OLIBINOCTI BHUMAJIKIB 3a0€311eUyIoTh PO3B’I3KHM BijoMol 3ajadi Kosmoroposa-
Hikonbebkoro. JIocaiizKyBa nch TaKoXK alpoOKCIMATHBHI BJIACTUBOCTI BBEIEHNX
O.1.Crenanmnewm i B.I. PykacoBum 1mpocTopis 3 aHizoTpornoio merpukoo. 1i goci-
JIZKEHHSI PO3BUBAJIMC 111 BIIMBOM BCECBITHBO BiJIoMOI KHIBCHKOT HAyKOBOI KON

12 36ipHUK HAyKOBUX TIpalb (iznko-maremaradaoro gakyaprery CHITY



3 Teopil (DYHKIINH BUJIATHOIO YKPalHCHKOIO MaTeMaThKa, djeHa-KOpPeCIIOHJIeHTa
HAH Vkpaiuu, jgokropa (i3smKo-MaTeMaTHIHIX HayK, HIPodecopa, 3ac/IyzKeHO-
ro jigda Haykn i texuikm Ykpainn Ogekcamgpa IBanosmua Crenanrg. Cepen
yncjaenanx yaaiB Osekcanpa IBanosmua 8 sunyckaukis CJIIIY, B Tomy umerri
Pykacos B.I. 3arajibaa KijbKicTb myOJiiKalliil npejcTaBHUKIB KON CTAHOBUTH
noHa , 120 HayKoBHUX Hpallb, Y TOMY YHCJI 3a OCTaHHI O PoOKiB nonaj 60 poOiT.
[3 Hux 1 monorpadis (Bumanusi lacturyry maremaruku HAH Ykpaiun), 3 Ha-
BYaJIbHI 1TociOHMKY 3 TpudgoM MinicTepcTBa ocBiTH 1 Hayku, 6yin3bko 40 crareii y
daxoBUX BUIAHHIAX.

Y paMKax HayKOBOI IIKOJIHM 3 Teopil HaOJMKeHHs (PYHKIIH TPONRIILIN ITi/Iro-
TOBKY BUITYCKHUKH (Pi3nKo-MaTeMaTn4anoro ¢gakyabrery: Hosikos O.0., Yaitruen-
ko C.0O., ®enopenko O.C., Cinin €.C., Bojpa B.1., Osciit €.10., Poencbka O.I.,
K1 MJINOTYBaJIN KaHJIMJIaTChbKl JIUCepTaIlll 1 YCHIIITHO MPalllol0Th K B HAIIOMY
VHIBEPCUTETI, TaK B IHIMNX HAyKOBUX 1 OCBITHIX IeHTpax YkKpainu. Ilicas cmepti
B.I.PykacoBa nociijizkeHHs1 3 Teopil HaOJIMKEHHS MPOJIOBXKYIOThH CIIBPOOITHUKN
kadenpu maremarudnoro anajizy Yaitgenko C.O., Hosikor O.0., Cinin €.C.,
Bojapa B.1.

Ha kade/ipi aaredpu y pamMkax HayKOBOI IIKOJIN 3 aJiIredpu JOKTOpa (PisnKo-
MaTeMaTUIHUX HaykK, Mpodecopa Ycenka B.M. mpoiinm mijiroroBKy BUITYCKHE-
K1 iznko-mareMaTnanoro gakysabrery Psoyxo O.M., Bennuko B.€., Kopmuire-
Ba T.B., 2Kyuox A.B., ?Kyuox O.B., 9xi miaroryBaan KaHIuIaTChKI JACEPTAIil
1 YCIIITHO NPalfol0Th B HAIIIOMY YHIBEPCUTETI Ta B IHIIUX BUIIUX HaBYaJbHUX
3aKIa/1ax Y KpaiHu.

Ha xadenpi dizmkm y 1967 porii cTBOpeHO HAYKOBY IIKOJY 3 (DI3UKHU TBEP-
noro Tija. HaykoBuii KepiBHUK — JIOKTOpP i3.-MaT. HAyK, Ipodecop, 3ac/yKeHuil
HmpaliBHUK ocBiTH YKpalau, akajemik AH Texnosoriunol Kibepaeruku YKpaiiu i
MIZKHAPOJHOT aKaeMil HayK TexHoJjoriit i imxunipunry, pekrop CITY (1986 —
2003 pp.) Heusoson Mukosa Kyspmua. HanpsiMok 1oc/tiizkeHHsT — HI3bKOTEMITe-
paTypHa IJIACTUYHICTh KPUCTAJIYHIX TBePAuX Tij1. B ocTanHi poku criBpobITHUKM
KaeIpy IPAIIOI0Th Hal JIep:KOI0/I2KeTHOI0 TeMoo «/lociiKenHs (pisnaHux Me-
XaHI3MIB YTBOPEHHS HU3bKOPO3MIPDHUX aTOMHUX KJIACTEPIB IMLJ] JIIEI0 MEXaHIYHUX
Hanpy:kenby». Tema 3aTBepazkeHa MiHicTepcTBOM OCBITH 1 HayKn Y Kpalnu.

Toit e HayKOBWiT KOJEKTUB IIpaIlioe HaJ KadeIpaabHoo TeMoio «/locmii-
JKEeHHs BILJIUBY TEPMIYHUX 3MIH Ha JINCJIOKAIIHY CTPYKTYpYy Ta HU3bKOTEMIIe-
paTypHy MOB3YUiCTh KPUCTAJIIHUX MaTepiaaiBy. KolekKTHB BUKOHABIIB HAYKOBOI
pPOOOTH MPOTATOM OCTAHHIX 25 POKIB 0OJIepKaB HOBI BayKJINBI pe3yJIbTaT 3 INTaHb
MIKPOIIJIACTUYHOCTI, KIHETUKN YTBOPEHHS Jie(DeKTIB Ta iX BILIMBY Ha €JIEKTPUUHI
BJIACTUBOCT] HAIIBIPOBLIHUKOBUX KPUCTAJIB IepMaHilO, KPEMHIIO, HAIBIPOBIJI-
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HUKOBHX CIIOJIYK apCeHijly raJjiio Ta apceHimay injio. 3asigyBad Kadegapu Gpisukn
Hanrouiit B.O. y pycii makpecienol npobsemaruku y 1975 p. 3aXucTUB KaHI1-
naTchKy auceprariio, a y 2006 p. — IOKTOPCHbKY jucepTariiio. TakoK B paMKax
zas3HadeHol HaykoBol mkosu y 2009 p. Bukiamadem Kadeapu dizuku Mocka-
jgem JI.C. 3axuIneHo KaHImJIaTchbKy JUCepTalliio. 3a pe3y/abTaTaMu JIOCJIiI2KeHb
orryOsikoBano 105 HayKoBUX podIT y MPOBIIHNX HAYKOBUX KypHaJax Y KpaiHu Ta
3apyOIzKIKs.

HayxkoBo-jiocstijina Ta ekcrepuMeHTa/ibHa poboTa, 10 BeJleThest Ha Kadepi
reoMeTpil Ta METOAMKN BUKJIAJAHHI MaTeMaTUKM!, IPUCBIIEHa TaKUM TIPi-
opuTeTHUM HalpsiMaMm: «IIpobjiemu BrockoHa eHHsI IPoeciitHoT iIroTOBKY Maii-
OyTHIX BUMTE/B MaTeMaTHKN» (HAYKOBI KepIBHUKN — K.I.H., porent Tpymr H.I.,
K.ILH., jgoreHT Becenin B.B.); «IIpobsiemu Brockonasentst mpodeciitiol miaro-
TOBKU MaiiOyTHIX BUUTEIB iHDOPMATHKIY (HAYKOBHUiT KEPIBHUK — K.II.H., JOIEHT
Cromkin B.C.); «Meroau joctiizKenHs Teopil KpailoBUX 3a/1a1 Ta KOMOIHATOPHIX
CTPYKTYp Ha MHOTOBHJaX» (HayKOBI KepiBHUKH — K.i3.-MarT.H., joreHT yii-
ko O.B.; k.diz.-mar.u. Kagyboserkuit O.A.). Bukinagaai kadenpu Becenin B.B.,
Tpym H.I., Coomkin B.C., IlneckanvoBa JI.I. 6epyTh aKTUBHY y4acTh B Oprami-
3allil Ta MPOBEJIEHHI KYPCIB IiJIBUIIECHHS KBasidiKalil BUNTEJB MaTeMaTUKHI Ta
indopmarukn micta Cios’sHcbKa Ta CJI0B THCHKOTO pailoHy, siki ITPOBOAATHCST ITi1
KepiBHUIITBOM MichbKoro Bijainy ocsitu Ta CITV.

3B’S3KM Ta CITiIBPOOITHUIITBO

SuauHol yBaru (paxy/abTeT MNPUIIISEe MiATPUMIN TICHUX 3B '93KiB 31 IIKOJIA-
MHI. 3 METOIO BiIOOPY TaJaHOBUTUX Ta HAHOL/IBII IIirOTOBJIEHNX /10 HABYAHHS HA
PiznKo-MaTEMATUIHIX CIIENIATbHOCTAX BUITYCKHUKIB YKJIJIAI0THCS JJOTOBOPH TIPO
CIIBPOOITHUIITBO 3 CEpPeHIME 3aK/ajgaMu ocBiTH [oHeIbKol 0bJacTi.

Bukiamadi ¢gpakyjibTeTy TpaJuIiiiHO KepyOTh IiJI0TOBKOI YIHIBCHKUX Hay-
kKoBux poOiT. [Hlopigno poboTu i IX KEPIBHUIITBOM 3aiiMaloTh IIPU30BI MicCIs y
00J1acHOMY KOHKYPCi Haykoux pobiT MAH Ykpaluu Ta 1mociaiors modecHi Micisd
y 3aKII09HOMY BeeykpainchbKOMY KOHKYPCI YUHIBCHKUX POOIT.

s yanis mkia CyioB’sgHcbKa Ta pafiony Ha (pi3nKo-MaTeMaTHIHoMYy (haKyib-
TeTl 3a CHPUAHHAM MICHLKOI'O BIJIJILIY OCBITU ITPOXOJATH OJIMINaIN 3 MaTeMaTh-
K1, izuku, ingopmaTuku Ta nporpamyBanad. Bukiaagadi kadbeapu 'MBM, gaxi
MPAaIIoI0Th BUNTEISIMI MaTEeMATUKH Y TIeIaroriaHoMy Jiirel, BACTYITAIOTh B TKOCTI
KOHCYJIBTAHTIB Y POOOTI METOIUYIHOTO 00 € THAHHSA BUUTE/IB MATEMaTUKHI MICTA.

Y 2008 pori Ha aKyIbTeTI 3aCHOBAHO Cepilo HABYAILHO-METOIMIHUX TTOCIO-
nHukiB «Buknamgaai CUAITY — yaHsiM, cTyaeHTaM, BUNTEISIM», B PaAMKax sIKOI O11y0-
JIKOBaAHO 9 BUIIYCKIB, sIK1 BIPOBaJI?KYIOThCSI B HaBUaJIbHUI IIpOIleC Ta KOPUCTYIO-
ThCsI IIOIIMTOM CepeJ BUNTEJIIB MaTeMaTUKI Ta iHPOPMATHKA.
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DakyJbTeT TaKOXK IMiJATPUMYE TBOPYl 3B’S3KM 3 [HCTUTYTOM MaTeMaTHKN
(M. Kuis), Incturyrom npukianoi MmatemaTuku i MexaHikn i Qi3uKo-TeXHITHIM
incturyTom (M. [owerpk), inmmmu HaykoBumu yceranoBamu HAH VYkpainu ta
HAYKOBO-JOCTIIHIM 1HCTUTYTOM «llepcriekTuBni MaTepiajm 1 HAHOTEXHOJOTII»
pu MOCKOBCHKOMY JIep?KaBHOMY iHIycTpiajibHOMY yHiBepcuTeTi (M. Mocksa).

MixkHapoaHa JigJabHICTh (aKy/JIbTeTy MPOBONIACH 33 HACTYITHUME MPIOPH-
TeTHUMU HAIIpsiMaMu. PO3BUTOK MPsIMIX KOHTAKTIB 3 MMPOBITHIMHI 3aKOPIOHHUMMI
yHiBepcuTeTamu. Ha chorojni Taki 3B’3KHM BCTAHOBJIEHI 3 yHIBepcuTeTaMu Pocil,
binopyci, [Honbmi, Himeauunn, Typeuunnn, [lisniunoro Kinpy. Ydacts naykoBo-
1eJIarOriYHUX IPALiBHUKIB Y MIXKHAPOJIHIX HAYKOBUX KOH(QEPEeHIIisIX, ceMiHapax,
tormto. OpraHizaliig Mi>KHAPOIHUX HAYKOBUX KOH(EPEHIiii, ceMiHapiB, TOIIO.

16 — 17 cepuus 2007 poky na 6a3i CHIIY 0Oyno nposeseno MixknapoaHunii
HayKoBUii ceminap «Teopis anpokcumarliii B €BporneiicbKOMy KOHTEKCTI: IIiXO0-
JIM, 3aCTOCYBaHHS, ITEPCIIEKTUBU» 33 YYACTIO ITPOBITHUX HAYKOBIIIB BIJIILTY Teopil
dyukuiit [ncruryry maremarukn HAH Ykpainu, cuipoditaukis CJIITY ta mpe-
crapuukis Yuisepcurery ®pinpixa Iunepa (M. Vena, Hiveudna).

Himenbkum dorgom Haykosux gociaimzkerb (DFG) 6yiio sarBepizkeno Criib-
HUIl HIMEIbKO-YKPAIHChKNIT HAYKOBUI IIPOEKT, JO CKJaJy pob0oYOol I'pyIn KO-
ro 3 OOKY HAIOr0 YHIBEPCUTETY BBIMILIN JOKTOP (PI3UKO-MaTeMAaTUIHUX HayK
C.M.Yyiiko, kanjauaatu dgizuko-maremarnanux Hayk C.O.Haitgenko, O.0O.Hosi-
koB, K.B.Pynorchkuit i €.C.Cinin. Bigpasy micis 3arBepakenass DFG-mpoekTy
IovaJINCs 3aX0/1 II0JI0 peaJiizallll floro mporpamu.

Tak, 3 15-ro o 16-te Bepecns 2009 poky HaIl YHIBEpCUTET BiJBiIaIN MIpeJI-
crapuukn Yuisepcurery ®piapixa Hlmmnepa (m. Mena, Hivedunna): mpodecop
X.-1O. lwmaiiccep (sikuit ogosoe poboday rpymny DFG-mpoekTy 3 HiMenbKol ¢To-
porn) ta acripant M. Kabanosa. [Ipodecop X.-FO. [lmaiiccep mposis mpesenta-
1110, Y gKI1il CTUCJIO0 BUKJIAB 1CTOPIIO CBOI'O YHIBEPCUTETY Ta O3HAIOMUB IIPUCYTHIX
3 0COOJIMBOCTSIMU BITPOBAJIZKEHHS MTOJI0YKEHb DOJIOHCHKOI JleKJiapallil B HaBYa b
HUIi TIporiec Ha (paKy/IbTeTi MaTeMaTUKH Ta iHpopMaTuKu Y HiBepcuteTy Ppijpixa
[Mnrepa. Kpim Toro, st cTyaeHTIB-MaricTpanTiB (pi3suKO-MaTeMaTHIHOro (a-
KYJbTETY, BUK/JIaJadiB MaTeMaTuKu i (Pi3uKu, acrnipanTiB (pi3uKo-MaTeMaTHIHIX
cueriajgpHocTeit mpocdecop X.-FO. [Imaiiccep nmpounTap aHIIICEKOI MOBOIO OLJIs-
JIOBY JieKIIit0 Ha TeMmy «IIpocTopm dpyHKIiil i riagakicTby, a M. Kabanosa — JiekIiiro
Ha remy «l'eomerpis dppaxTains.

JpyruM BaxKJIMBUM 3aX0JI0M Y paMKax 3arpepizkenoro DFG-mpoexkty Oyiin
BisuTHn B.0. pekropa C/ITY C.M. Uyiika Ta npopekTopa i3 HayKOBO-TIEJAaroriaHol
poboru C.O. Yaituenka 1o Vencbkoro yHisepcurery.
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Y nepios 3 19-ro no 24-e xostHa 2009 p. B YuiBepcureri @pijpixa [Hlni-
jepa nepedysap B.o. pexkropa CIIIY C.M. Yyiiko, a 3 3-ro mo 7-e JmcTorajia
2009 p. MenceKuii yHiBEpCHTET BiiBigaB MIPOPEKTOP i3 HAYKOBO-TIEIAIONiYHOI PO-
6ot C.O. YHaituenko. [IpemcraBHnKN HAIIOTO YHIBEPCUTETY BUCTYIIIN Ha, CEMi-
Hapi BijjloMux HiMenbKux mareMmaTukin mpodecopiB X. Tpubesns i X.-FO. [maii-
cepa, Jie Tpe3eHTyBa/In 3/I00yTKI HAYKOBOI KON 3 Teopil 3BUYallHnX JudepeH-
iaJIbHUX PIBHSIHL Ta Teopil HabiKeHHs GyHKIN C0B’ SHCHKOIO JIepKaBHOIO
1eJIATOT1YHOTO YHIBEPCUTETY. Y YJaCHUKM ceMiHapy BHUCOKO OIIHWJIN PiBeHb HAYKO-
BUX JIOCJI/I2KEHD, 110 BUKOHYIOThCs Y HAIIOMY YHIBEPCUTETI, i BUCJIOBUIN BIIEBHE-
HICTb Y IIEPCIIEKTUBHOCTI MOE€HAHHS 3YCUJIb Y IIPOBEJIEHH] CHLILHUX HAYKOBUX 1
HAYKOBO-METOJINIHIX PO3POOOK.

8 — 10 uepsust 2010 p. Ha 06a3i CJ0B’SIHCHKOIO JIEPyKABHOTO II€JAIrOriIHO-
ro yHiBepcureTy OYJIO IIPOBEJEHO MiXKHApPOIHUI ceMinap «Smoothness, approxi-
mation and related topics». Lleit cemiHap cTraB YeproBUM 3aX0JIOM, SIKIl IIPO-
BOJUBCS CITLIBHO 3 [HCTUTYTOM MaTeMaTHKHU Ta iHMOPMaTUKH YHIBEPCUTETY iM.
O Ilnnnepa (m. Wena, Hiveuunma) B MezKax HiMeITbKO-YKPaiHCHKOIO HayKOBOIO
poekTy, Mo dinancyerbesd HimenbkuM hoHI0M HAYKOBUX JIOCIIJIZKEHD.

10 — 16 xkoBTHst 2010 poKy HPOPEKTOP i3 HAYKOBO-IIEJIAIOridHOI pPOOO-
T, KaHaugar dizuko-maremarudHux Hayk, goneHT C.O. Yaityenko Ta KaH-
augar (pizuKo-MaTeMaTHYHUX HAyK, CTapIInii BUKJajad KadeIpu eKOHOMIKO-
maTemaTnaaux jguctuiuiin Cinin €.C. B3/ y9acThb y poOOTI MizKHAPOJIHOT KOH-
depentiil «Smoothness, Approximation and Function Spaces» (M. Onmypr (Tro-
punrisi), HiMeaunna), e mpeseHTyBasi 300y TKI HAYKOBOI IITKOJIH 3 Teopil HeTe-
pPOBUX KpafloBUX 3ajiad Ta Teopil Hab/mKenHs GyHkIiit CJI0B sHCHKOTO jieprKaB-
HOI'O 11€JIaI'OTTYHOI0 YHIBEPCUTETY.

Ceamxyrowu ceill 108ietll Korexmus Gi3uKo-mamemamuyrozo daxysomemy
WUPO OAKYE CAME CMAPULOMY NOKOMHHIO, AKE CMBOPIOBALO CAABY T 20pdicb (ha-
KyAbmemy. JIAKYemo mum, Tmo “ecHo i Hanpysicero npaulo6as yce HCUmMms i
cv0200H1 nepedae ceill doceid moaodi. Husvkul yxain mum, xmo esce niwos 3
AHCUMMA, 3ANUWUBWIU CBIT NPUKAGD NPaLbosumocmi i 2idnocmi. laxyemo cmy-
dermam, HABUANDHO-O0NOMINCHOMY NEPCOHANAY | BCLM TMO PA3OM 3 KOAEKMUCBOM
darxysvmemy npayroromov na 3000ymmsa HOBUX YCNITIE.

Pinnomy dakynbTery Oaka€Mo OPOIIBITaHHS, YCHIXIiB y HAyIll Ta
BUKJIQIAIbKiii poboTi!

ITpodecopchbKo-BUKIIagaIbKUT CKJIAJT,
dizuko-maremaTrndaoro pakyabrery CIIIY,
KBiTeHb, 2011 pik.
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IMPUBJIN2KEHNE NHTEI'PAJIOB ITYACCOHA
r—IIOBTOPHBIMI CYMMAMMU BAJIJIE ITYCCEHA

O06umciieni 3HaYEHHS IHTErpaJjIiB y NOJIOBHOMY JIeHI aCUMIITOTHIHIX POPMYJI JJIsi TOUHUX BEPX-

HIX MeXK BiJIXujieHb 1 —1oBTopHuX cyM BaJe Ilyccena na kjacax interpaJis Ilyaccona.
Calculated values in the main term of asymptotic equalities for upper bounds of the

deviations of the r-repeated de la Vallee Poussin sums taken over classes of Poisson integrals.
Keywords: Fourier series, asymptotic equalities.

BBenenue
Cremys [1], obozHaumm C’q’oo — KJIACC HENPEPBLIBHBIX 27 —IIEPUOANIECKIX
dbyukiuit f(x), KOTOpble MOYKHO TIPEJICTABATH B BUJIE CBEPTKHU

™

Fla) = Ao+ - [ oo+ OPY) .

-7

B KOTOPOI

o0
Pi(t) = qu cos(kt + %T), qe (0;1), B €R,

k=1
— ayipo Ilyaccona, a dyuknua p(z) € SY, (SY, — Muoxectso dynkuuii, nourn
Be3Jle OPPAHNYEHHBIX eJUHUIIETT, UMEIOIIUX Ha OTpe3Ke [—m; 7| cpejHee 3HAYEHUE,
paBHOe Hys0). M3Bectro [1|, aTo Kiracchl C’g’oo, KOTOpbIE MPUHSITO HA3BIBATH
Kjaccamu unrerpajios Ilyaccona, cocroar uz GyHKIuUil f, KOTOpbIE SBJIAIOTCS
CyZKeHUsIMU Ha JIefiCTBUTEIbHYI0 ocb dyHKIuil F(z), aHAJIUTUYIECKIX B MOJIOCE

Imz| < 1n%/2 In2.
[Iycrs S, (f;x) — wactuaneie cymmbr psija @ypoe byuknnu f(x), p,p1, D2,
..., Pr — HPOU3BOJIbHDIE HATYPAJIbHbIE YHUC/Ia TAKUE, YTO P < 1N, ZT: Dr a X, <n.
k=1
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MaTremaruka

Torya cymmpr Bame Iyccena dyukuuu f(z) € L'[—m; 7] obbransie Vi, ,(f,z) u

r
7 —IIOBTOPHBIE Vn(p)( f,x), COOTBETCTBEHHO, 33/IAI0TCST COOTHOIICHUSIMU

n—1

Vialfo) == 3 Sif.)

k=n—p

) 1 n—1 1 k1 1 kr_1
Vid(fay=— > — Y .= > Sulfia)
plkhzn—pl 2A&=krﬂb+1 prk%zkwq—ﬁr+1
C.M. Hukosibekuii [2| mokasas, 9To jijist BEpXHUX MPaHeill yKJIOHeHUIT dacTid-
HbIX CYMM (Dypbe, B34ThIX II0 KJiaCCaM Cg’oo7 nMmeerT MeCTo aCHUMIITOTHYECKOE
PaBEeHCTBO

E(ChaiSa) & sup [I7() = Sulfs)lle =
feci

8q" / du
= q2 / - +O(1)q—.
@ i V1—¢2sin’u n

B pabore [3] jjist BepxHux rpaneii ykionenuit cymm Basie Ilyccena Ha kiac-

q
cax C oo TIOJIyH€HA aCHMIITOTHYECKA dopmyita

4qn—p+1 n—p+1

q q"
" O(l)<p(n — (1 —qP pi- q2)) '

Bousee obmmnii pesysbrar mostyden B pabore [4].

e (ChiV) = =y

B pabore (6] st /15t BepxHUX TpaHeil yKJIOHEHHI 7 -[IOBTOPHBIX cyMM Bastie
[Iyccena B ciaydae r=2 MoJiydeHo cCJie/lyiomiee COOTHOIIeHe

8q" Pt i  2\/q
/2)) — .
£ (cg V! >) = 11 ( ( —

007 TP mp1p2(1 4 q)3 1+¢)3? 1+¢q

qN—p1—p2+1 qﬂ—p1+1 qn—p2+1
+0(1) < .+ 7+ 3> ;
pip2(n —p1—p2+1)(1—q)*  pip2(1 —¢q)*  pipa(1 —q)

rie
du
(1 — nsin2u) V1 — k2sin?u

Il (n; k) =

\wb\

0
— MOJIHBIA 3JUINNTUYCCKUT MHTerpaJl TPEeThero po/ia.
B pabore |7] nccemyercst acuMnTornaeckoe moBeIeHIe BePXHIX IPAHel yKJIO-

" (r)/ p. .
nenuit nomuHoMoB V7 (f;2) 1719 IPOM3BOJIBHBIX HATYPAJIbHBIX 7 OT yHKIMiA
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13 KJlaCCOB Cq,oo' B aCTHOCTH, IIOJIYy4Y€Ha cJIeAyrollad aCHMIITOTHYECKad IIPHU

n — X, — 0o Qopmyia

4qn—2p—|—r—1

X

/Z;"“(a:)dx +0(1)—

E(CL V) = =
WZEZ% 0 Epi

qanerrfl 1 (n—1— Z caPitT)
8 — — —q)rt3 T — Z _ r—i—l ?
n—3%,—1|(1-¢q) (1 —q)? - (1—9q)

rie ¢ € (0;1), S pi =%, <n, Z,(x) = (1 —2qcosx + ¢*)~Y2, O(1) -

BEJINYMHA, PABHOMEDHO OrpaHuveHHas mo n, ¢, 5, p;, 1t =1,2,...,r

OcHoBHaAY 4YacCcTh

™
B janHofi pabore BbIMHCJIEHBI 3HAYEHUS BeJUUUH [ Zg“(:z:)dx B CJlyJasdx,

Korga 7 IIPOM3BOJIbHOE HEYETHOE YHCJIO.

Teopema 1. /Jlasa scarxoeo r =2m —1,m € N

™

/Zg*l(x)da: =

0

T
C 222 (14 g) (1 — q) 1)

—_

v—

+ (_1)kz2k (2(1/ - 1 VZ B (1—|—q> (QTE)' '] . (1)

e (v—Fk—1) 'k' ] (v —1—m)lm! (2m — k)
HokazareabcTBo.  OO03HAUNM UV = % Tornma
™ m dt
/Z”l(x)dx:/ /
e (1 + ¢> — 2qcost)” 2 — cost)”
0 0 0
rae o = 1;; Bamernm, uro 1+ ¢ > 2¢, nmostomy —L > 1, o?> —1 > 0.

[Tpumenss yHMBepcaﬂbHyfo TPUTOHOMETPUUECKY IO HOﬂCTaHOBKy.

_ _ 2dx
xr = tg2,cost dt = {77, nosydaem

/ dt _/ 22 / (14 22" da
(a2 —cost)” ) (a2—LZ)y  (a2+1) (@ + 22y

1422

1—|—9c2 )
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rie a’ = O‘z — - CuieioBaresbHo,
s o0
/ dt / (1 + 22)" Ldx @)
(1+q2—2qcost) 1+q a2+x2 '
0 0

HpI/IXO,ZLI/IM K BBIYUCJICHUIO MHTEI'PpaJioB

+o00

(1+ 22" Yz
JV:/ (a2+x2)7/ ,a < 1.
0
BOCHOJH)3yeMCH dJIEMECHTaMM TCOPUU BBIYETOB. CDYHKLH/IH
1 2\v—1
F(z) = L)
(a® + 22)¥

JIpOOHO-paloHaIbHAs CO CTEIeHbIO 3HAMEHATe I Ha 2 €JMHUIIBI BBIIIEe CTEIeHH
qucauTeIs. JTa PYHKIMS UMeeT JiBa MoJoca z = tai HOopsiKa U U OJUH 13
HUX 2y = at HaxomuTcs HaJl ocbio Oz . Ilostomy npun v =1

“+00 —+00

[ Sy = [ e - e -
= 77 lim [;] S

z—ai (z+ai)  2a’
npu v > 2

+00 +00

1 2 V—ld 1 1 2 V_ld 1

/ (1 + 2?) z_ 1 / (1+a7) r_ —2mires,y—qi F'(2) =
(@+a?) 2) (F+a? 2

0 —00

vl dv! Uyl dv!
o gl e F ) = gy i s [
[Monoxkum f(2) = (1 + 2 ) Logz)=(z+ai)™.
J1j1s1 BBITHCIICH ST ju [F(2)(z — ai)”] Bocmosb3yemcest u3BecTHOM hopMyJIoit

JleitOnuiia

(1+ 221
(2 + ai)”

|

du—l " du—l—k
dzv— 1 ZCV 1dzkf dzzx—l—kg(z)'

Boranc/ium j—;f(z) . Nmeem

f(2) = (1+22) Z
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v—1

V— d2
= Z CoLy2mz""h @f(z) = Z C™ 2m(2m — 1)22" 7% ..
= m=1

—1
dk Z m(2m —1)...(2m — k + 1) 22" | > 1.
zZ

v—1—k
Boraucinm jy—lkg( ) Mmeen

@g(z) = (—v)(ai+ 2z)” (v+1). dcizg( ) = (—v)(—(v+ 1))(ai—|—z)’(”+2);

z
%g(z) = (=)= + 1) (= + k= 1)) (ai + 2)”" W) =

= (=D +1)...(v+k —1)(ai + z)~¥*H).

Taxum obpaszom,

jzy S0 =

v—1 v—k—1

= )2 oe) + 9(2) 1S Z o) -
= (1+ 22" (=1 v+ 1)..(2v — 2)(2 + ai)” @ V4
+ Vz_: om(2m —1)...2m — (v — 1) + 1)C™ 22D (2 + ai) "+
m:[%]

Z Y+ 1) v+ (v =1 —k) — 1) (24 ai) IR

X y 2m(2m —1)...(2m — k 4 1)C™ 22" F =

m=[4]

Z Y+ 1) .. 2v — k= 2)(2 + ai)” PR
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v—1
X Y 2m(2m —1)...2m — k+ 1)) 27 h,
o[
[TosTomy
d=t [(1+ 22t oy 1 (1) (v +1)...(2v - 2)
Sy [ (2 + ai)” ] ={-a) (2a1) 1)
v—1
+ > 2m(2m = 1)...2m — v+ 2)C)" (ad)™" (2ai) "+
=
v—2
+> Ch ()T (4 1).(2v — b — 2)(2ai)"® R x
k=1
v—1
X o2m(2m — 1)...2m — k + 1)C™ (ai)*™ % =
[
—i(1 — a1 (20 — 2)! i N, (2 =1) = k)
(2a)=1) (v = 1)! " (2a)@-1) k::l( 1)7Gyi2 w1
v—1
_1\mp/omo 2m (2m)'
X ~ ( 1) v—1 (2m - ]{:)' -
m=[44]
_ —? 2\v—1 . |
(2a)(2y—1)(1/ —1)! [(1 a®)" " (2v — 2)!1+
— - (2m)!
k ~k k: . . ] _1\m/ym 2m :
+) ()OI 28 2(r = 1) — k). (=D"Ca @ ni|
w1
Nnes B Bty (3), mostydaem
]m(1+$2)yld$ B i . dz/—l (1_|_22)1/—1 B
@+ 22 (- iade | zrai) |
0
_ T 1120 — )1
(v — 1) (2a)@ 1) 1)'[ (2v =2+
v—1 v—1
kook(9(y — 1) — om  (2m)! B
ke - -k g{; —(2m—k)!]
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- (2a)@-D[(v — 1)) [(1 —a?)" (2 — 2+
+;( DrECE 2F(2(v — 1) — k) [@ m<2$ﬂj);€)'

Takum obpasom, B cuity (2) nmeem

s

/ dt 2 70(1 + a2y ldr
(14 q2 —2qcost)” (14 q)% (a2 + 22
0

0

2 T -
= (1+¢)% (2a)@D[(v — D2 [(1 —a”)

D2 R ) R Y (1O e (ij”j)}g),]
2]
3 u 1+q)?°— (11— .
- F T O ) 2
= 2w —1)—k) = (D" (i " (2m)!
+> (=DM -1 Qk((y(_k_)l)vkl ) ul( )) !(ka)!] -
k=1 m= [le
_ T ( 4q )V_l (2v — 2)!
T (\T+aF) - DF
v 2w—1) -k & (%3)27” (2m)!
+k_1(_1)k2k (v—Fk—1) |k| o] (v—1—m)! !(2m—k)!]'

En
Teopema mokazana.
[Tpumensiss popmyaty (1), moaydaem st v = 1

T
/ (1+¢? —2qcost) 1—q2’

((1 iqq>2> [12!!12+
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™

/ dt B T
(14 ¢*—2qcost)?  22(1+q)(1 —q)?
0
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1 l1—q

2= -kt V" () 1
(—1)k2 Z

MH

+

e (2= k=D 2= (2—1—m)!m! (2m — k)
= d 5 T—gq\"| _m(l+¢)
A+ q)(1—q)? (1+q)2+4<1+q) (1 - ¢2)?

npn v =3

™

/’ dt B T
(14 ¢ —2qcost)® 241 +q)(1—q)°

((1 jqq>2>2 [24!!]2+

g 23— 1) 2 (= m(hg)zm (2m)!
+g; 2 (3—k _1Mﬂ %;1 m)m!  (2m — k)! -

1— 1+ 4¢% + ¢
964 +16( C])] Tl +4¢° + ¢*]

281+ q)(1 —q)°

npu v =4

(1+¢)* 1+q) | (Q=¢p

™

/‘ dt B T
(14 ¢ —2qcost)t  26(1+¢q)(1—q)7
0

<<1 jqqﬁ)g [36!3”

op (6—F) & (D" %qzm 2m)!
+ (=12 (Z(’)—k)!)k! 2 (3Sn)!ﬂ2! (25”)’?)’] )

h=1 m=[4]
128043 1—a\?2
_ T T 4+72 (_q) _
64(1+q)(1—¢q)" | (1+¢)° 1+g¢

1—q\* 1—q\°
48 <—q> 440 (—q)
1+gq l+gq

- (14 9¢% + 9¢* + ¢°)
B (1—¢?)" .
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HABJIN>KEHHSA CYMAMMI BAJIJIE ITYCCEHA HA KJIACAX
3rOPTOK 3 IIOJIITAPMOHIYHIMMI AJIPAMUI ITYACCOHA
TA dJIPAMU HEMMMAHA

BHail/IeHo acCUMITOTUYHI PIBHOCTI JIJIs TOYHUX BEpXHIX Mex Bijxumienb cym Basure Ilyccena na
KJIacaxX AHAJITUIHUX MEPIOAUIHUX (PYHKINH, MO MOPOJZKYIOTHCA MOJITapMOHIYHUMUI sIJIpaMU
[Iyaccona ta siapamu Helimana.

Kurouosi caoBa: (¢; 3) -noxidna, xaacu 320pmoxk, cymu Baane Iyccena, nosizapmonivmi
Adpa Ilyaccona, adpa Hetimana.

1. OcHOBHI 0O3HaYeHHd 1 IIOCTAaHOBKAa 3a/1a4l

Hexait L — mpoctip 27 -nepiofndHuX CyMOBHUX Ha mepioji ¢pyHkmii f 3
HOPMOIO

1l = 171 = / ()] dt.

Lo, — 1upocrip 27 -1epioinIHnX BUMIPHUX 1 CyTTEBO oOMexkeHuX (byHKIi f, y
sJKOMY HOpMa 3aJaHa PiBHICTIO

Il = esssup £ (1),
i C' — npoctip HemepepBHUX 27 -niepioandunx (pyHKIHH [ i3 HOpMOTO

I flle = max (1)

Yepes Cg‘ﬁ (muB. [1, c. 131]) mosmauaroTh KJjacu HerepepBHUX (DYHKI
f € C, axi MoxKHA TOJIATH Y BUIVISI 3rOPTKH

™

f@) = Ao+ - [ oo+ 00s(0) dt )

—T
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byukuiit ¢ € M C L 3 aagpamn
Us(t) = E (k) cos| kt — —
I} 9 )

k=1

e (k) — nesxa nocaigosricTs gificaux uancest, [ € R. Ilpu mpomy dyHKIIiO
©(+), macaigyroun O.1. Crenanng |1, nasusaiors (1; B)-noxigroo dyuxiii f(+)
i BUKODUCTOBYIOTH TTO3HAMEHHSI fg (+).

Axio

Sw={pelu: |olle<1}
Ho=f{peC: wlpit) <w(b)),

e w(p;t) — momyib HeniepepsroCcTi ByHKINT @ € C') w(t) — noBiibHIi (hikco-
BaHUIl MOJIY/Ib HEIIEPEPBHOCTI, TO PO3IJIAIAIOTH KIacH C’ESOO =Y o 1 C’gHw.
Muoxkuny nociinosrocreit ¥(k), k € N, sxi 3a10BOJIbHAIOTH YMOBY

lim YT D) _ ¢ q€0:1], (2)

k—00 ’w(k) ’

nosHa4atorh depe3 D, |2|. Ilpuknagamu siyiep, nocigosnocti KoedirienTis skmx
HaJsle;kaTb Muoxkuni D, e Bigomi axpa Ilyaccona

Pg(t) :qucos (kzt—%r), q € (0;1), B eR. (3)
k=1

Y npoMmy pasi Ajisd KJaciB Cw’oo 1 CgHw BIKOPHUCTOBYIOTH ITO3HAYCHHS quoo i
CgHw BIJIITOBIJTHO.

Hexaii
o Lo 1 9”
- 9¢*  q0q ¢ a?
— oneparop Jlamnaca B noaprux xKoopauaaTax i Al := A(AY). dIk zaznadeno

B MoHOrpadii [3, ¢. 256 — 257, po3s’s130K THdepeHIiaTbHOrO PiBHAHHS
A'U(g;x) =0,
13 3aJaHNMU IPAHNYHIMI YMOBAMI

k
Ulgo)| =@, 55Ul =0 k=12..0-1
q=1 q=1

Bumyck Nel, 2011 27



MaTremaruka

e f(zr) — cymoBHa 2 -mepiogndHa (DYHKINA, I JOBIIBHOIO HATYPAJIbHOIO
qucaa [ Moxke OyTH TOJAaHUI y BUTJIsA

0= [ s+ 0P d

00 -1
1(t) = Z%,l(k) coskt, (k) =q" Z (1—¢»)'Qi; k),
k=0 1=0

QUi k) = k(k+2)(k+122.i..(k+2z—2)7

k=0,1,2,..., Q(0;k) =

3Bazkardu Ha, me, BeJINYHN

£ =3 tulk)cos (kzt . 5;), BER, (4)
k=0

HA3WBAIOTH ToJlirapMonigauMu sjipamu [lyaccona nmopsanky [. Ak meckaHo Te-
PEKOHATUC, TIOCTIIOBHICTDL KOeIIIEHTIB s/1ep Pq ( )

%,z(/f):qkzl_q Hk+2j g € (0;1), (5)

TaKOK Hasie;KUTh J10 Muoxkunu D . Ilpu [ = 1 nonirapmoniuni sajpa Ilyaccona
B4(t) cninazaiors 3 sapavn [lyaccona Pj(t).

[le oganM TpPUKIAIOM siiep, KOedIlieHTIB sIKUX 3a/I0BOJIBHSIIOTH YMOBY (2),
e saapa Heiimana

—d' B
Nys(t) =) Tcos(kt = =), g€ (0:1), ER. (6)
Hexait Teniep f € L,
Sn(fix) =— =+ ) (ajcoskx + bysinkx)

— gacTuHHa cyma psry Pyp’e dpyuknil f rnopsauka n,

n—1

Vool fi) :% S Si(fi) (7)

k=n—p
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— cymn Bagne Ilyccena dynkiii f i, K 3Budaiino,

Pup(fi2) = f(x) = Vop(f; ).

MeTo10 IHOro MOBIIOMJIEHHS € OTPUMAHHS aCUMITOTUYHUX IIPU 1 — OO PiB-
HOCTEN JJId BEJIMYUHU

E(CIMVy) = sup [[£() = Viu(fi )l 8)
fecyn

3a yMoBH, 0 Ki1acu CYO BUsHAUAIOTHCS 3rOpTKaMu 3 fapamu surisay (4) i (6),
a y sikocTi 1 BHUCTYIIAE OJHA 3 MHOXKHUH S, abo H.,.

2. IcTropmuHa OoBigKAa 1 JOIIOMIXKHI TBepPIKEHHH
Y 1946 poui C.M. HikosbebKuit [4| po3riisiHyB BeTUanHy

En(Cf i Sn) = sup [If(-) = Sulf3-)llc,
’ fecs

1 TOKa3aB, 10 IPU 7 — 0O BUKOHYETHCS PIBHICTH
7oo? n

£.(CY . 5,) = %K(q) L O(M)g"n (9)

y Kt
/2

dt
K(Q):/ —,
) V1 —¢?sin“t

— moBHU{T eyinTraHKit iHTerpas tepiioro poxy. ¥ 1980 poui C.B. Creuxinmm |5

q € [0;1),

el pesyjbrar OyJIO IEepPeoBeIeHO 1HIIUM METOIOM, AKUH JO3BOJIUB YTOYHUTH
3aJINIIKOBHIT 4jieH piBHOCTI (9).

AmnaJioriuna 3ajada JJisd KJaciB C’gHw Oysa po3s’sizana Jumie B 2000 porri
O.1. Crenanrewm y pobori [6]. Hum Gysto mokaszano, 1o BeJndnHa

5n(CgHw; Sn) = ; Sélp ‘f(:l?) - Sn(f; x)‘
c€CiH,

He 3aJIe2KUTh BlJI TOUKU X 1 IPU N — 0O BUKOHYETHCS PIBHICTH
/2

" 2t
En(CyH,; Sn) = %K(q)&w / w(—)sint dt+

n

o

Bumyck Nel, 2011 29



MaTremaruka

ae 0, € [1/2;1], npuuomy 6, = 1, sximo w(t) — omyknit MOLyJIb HElePEePBHO-
cri, a O(1) — BesmunHa, piBHOMIPHO 0OMeKeHa 1010 N, q 1 (.

3 pisuocreit (9) i (10) Burmmsae, mo cymu Pyp’e Ha Kiracax C’q’oo i C’gHw
JAIOTh HAOJIMKEeHHsI, siKe CIIBIIaJae 3a HOPSIKOM 3 BEJIMYNHOI HAHKpPAIIoro Ha-
OJINZKEeHHST TPUTOHOMETPUYHUME IOJIHOMAMU CTEIeHs He BUIOIO 3a 1. 3a3Ha-
9uMO TakoXK, 1mo piBHocti (9) 1 (10) € aCHMIITOTHYHO TOYHUMU MPH OY/b-sTKIX
3HAYEHHSX IIapaMeTpiB, siki B HUX BXOAATH. HesBazkaioum Ha Ie, HpUpoaHiM OyB
iHTepec JI0 TOro, siK IOBOJATH cebe iHIM HaOJMKYIOUl arperari, 30KpemMa CyMU
Basine Ilyccena, ma srajannx Kinacax. /loc/mipKeHHIO MHOTO MHTAHHS, 30KpeMa,
npucsstuero poboru |7, 8, 9.

B nogasbiomy O.1. Crenannem 6yJsio BUCYHYTO 1JI€10 TIPO Te, MO 3aJIUIIKH

Zzp cos< t—ﬂ—;)

siaep Wa(t), ki MOPOKYIOTH KJIACH Cg npu ¢ € Dy, 0 < ¢ < 1, 3a ymo-
BI N — OO IOBOJSTHL cebe HpUOIM3HO TaK caMoO, SIK 1 BIJIIOBIJIHI 3a/IAIIKH
danep Pg (t). 1 BukopmCTOBYIOUN BiZIOMI pE3yJIBTATH Jjisl TOYHUX BEPXHIX MEXK
S(C'g‘ﬁ; Sn) Blaxuienb cym @yp'e S, (f;r) nwa kimacax inrerpasis Ilyaccona
Cgm, OyJsin 3HafijieHi acuMIITOTHYHI piBHOCTI jijist BesimauH (8) 3a ymoBu p = 1
(mabsmmkents cymamu @yp’e) [2]. Y podoti |10], BuUKOpHCTOBYIOMH BitOBI THI PiB-
HOCTI 3 pobiT |7] 1 (8], i pesysbraTn 6y/I0 PO3MOBCIOKEHO HA BUMAIOK HAOJIIKe-
HHst cymamu Basuie Ilyccena 3a ymoBH, 1o 0JIHOYACHO p — 00 i n —p — 00. A
came, OYJIO ITOKA3aHO CIIPABEJINBICTH HACTYITHOIO TBEP/IXKEHHSI.

Teopema 1. Hezali xaacu o4 oo b CgHw nopoorHcens A0pPom

= (k) coskt—%r), >0, €D, 0<qg<1.
k=1

Todi, axuwo n © p — 008IAGHI HAMYPAALHE YUCAG, P < T, MO NPU N — OO
BUKOHYIOMBCA DIBHOCII

E(CY i Vip) = ln—p+1) Eﬁ*

+O(1)( i ! 4 nop )] (11)

1-=¢®)p (A—=¢qPpn—p) (1—-q)
/2

2, 1
E(CYHuy; Vi) = to(n —p+1) | = w(
T (1 qz)pO/

)sint dt+
n—p
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+O(1Yw(— )<< (A ! 4o )] (12)

n—p \(1-¢)p (1—-qg?p(n—p) (1—-qg)?
de
= sup Yk +1) .
o k>n—p @D(kz) 7

a O(1) — seaununa, pishomipro obmescerna wodo n, p, q, (k) i .

3. HabamkeHHda Ha KJjacaxX 3rOpTOK 3 IOJIrapMOHIYHUMM
aapamn Ilyaccona i aapamu Heiimana

fK HeckIaaHO mepeKoHATUCS, KoeillieHTn siaep quﬂ (1)

(k) = gk qkzl_q Hk+2j

3aJI0BOJILHAIOTE YMOBH TeopeMu 1. /liificHO, BUKOHYIOYHW I€pETBOPEHHS, IIPH

[=2,3,..., 3HAXOUMO
o ¢(k+1)_q - W(kﬂ)_q _
ke | W) ken | Ygu(k)
-1
S (ke + 1) (k+3)(k +5) ... (k+2i — 1)
B = ~1)=
S e e+ 2)(k+4) . (k+ 20— 2)
1=0
-1 (1_ 2). 1—1 i—1 ‘
5 U (e 1+2) - T +20))
=0 7=0 7=0
4 =1 gy i <
11 (k+2))
1=0 7=0
-2 .
k+142j (20 —3)q
< 1) <=2 peN 13
q?ilff(‘o k+2) = " )

IIpu [ =1 maemo
Er = U. (14)

Orxe, i3 Teopemn 1 Ta criBsignomenns (14) ogep:KyeMo Take TBEp/ZKEeHHSI.

Teopema 2. Hexati xaacu C’g’oo l C’gHw NOPOOAHCYIOMBCA NOCAII0BHOCTNAMU

Y(k) = Ygi(k) sueandy (6).
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Todi, axwo n © p — 008LALHE HAMYPAALHT YUCAG, D < T, MO NPU N — OO
BUKOHYIOMBCA PIBHOCTI

z i—1

(1— ) 41
( 5,007 ,p Zz: Z'QZ jq n p T ]) [77— (1 - q2)p+

s 1 lq
o) ((1 —ap (- q)3p(n —p) T Q)4)] |

)i i—1

e (1- :
g(C’d’Hw:Vnp = p+1z; Z|21 HO n—p+14+25)x
e

X 20,1 / ( 2t )sint dt+
w 11n
™ (1—q2)p0 n—p

1 ¢! 1 7
FOWw(T= p) ((1 “op 0% —p)  n-p)(1- Q)4)] |

de O(1) — seaununa, pisHOMIpHO obmedcena w0do n, p, q, 1 i .

YMoBH TeopeMu 1 3a/I0BOJIbHAIOTH, TAKOK, MOCTIIOBHOCTI KOeMII€HTIB s1ep
Heitmana (6). [lificHo, sIK HECKJIAIHO T€PEKOHATUCST

Yk +1)
(k)

Orke, i3 Teopemu 1 Ta criBigHOIIeHHS (15) OIEPKYEMO TaKe TBEPJIZKEHHSI.

kg
r+1 ¢

1
k41

q
T+l

En = SUP (15)

k>n

— ¢| = Sup

k>n

= ¢Sup

k>n

Teopema 3. Hexat xaacu C”/ioo g Cg}Hw nopodorcyromuvca adpamu Ny g(t) eu-
enndy (6).

Todi, axuwo n © p — 008IABGHI HAMYPAALHE YUCAG, P < T, MO NPU N — OO
BUKOHYIOMBCA PIBHOCII

+

qnprrl 4 1
E(CY V) = =
(Choci Vi) n—p+1[7r(1—q2)p

! 1 q
o) ((1 ey P RS o s A s Q>4)] |

" qn—p+1 29w 1 /
Hy; Vip) =
O V) =501 | o (1—¢*)p “

)sint dt+

n—p
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1 ! 1 q
O () ((1 —@p " U —p)  n-p)(1- q>4>] |

de O(1) — seaununa, pishomipno obmesrcena wodo n, p, q, (k) i f.

3azHauNMO, 110 y BUIAJKY, KOJU OJHOYACHO

lim p(n) =00 i lim[n—p(n)] =00, upnmgomy lim p(n) =0,

n—00 n—o00 n—oo 1, — p(n)
piBHOCTI 3 TeopeM 2 1 3 JaI0Th Po3B’ 30K 3a/1a4i Komoroposa-HikobebKoro jrs
cym Baste Ilyccena ma kaacax aHaJiTUIHUX (PYHKIIH, 0 TOPOJZKYIOTHCS MOJTi-
rapmoniunnmu gjapamu Ilyaccon ta aapamun Heitmana, Bijimosijmno.
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MPUBJINYKEHUE KJIACCOB ®YHKITUIT MHOTUX
NMEPEMEHHBIX OBOBIIIEHHBLIMU OITEPATOPAMMU
SUTMYHIA

Orpumani acMuToTudHi GOpMyJin JiJisi BEPXHIX rpaHeil BiIXUIeHb HMPIMOKYTHHUX OIIEPATOPIB
BurmyHia Ha Kiaacax (v, ) —mudepenniifioBanx GyHKIi 6araThoX 3MiHHUX.
Keywords: Fourier series, asymptotic equalities.

BBenenue

Kunaccer (1, B)-muddenupyeMbrx nepuoundecknx byHKIUT 0HOI epeMeH-
Hoit ObLT BBesieHbl B 1983 roy AWM. Crenanmom (cm. [1]) ciemyrormmm obpaszom.
IIyctb L — mpoOCTPaHCTBO CYMMUPYEMBIX 277 -IIEPUOANIECKIX (DYHKIUII,

feLlLn
ao (0] o
S[f] = ) + Z(akcoskx + b sinkzx) = ZAk(f;x)
k=1 k=0
— psiyt Dypoe pyukmun f. [ycrs ganee (k), k € N — npousBosibaast GhyHKIHsI
HaTypaJibHOro aprymenta u 3 € R. Eciau psin

(0.9]
1
Z (ag cos(kx + Bm/2) + by sin(kx + fr/2))
25

sBysieTcst psiioM Pypbe HEKOTOpOH cyMMEUpyeMoil (DYHKIMU, TO 3Ty (DYHKIHIIO
0003HAYAIOT fg} 1 HasbIBaroT (1), 8)-mpon3BoaHoil hyHKINI f .

Eciu dyukuns f HempepbiBHA U BBINOJHEHO YCJIOBHE esssup| fg ()| <1, 10

nojaraior f € C”’D’OO.

HccenenoBannio alpoKCUMATHBHBIX CBOHCTB KJIAaccoB (DYHKIMIA OJHOI mepe-
MeHHOI, nMerormux (1), ) -Ipou3BOIHYO, MOCBSIIEH OOMUPHBIH KPYT paboTr (CM.,
wanpumep, [1 — 11]), B gacrnocru, B paborax |7, 8, 10, 11| usydenbr Bompocs
npubImzKeHns: KjaaccoB GyHKIMi ¢ MaJjioi riajJkocTbio. B paborax |2, 5| MoxkHO
HaitTu 6nbmorpaduio Mo BOIpOcaM, MPUMBIKAIONINM K 3TOI TeMaTHuKe.
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Kunaccer (¢, B) -muddepentmpyeMbix (byHKIUIH MHOIHX T€PEMEHHBIX ObLIH
BBeIeHbl B pabore [12| (em. takxke |13, 14]). B sTux paborax msydarorcss BOIpo-
bl pubJImKenns KiaaccoB (¢, B)-nuddepeHmpyeMbIx nepuognIecKux (pyHKImit
MHOTHX IE€PEMEHHBIX MPAMOYTOJbHBIMU JIMHEHHBIMU MeTojJlaMu. B jraHHol cra-
The TOJIYUeHbI ACUMITOTHYECKNE (POPMYJIBI JIJIsi BEPXHUX IPaHell YKJIOHEHUT pa3-
JIMUHBIX IIPSIMOYTOJIbHBIX JUHEHHBIX cpeaHuX psijioB Oypbe, B3SATHIX 110 KJIaCCaM
GyHKIMI MHOIUX TIepEeMEeHHBIX MaJIoi TJIaKOCTH. B yacTHOCTH, HaliIeHbI aCMII-
TOTHYECKNE PaBEHCTBA, KOTOPhIE 00eCIednBaloT perrenne 3ajgadn Koamoroposa—
Hukosbekoro (em. |2, C. 8]) ma 9Tux Kiaccax Jjisd MPsIMOYTOJBHBIX 0000IIEHHBIX
OIIepaTOpOB SUIMYH/IA.

st manbHeiero n310KeHns BBeJIeM psJi 0003HAYEHU U OIpe/ie/Ienuii.

[Ilyctb  R™ — mpoCTPAHCTBO 1M -MEPHBIX BEKTOPOB T = (T1,X2, ..., Tpy),
m

T = [[[—m; 7| — m-mepubiit Ky ¢ pebpom 27,
i=1

N"={Ze€ R"z; €N, i=1,2,..m},

N'={Z e R"|z; € No=NU{0}, i=1,2,...,m},
N'={ZeR"|lz;e N, z; € N,, i #j}.

Yepez K™ 0603HAYNM MHOXKECTBO TOUeK U3 R™ | KOOPMHATHI KOTOPBIX TPH-
HUMAIOT OJIHO U3 JABYX 3Hadenuit: 0 mwim 1.

Yepes L(T™) 00603HATNM MHOYKECTBO 27 -TIEPUOJMYECKUX 110 KazKJION Tepe-
MEHHOIH, cyMMupyeMbIx Ha KyOe nepuojos 1" | dyukuuit f(Z) = f(x1, 2, ..., Tpy).

[Iycte f € L(T™). Caenya |12, C. 546|, xaxmoii mape touek § € E™,
ke N, nocraBum B cooTBeTcTBHE KO punnentT Pypbe GyHKIMI f

a

T Wy

(f) = i Tmf(f) ﬁ cos (kzasz — S;W) dx;.

Tm
1=1

7 m
Kaxmomy BekTopy k € N]* mocraBuM B COOTBETCTBUE FApMOHUKY (DYHKITUN

@ )
Ap(f; @) = Z azi(f) HCOS </<32332 — S;W) :
i=1

secEm

Crenys |12, C. 545|, pajg @ypwe dyuknun f () onpegesnm CaeLyomuM co-
OTHOIIIEHUEM

S = Y S Adfia) 1)

—

keNm™

rie q(k) — KOJMIecTBO HYJIEBBIX KOODJMHAT BEKTOpa K .
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[Iycre m = {1,2,...,m} u p — Kakoe-JnuOO TOIMHOXKECTBO U3 7712, 0OO3HA~
IUM Yepe3 |f| KOJIMUecTBO 9JIEMEHTOB MHOXKECTBa (i 1 depe3 pu(r) — BesKoe
T -3JIEMEHTHOE MOJAMHOKeCTBO u3 m (|u(r)| =r).

[lo anasioruu ¢ 0JIHOMEPHBIM CJIyuaeM, PTADMOHUKOIA, conpsizkennoii ¢ Ax(f; 7)
110 TIepeMEeHHON ;. , Oy/IeM Ha3bIBATH BEJIMUNHY

A%‘(f; ) :Za» H cos (k x; — sﬂr) COS <]‘€r$r — W> .

SeEm™ iem\{r}

Bynem BBOjuTH moHsTHE (1), ) -TPOU3BOAHBIX (DYHKINIT MHOTUX IEpPEMeH-
HBIX, UCIIOJIB3YsT CXeMbI BBeIeHUsT (1), ) -TIPOM3BOAHBIX (DYHKIIUIT OIHOIT IIepeMeH-
HOit (cM. [1]) 1 OOBIKHOBEHHBIX YACTHBIX TPOU3BOIHBIX (PYHKINI MHOTUX TIEPEMEH-
HBIX.

HyCTb % - (%1( ) ¢12( )) i - (\Ijll(k) ( )) (S m, k= 071727"'a

— Habopbl cHCTEM dHucesl TaKHX, 4YTO i BeeX ¢ € M, k € N, BBIIOJIHSIOTCS
yeaosnst: ;1 (0) =1, ¥ (0) =1, ¢;2(0) =0, ¥in(0) =0,
— —2
by (k) = 07 (k) + (k) # 0, i (k) = U (k) + Wh(k) # 0.
Ecin ans dukcnposannoro r € m cymecrsyer yuxius fUr(Z) € L(T™)
Taxas, 4TO

S =3 (U (h) A2 7) — ta(k) AT (:7)

2417 (k)

rje N — MHOXKECTBO TOUYEK keN 'y koropeix k. # 0, To OyjileM TOBOPUTD,
970 fz/’ *(Z) aBasieTcs vacTHOM 1, -ponssojHoit Gyukun f(Z) 1o nepementoii

X, . g pysxmun f 1/’1"(:1?) OyJeM TaK»Ke HCII0JIb30BaTh €CTeCTBEHHOE JIJIsl YaCTHBIX
0% f (%)

oz, .
Hnsa dukcnposamnoro nabopa p C M, ft = {71,712, ..., 7|y}, cMemannoi W, -

IIPOU3BOHON TIO TIEPEMEHHBIM T;, % € (i, 110 aHAJOTHH C OIpejeeHneM OObIK-

IPOU3BOIHBIX 0003HAUEHHUE

HOBEHHOII CMeIIaHHOH YaCTHOIl IIPOM3BOJHOMN, OyieM Ha3bBATbH (BYHKIHIO [k,
KOTOpas 3aJ1aeTcs COOTHOIIIEHUEM

910" 19" f(T)

(%W Oxy -0y,

£ (@) =

Muoxkecrso dyukimit f € L(T™) rakux, 9To it JHOObIX ¢ € T Cylie-
CTBYIOT 1);-IIPOU3BOAHBIC [ U st Beex p C T CyLIECTBYIOT CMEIIaHHbIE
U, -IpousBojIHbIe Y Gyaem obosHauaTh L™ | a 10AMHOKECTBO HEIPEPBIBHBIX
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dyHKIMi 13 Lm OyjieM 0bo3HAYATD C™ . MHOKeCTBO dynkunit 3 Cm@) T10-
BJIETBOPAIONIUX YCIOBHUSIM

esssup| [V (Z)| < 1, esssup|fY+(F)| <1, i em, pCm,

OyieM 00603HAYATD ng@ B ciyuae, korga cymectByior dyuximn ¥;(z), V;(x) n
ancia f;, 85 € R rakue, 9to ¥y (x) = 1;(x) cos 5w /2, ia(x) = ¥i(x) sin w2,
Takne KJacchl OyaeM ob03HAYaTh Cmfo.

Cremys [1], BBeslem MHOM)KECTBA iiﬁ, M, , Me. Byaem norarars, 910 QyHK-
mn ¥;(v), Vi(v), i =1,2,....m; j= 1,2, saBasaiorcs GyHKIESIME HEIPEPbIBHO-
ro aprymenta v > 0, copuagaronmmu upu v € N ¢ 3j1eMeHTaMU OJHOUMEHHDBIX
cucrem uncen ;(k), W;(k), KOTOpbIE HCIOJB30BATNCH BBIIIE [T ONPECTCHNS
(¢i, Bi)-u (¥, B)-1pOU3BOJHBIX.

Yepes M ob6ozHATIM MHOKECTBO QYHKIUI 1(x) , HEIpepbIBHBIX 1pu = > 0,
MOHOTOHHO yOBIBAIOIIMX, BLIIYKJILIX BHA3 IPU X > 1 U yIOBJIETBOPSIONINX YCJIO-
Biio lim ¢ (z) = 0.

T—00
Yepes M’ ob603HaUUM 110IMHOKECTBO DyHKIUH 1 € M, 1118 KOTOPLIX

7w(x>dx < 00.

X

Oynkiuu  ¢(z) mocraBuM B coorBercTBHe DyHKIWMIO () = (Y, x),
cBst3aHHyIo pu & > 1 ¢ ¢(z) coornomennem ¥ (n(z)) = 3¢(z).

[ostoxxkum .

nt) —t

Yepesz M, obozratdmm MHO)KeCTBO byHKIHMIT 10 € M| /17151 KOTOPBIX BeJIMINHA

p(t) = p(y,t) =

p(1),t) orpanmdaena ceepxy. Yepes Mo obozHaumnM MHOZKECTBO QyHKIHIT 1) € M,
JJI KOTOPBIX HafijyTest KoncrauTol Ky, Ky Takue, 9To npu Beex x > 1

0< Ky <p(y,t) < Ky < +o0.

Ecm mi ¢ = 1,2,...,m; j = 1,2, semonmeno ;; € MG \ Mg,
Uy € MG\ Mo, o bynxkiuu f € CTY 1o anajornn ¢ oJHOMEPHBIM CJIyYa-
eM €CTECTBEHHO HA3BbIBATL (DYHKIUAMU C MAJIOI TIaJKOCTDIO.

Crenyst [3] (cm. Takzke [2|, [14]), npsMoyrosbible JUHEHbIe CPEIHIe PSAIOB
Dypbe onpeIe M CJIeYIONIM 00pa30oM.

[Iycte A = {A1, Ao, ..., Ay, — durcupoBantbiit HaOOp GECKOHEUHBIX TpPe-
YIOJILHBIX YUCJIOBBIX MaTpull, A; = {)\gi)}, i=1,2,....m, i€ N", keNm™,
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A= 1y A,(;“) = 0 w k; > n;. llycrs nanee /\i(é'ﬁ) B H/\’(‘:i) !

Gz = J1[0;n; — 1] — npaMOYTOIbHBI MapaJiIe/enuiie/l, COOTBeTCTBYIONII BEK-
i=1

Topy 1 € N'™. IlonsitHo, 4TO A](_C.n) = 0 ays m06bix k € Gi.
Oyukiuu f € L(T™), nmetorneit psjg @ypwe (1), moctaBuM B COOTBETCTBUE
ceMeiicTBO TPUTOHOMETPUYECKUX OJIMHOMOB

Ua(f:3;0) = > 2710ND A (f; 7). (2)

[Tpu )\%ﬁ) =1, k € G7 MHOrOUWICHBI Ua(f;7;N) = Si(f; @) sasnsrores
IPAMOYTOJILHBIMU YACTHYHBIME cyMMaMu pajga Oypoe.

[Iycts @;(x),7 = 1,2,...,m — HempepbIBHbIE, MOHOTOHHO BO3PACTAOIINE TIPH
x > 0 rakue, ato @;(0) = 0. Ecim Besmannb )\]%ﬁ), ke Gy 7€ N™ sanaiorest
COOTHOIICHIAMU
Ami) g M
pi(ni)’

—

to muoroutenst Uy(f; @A) = ZZ(f; %) Oynem HasbiBaTh 00OOIIEHHBIMI IPIMO-
YTOJILHBIMI CyMMaMI SUTMYHJIA.
Clp R — F(N— 7P 7
Bemmrannst 6/ (f; %) = f(&)—Z2(f;¥) aBndaiorcsa yKIOHEHIAMI MHOTOYICHOB
SD L= — —
ZX(f; &), ne N™ or bynkuun f(Z).
[esbio annofi paboThl SBIACTCS MOy IeHIE ACHMITOTHICCKIX PABEHCTB IS

BeJIMYNH
mip e\ ol 7
E(C o0 Z5) = sup [0z (f;7)llo
fecy,
npu n; — 00, ¢ = 1,2,...;m, u B clydagx, KOIJa KJIacchl C’mfo ABJISAIOTCS

KJaccaMu (PYHKIH ¢ MaJIoi IJIaJIKOCTBIO.

B ojiHOMepHOM cityuae Ha KiaccaxX QpyHKIHH ¢ MaJIoi T/1aJIKOCTHIO OBLIN TOJTY-
YeHbI aCUMIITOTUYECKNE PABEHCTBA, KOTOPhIE NMEIOT IVIABHBIN UJIEH B BUJIE CYM-
MBI JIBYX CJaraeMbIx. B dacTHOCTH, jjIs BEpXHUX I'paHeil YKJIOHEHUH 110 TaKuM
kiaaccam cymMmM Dypobe, cymm Basre [lyccena m 0000IMeHHBIX CyMM SUTMYH/IA, 110~
JIy9eHbl acuMiToTundeckue ¢popmysibl: B pabore 7|

2 sin

B 00
8(015{00; Sn> = i@b(n) Inn + 2 /¢;x>dx + O(1)y(n), n — oo,

2 T
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B pobore [10],
4 n 281n v(x
(CYaiVin) = 0l / Laz+ 0y,

lim P _ 0, n — oo,

n—oo 1
B pabore [11]

2sin x|
5<CBOO,Z‘P = /gp (z) dop 22 /wfj)dijO(l)zp(n), n — oo.
7T
1 n

Bornpocsr npub/inkenns KJiaccoB C’gﬁ Pa3JIUYHBIMU TPSAMOYTOJILHBIMUI Me-
TOJIAME TIPUOJINZKEHMsT n3ydasnch B paborax [15-18]. B wactHocTH, Ha Kiaccax
dynkimit C’g?fo C MaJIoil IJIaJIKOCTBIO JIJIs TPAMOYTOJIbHBIX cyMM BaJiie Ilyccena

B pabote 18] mosyuena acumnrorudeckast hopmysia

£ (CBOO, vﬁﬁ) -

OcHoBHAY 4YacCTh

B nanHOil pabore 1oJIydeHbl aHAJOTMYHbIE aCUMIITOTHIECKIE POPMYJIBI JIJIst
KJIACCOB (PYHKIWIT MHOTUX ITepEMEHHBIX ¢ MaJoil IJIaJIKOCTHIO C’gg% U [IpPAMO-

)

YTOJbHBIX 000OMEHHBIX CyMM 3UTMYH/IA.

Teopema 1. Ilyemv W, € My, ; € M, B, 57 € R dynwyuu ¥;(x)p;(x),
Ui(z)pi(x), i = 1,2,...,m; MOHOMOHHO 803PACMAIOM U COTPAHANM, TAPAKMED
soinyksocmu npu r > 1.

Toeda npu n; — oo, © = 1,2,...,m, cNPasediusa acuMnMoOmMuieckas Hop-
MYAQ

& (s zg) =
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+zm: Z H Sin [ /\PJ d:v+7o jx( )dx+§j(nj)

V. (x )
r=2 p(r)cm jep(r) 1 n;

(3)

HoxkazareabcrBo.  Yepes {A,.(v)}, @ = (n,ne,...,nn,) € N™, obo-
3HAYMM CEMefiCTBO 3aJIaHHBIX 1 HenpepbiBHBIX Ha [0;1] dyHKIMI Taknx, 9ro
n; k; .
A =Nk, ke Ga.
Beejem dyHKImIm

(1 = A, (v)¥i(nw), n% <v <1

i(v) { Yi(n;v), 1<v,1=1,2,...,m; (4)
(1= A (0) (), ni <wv <1

Ti(v) { U, (n;v), 1<v,i=1,2,...,m; (5)

xoropste Ha [0; -] 3aganbl Tak, uto 7;(v), T;(v) HENpEepPbIBHDI Ha HOJI0KHTEILHOIL
(2
noJiyocu u Bbinojieno yejaosue 7;(0) =0, T;(0) =0, i =1,2,....m
B pabore |12] mokazamno, uro mist pyukiwmit 7, T;, i = 1,2, ..., m, 3a1aHHBIX
cootromenusamu (4), (5), u umernx cymmupyembie Ha R mpeobpasosanust Pypbe:

1 o0 &0
Alr) = — / /TZ(CL') cos(xt + ﬁzl)dx dt < o0,
7r
—o0 '0
1 o0 o0
A(T;) = — / /TZ(I) cos(xt + %)dw dt < o0,
T
—o0 '0
npu n; — oo, ¢ = 1,2,...,m, cupaBeJINBO PABEHCTBO:
" " sin 5T r
g(ngOO;Uﬁ> = Z ﬂ2 / /wl(nzx) sin ztdx|di+
i=1

(<1 '1

1
+§:;/‘ di+
=1 1t[>1

won(y |

=li<1

/TZ(SE) cos(xt + %T)dx
0

/ ) cos xtdx
0
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m 1 m
+Z sin ﬁ;ﬂ / /7’2 sin xtdx|dt +Z a(T; +Z H A(T ) (6)
0

= <1 r=2 p(r)Cm jep(r
o0
1
s

|t|>TFTL,L

rje

dt.

/TZ cos(xt + %)dx
0

Takum oOpa3oM, nsydeHnue pejndnH & (C?fo, A @) CBOJNTCA K BBHITUCJICHUTO
COOTBETCTBYIOIIIX OJHOMEPHBIX HeCO6CTBeHHbIX HHTErPAJIOB.

st uyvuenns Beinans & <Cg”fo, Z )> pu oMoItu cooTHorerust (6) GyHK-
mun 7;(x), Ti(x), i=1,2,....,m, j =1,2, KOTOpBIE ONPEJICJICHbI COOTHOIICHSI-
mu (4) u (5), IpejcTaBUM B CJIEIYIONIEM BUJIE

Yi(l)ei(nz, 0<a <,
Ti(r) ¢ Yi(niz)p(nir), n% <z <1,

VYi(n;z), 1<z, 1=1,2,...,m,
Uy(Dpi(Dne, 0<a <o,

T;(SL’) - \Dij(nix)go(nix)v n% <z <1,
U,i(nx), 1<z, i=1,2,...m

[Tpumensist paccyKienust pabore [11], mosydaem acuMnrorudeckue (hOPMyJIbl

o0

% / /%(nzx) sin xtdx |dt = %/wia(jx)dxwLO(l)@/%(m),
[t]<1 '1 7

/ / ﬁ;ﬂ)daz dt =
e

s [ i(a)gi(a) .

a(ti) = O(1)vi(ni),
*m T mB’—W ki ol
A(T;) = O(1) | sin ; /‘ljlx( )dx+ 90@(712@) /\I}Z (; ( )der\If(m) ,
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/ 7;(v) cosvtdv| dt = O(1)w;(ny),

[t]<1

o“\g

1
/ /Ti(v) sinvtdv| dt = O(1)y;(n;).
[t]<1 10
[Togcrasisist 3T cooTHoteHus B hopmyity (6), moIydaeM aCUMITOTHIECKYO

opmyay (3).
Teopema mokaszaHa.
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PO3B’A3AHHA HEKOPEKTHO IIOCTABJIEHNX 3AJ/IAY

CepeJ1 MaTeMaTHIHUX 3a/1a9 BUJLISETHCS KJIAC 3aJ1ad, PO3B dA3aHHs SKUX HECTIHKi J10 Manx

3HAYEHDb IOYATKOBUX JAHNX. BOHU XapaKTepuU3yrThCs TUM, IO CKIIbKHM 3aBIOTHO MaJii 3HAUE-

HHSI IOYATKOBUX JIAHUX MOXKYTb IMPU3BOJIATH JI0 JIOBLIBHO BEJUKUX 3MiH B PO3B’s3Kax. 3ajati

IO/TIOHOTO THILY, IO CyTi, € MMOTAHO MOCTaBIeHNMU. BOHN HajieKaTh 710 KJIaCy HEKOPEKTHO I10-

CTaBJIEHUX 3a/1a4. PO3IIAMa0ThC MUIAXT [TO/I0JIAHHA TTPOOJIEMU PO3B’I3aHH TAKUX 3a/1a4.
KurodoBi ciioBa: nabauotceni pods’asku, memod Tuxorosa, k6a3ipo3e’a3Ku.

Beryn

[MIBu KO 3pocTaoyde BUKOPUCTAHHST 00UNC/II0BAIbHOI TEXHIKI BUMAra€ PO3BU-
TKY 00YMC/IIOBAJIbHIX aJTOPUTMIB JIJI BUPIIIEHHs HIMPOKUX KJIACiB 3aBIaHb. AJle
10 TTOTPIOHO PO3YMITHU IIiJI PO3B’sI3aHHAM 3a,1a4i 7!

Kiacrani KoHIenil i mocTaHOBKH 3a/1a9 He BijoOparkaloTh 0ararbox 0co0JIn-
BOCTeil 3a/1a4, 1110 3yCTPidaloThCd Ha NpakTuli. My mokakemo 1e Ha HNpUKJIaI.

Posrisinemo crucremy JIHITHUX PiBHSHBb aJredpn

Az = u, (1)

Je z — HIyKaHuil BeKTop, u — Bijomuii BekTop, A = {a;;} — KBaJpaTHa MaTpPUILsS
3 €JICMEHTAMU @;; .

Axmo cucrema e BupomKena, Tooro det A = 0, To BoHa Mae €IUHUIT PO3B’sI-
30K, SIKHII MOKHa, 3HaiiTi 3a BigomuMu gpopmysiamu Kpamepa abo IHIIUMEI CIIOCO-
Oamu. SIKIo crmerema BUPOJIZKEHA, TO BOHA MA€ PO3B's130K (IPUTOMY HE €/ iHHiT)
JIUIIE TIPU BUKOHAHHI MIEBHOI YMOBH, {KIIO PIBHI HYJIIO BLJIIOBI/IHI BU3HAYHUKIU.

TakyM 9UHOM, IIepIl Hi»K PO3B’sI3yBaTH CHUCTEMY, IIOTPIOHO IepeBipUTH, BH-
pojizKeHa BoHa, abo Hi. J[is1 1[bOro BUMAaraeThbcsd OOUMCINTH BU3HAYHUK CHCTEMU
det A.

Ao n — posmipuicTs cucreMu, To Jjist oouncierds det A HeoOXiIHO BIKO-

2 omepariit. 3 fK0I0 6 TOYHICTIO MU HE BUKOHYBAJIH OOUNC/IEHHS,

HATH OJIN3BKO T
IIPU JIOCTATHBO BEJIMKOMY 3HAUYEHHI 7, BHAC/IIOK HAKOIINYEHHsI TOMUIOK O0UH-

CJIEHHA, MU MOXKEMO OTPUMaTHU 3HaYCHHA det A, dKe AdK 3aBI'OJHO BiﬂpiBHHGTbCH

© Kpoxmamrosa T.11., Benunuko B.€., 2011
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Bijt icrurnoro. Tomy Gakano mMarn (moOyyBaTh) Taki aJrOPUTMU 3HAXO/ZKEHHS
PO3B’SI3KY CHUCTEMH, sKi He BUMAraloTh IMOTEPEIHBOrO 3'sCYBAHHS BUPO/IZKEHHS
ab0 He BUPOJPKEHHS CUCTEMU.

Kpim Toro, y npakTuaHux 3ajadax 4acTo IpaBa JacTUHA CUCTEMU U 1 eje-
MeHTH MaTpuili A, To6To KoedimieHTn cucTeMn piBHAHD, BiJIOMI HaM HAOJIMZKEHO.
Y 1ux BUNAIKaX 3aMIiCTh CUCTEMU, MU MA€MO CIIPaBY 3 JIeSIKOIO 1HIIOI0 CUCTEMOTO
A’z = 4 Takoro, mo

1A = All < R, Ju —ul| <6,

Jle HOpMa 3a3BUvail BU3HAYAETHCA XapaKTepoM 3ajJadi. Maroun 3aMicTh MaTpHUIIi
A wmarpumo A’ Mu TEM OlablIe He MOXKEMO BUCJIOBUTH IEBHOTO CYIZKEHHS PO
BUPOJI?KEHHsI a00 HE BUPOJ?KEHHSI CUCTEMU.

Y mux BHIAJKaX PO TOUHY cucremy Az = w HaM BiIOMO JmIIe Te, IO
Jyist Marpuii A 1 mpaBol YacTHHU BUKOHYIOThCst Hepishocti |[A — All < h,
[l — u|| < 6. Ane cucrem 3 Takumu BxijgHumu jganuvu (A, u) HeCKiHYEHHO
Oararo, i B paMKax BiJJoMOro HaM PiBHsI 1OXuOKM BOHM He 4qiTKi. Cepej Takmx
«MOXKJIUBUX TOUYHUX CUCTEM» MOYKYTh OyTH i BHPOJIZKEHI.

OcCKiIbKK 3aMiCTh TOYHOI CHCTEeME MU MaeMo Habauzkeny cucremy A’z =,
TO MOBa MOKe HTH JIAIIE IIPO 3HAXOYKeHHsI HabJIMXKEHOro Po3B’sI3Ky. AJie HAOII-
JKeHa crucTeMa Moyke OyTH 1 Hepo3B'si3HO0. BuHnKae muTanHst: 1m0 Tpeda po3yMiTH
i1 HabJIMzKeHnM PO3B’si3koM crcTemu?! BoHO MOBUHHO OyTH TaKOXK CTIHKHUM J10
MaJIX 3MiH BXigHuX marnx (A, u).

1. HabumnxeHi MmeToan

[ITupoko PO3MOBCIOPKEHNM B OOYUC/IIOBAJILHIN TPAKTUIL CITIOCOOOM HabJIH-
JKEHOTO pO3B’si3abHst piBHsAHHs (1) € Meron migbopy. Bin mossrae B TOMy, 10
JIS €JIeEMEHTIB 2 JIesdKOro 3a3jiaJieriib 3a/IaHOr0 IJIKJIacCy MOXKJIUBUX PIIIeHb
M nesikoro JiHifiHoro mnpocropy F ob4unciioerhes oreparop Az, TOOTO BUKO-
HYEThCS MpsMa 3ajiada. B aKocTi HaO/JIMKeHoro po3B’a3Ky OepeThbcsl Takmil efie-
MeHT 2o 3 MHOKHHU M | Ha skoMy HeB'siska py(Az, u) mocsirae MiHiMyMy, TOOTO
pu(Azg,u) = inf py(Az,u), z € M.

Hexait npasa gactuna piBusgnus (1) 3ajana To9Ho, TOOTO % = uy 1 MOTPi-
OHO 3HATH floro PO3B’A30K 2. 3pO3YMiJO, 10 B M 3HaXOIUTHCA Oe3J1id ejie-
MEHTIB 2, 9Kl 3aJexKaTh BlJl CKIHYeHO! KIJILKOCTI MapaMeTpiB, 110 3MIHIOIOTHCA B
IEBHUX MexKaxX Tak, 1mo0 M Oysio 3aMKHYTUM B CKiHYEHOBHUMIPDHOMY ITPOCTOPI.
ZIKIo TIyKaroTh TOUHMIT PO3B’SA30K 2z piBHAHHS (1) dKuUil HAJEKUTH MHOKUHI
M, infzy € M, py(Az,u) = 0 TO UM JOCATAETHCS HUAKHS MeyKa HA TOYHO-
My pO3B'si3Ky 2. fIKino piBHstHHsT (1) Mae €quHUiT PO3B’SI30K, TO €JIEMEHT 2,
3/IaTHUI MIHIMI3YyBaTHU, BUBHAYEHUIT OJTHO3HAYHO.
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MaTremaruka

OOrpyHTYyBaHHS YCIINIHOCTI METOY IiI00pY MPU3BEJIO JI0 3HAXO/KEHHS 3a-
rajibHO (DYHKIIIOHAJIBHUX BUMOT, 110 OOMEXKYIOTH KJIaC MOYKJIMBUX PO3B’si3KiB M |
IpU AKUX METO/T IMiI00py € cTifikum i z, — 2¢. Lli BuMorn nossdraiorb B KOMITa-
KTHOCTI MHOXKUHU M 1 IPYHTYIOTHCS Ha HaBeJeHIill HUZKYe TOMOJIOTIUHIN JIeMi.

Jlema 1. Hexati mempuunut npocmip F eidobpasicaemuves na mempunnuti npo-
cmip U 1 Uy — 0bpasz muoorcunu Fy, Fy C F, npu uyvomy eidobpastcerni. Hrxuwio
stdobpasicenna F — U nenepepene, 63aeMHno 00rno3HauwHe i Mrosicuna Fy xomna-
kmua na F', mo 36opommne sidobpasicenns Uy — Fy mmoorcuru Uy na MHootcumny
Fy maxooic nenepepsne 3a mempuroro npocmopy F'.

Ha ocnoBsi Bukajienux mipkysanb M. M. JIaBpeHTbeB chOpMyTIOBAB TOHATTS KO-
pekTHOCTI 38 Tuxonosum. ¥ 3acrocyBaHHi J0 piBHsiHHS (1) 3aj1a4a € Kopexmmor
3a Turonosum, STKIIO BiJIOMO, IO JIjII TOYHOTO 3HAYEHHS U = U; ICHYE €TMHUI
po3B’s130K z; piBHsiHHs (1), Az; = u; , 10 HAJEXKUTH 3a/1aHIil KOMIAKTHIH MHO-
sxuui M . B npomy Bunaky onepatop A~! nenepepsnuit Ha muoykuni N = AM
1, SIKITI0 3aMiCTh eJIeMeHTa Uy HAM BIIOMUI eJIeMEHT Uy Takuii, mo py(ug, us) < 0
i usg € N, T0 B IKOCTI HAOJIMZKEHOTO PO3B’s13KY PiBHsTHHS (1) 3 PABOI0 YACTUHOIO
U = Us MOKHa B3aTH ejeMeHT 25 = A7lus. Ilpu § — 0 (us € N) 25 Gyze
nparayT j1o z; . Muoxkuna Fy (Fy C F'), Ha sKiii 3a/1a1a 3HAXO/ZKEHHST PO3B’s3-
Ky piBHstHHS (1) € KOPEKTHO TOCTABJIEHOIO, HA3MBAIOTh KJIaCOM KOpeKTHOCTI. Tak,
SIKITO oniepaTrop A HernepepBHUIl 1 3/1iliCHIOE B3a€MHO OJIHO3HAYHE BiJ00parKeHHSI,
TO KOMIIAKTHA MHOXKHHa M , 10 IKOI HAJEXKUTb 2, € KJIACOM KOPEKTHOCTI JIJIs
piBastanst (1). Takum auHOM, KO 3a/1a4a (1) KopekTHa 3a TUXOHOBUM 1 TpaBa
yacTuHa piBHSIHHSI © € AM |, TO MeTo 1 1i100PY 3 yCIIXOM MOXKe OyTH 3aCTOCOBA-
HUIT JI0 BUPIIIEHHS TaKol 3a/a4l.

[IparneHHst yCyHyTH TPYIHOIII, IIOB’si3aHi 3 BiJICYTHICTIO PO3B’SI3KY PiBHSIHHSI
(1) mpu Herouniii mpasiii gactuni, npuseno B. K. Isanosa 10 moHATTS KBa3ipo-
3B’s3aHHs piBsnmg (1).

Enement z € M, axwii 37aTHUil MiHIMI3yBaTH HpU ITHOMY 1 (PYHKIIOHAJ
pu(AZ,u) wa muoxuni M, Ha3uBaeThCs KBa3ipo3s's3koM piBusnHs (1) Ha M |

pU(Aga ’U,) = inf pU<Azu U)
zeM

Axmo M — KOMIAKT, TO KBa3ipo3B's130K, OUEBUJIHO, iICHYE JIJIA OY/b-SKOI'O
u € U i gkmo, kpim Toro, u € AM , To KBa3ipo3B’si30K Z 30iraeTbecst 31 3BUUAL-
HuM (TouHNM) po3B’si3koM piBHsiHHs (1). KBasiposs’s3ok Moxke Oyt i He ofuH.
Y 1IboMy BUNAJKY 11T KBa3ipo3B'd3KOM OyIeMO po3yMiTH Oyab-gKuil eJgeMeHT 3
MHOYKIHHI KBa3ipo3B s13KiB D .

Hexait F'i U —I'inbeprosi npocropu, M € S —kyns (||z]| < R) B mpocropi
F i A — nisikom HernepepBHMIL JIIHIHKI orlepaTop.
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Y 1bOMY BUIIAJIKY KBa3ipO3B’si30K piBHsTHHS (1) MOXKHA [TPEJICTABUTH Y BUTJISI-
Ji psijly 3a BJAacHUME ejeMeHTaMu ((bYHKIAM, BeKTOpax) @, omeparopa A*A,
ne A* — omeparop, crpsiKenuii orepatopy A.

Binomo, mo A*A — camocnpsizkeHuii IiIKOM HemepepBHUil omeparop 3 F' B
F. Hexait \{ > Ay > ... > )\, > ... — IIOBHa cucTeMa 0ro BJIACHUX 3HAYEHbD,
a V1,02, ..., Ppn, ... — BIINOBIIHA TTOBHA OPTOHOPMOBaHa CUCTEMa Or0 BJACHUX
ejieMeHTiB (yHKI, BekTOpiB). Eiement A*u MOXKHA MpeJICTABUTH Y BULJIsII

pAnLy -
A*u = Z bnon (2)
n=1

B nmux ymoBax cripaBejijinBa,

Teopema 1. Keaszipose’azox pishanna (1) na muoorcuni Sg eupastcaemucs gop-

MYNAMU:
B o0 bn o0 b% )
Z= Z 3 Pn Ao T < R (3)
n=1"" n=1""
/l/. oo (0.]
Ezz bn © ﬂ%w02@>32 (4)
n:15+/\n ' n=1 /\% a '
Tym B — xopins pi8HAHHA
S g
2

2. O6uywucioBaJbHII €eKCIEPUMEHT

st peatizariii YnceIbHOrO MPUKJIaTy 0y/10 BUOpaHo MeTo1 TuxoHoBa po3B’si-
3aHHs] HEKOPEKTHUX CUCTEM JIHIHHUX ajreOpaldHuX pPiBHSHD.
st Iboro B3dATA crcTeMa Y sIKO'b BU3HAYHUK OWJIb3KUI JI0 HYJIst

—-10 2 4

0 5 5 2 1 .

-2 - 1 z9 | = 1 |, detA=——.
7 31500

—1 0 1 23 1

100 300

Posp’stxkemo cucremy 3a 1011oMororo obepHenoi MaTputli. J1jis mporo 3uaiiiemMmo
Oy/Ib-IKUM YMHOM OO€pHEHY MATPUIIIO

—1.364 3.818 —818.182 —815.727
Al = 9.545 —19.727  3.627-10° Aly = 3.617-10°
—4.091  11.455 —2.155-103 —2.147 - 103
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MaTremaruka

Ha jpyromy erami 3HaiijeMo po3B’si30K 3allpOIIOHOBAHOI CHCTEMHU METOJIOM
Tuxonosa 3 Tounictio 0.001. B sikocTi MoBE mporpaMyBaHHsi BUKopuctaJsn Pascal.
OTrpuMaeMo HACTYIHUIT pe3yJibTar:

HabmzkeHnst 10 HOPMAJILHOTO PO3B’SI3KY
Z(1)=-8.97244015079166E+0002
Z(2)= 3.97848179152378E+0003
Z(3)=-2.36184256982254E+0003

SHavueHHsI IIPaBOl YaCTUHH IIPH i CTAHOBI HAOJIUKEHOIO PO3B 3Ky HACTYIIHI
U1(1)= 9.99999111205201E-0001
U1(2)= 1.00000198204875E+0000
U1(3)= 1.09963158471653E+0000

36ibiumo TouHicThb 10 0.00001 i oTpuMyeMO PO3B’sI30K, STKUil BiJIpI3HAETHCs
BiJI TOYHOTO Ha JOCUTH HE3HAUHY BEJIMUNHY, & OTKe € JTy?Ke KOPUCHUM 11 TIova-
TKOBOT'O 3HAXO/IZKEHHSI TOYHOTO 3HAYEHHSI.
Habmmkenns 10 HOpMaJIbHOTO PO3B A3KY
Z(1)=-8.97540036267863E+0002
Z(2)= 3.97979416063186E+0003
Z(3)=-2.36262209544751E+0003
3HaveHHs IPaBol YaCTUHU HPU IiICTAHOBII HAOIMXKEHOTO PO3B’SI3KY
U1(1)= 9.99999984023968E-0001
U1(2)= 1.00000003562712E+0000
U1(3)= 1.09999337785361E+0000

Bucuaosknu

OTpumanuii pe3yjibraT 00UYUC/TIOBAJIBHOTO €KCIIEPUMEHTY JOBOJUTH KUTTE-
3JIATHICTH HABEJIEHOTO METO/Y JIJIsd MONIYKY HAOJINZKEHOTO PO3B’I3KY HEKOPEKTHO
[IOCTABJIEHUX 3aJ1a4, a OTzKe, € KOPEeKTHUM JIJId [IbOrO KJiacy 3a/iad.
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Koncrpykrii, cxoxi J10 KoJjia 3 BIIMIYeHIMHU TOYKAMU, 30KpeMa XOP/IOBi Jlia-
rpaMiu, e(heKTHBHO BHKOPUCTOBYIOTH B OaraTboxX rajy3sx HayKH, 30KpeMa MaTe-
MaTu, izuii, 6101071l

Haraaemo, 1m0 Xop/10BOIO JiarpaMoio MOPSIKY 1 ad0, KOPOTKO, M -TiarpaMoio
Ha3MBaIOTh KOHMITIypaIliio Ha ILIOMIKHI, 1110 CKJIAJAEThCs 3 KOJIa, 21 TOYOK Ha HbO-
My (sIKi € BeplIMHAME MPABIJIBLHOTO 27 -KyTHHKA) Ta 7 XOP/, 10 CIOJIYYaioTh
BKa3aHi TOYKU. XOPJOBI JiarpaMy HA3MBaIOTh 130MOPQMHUMU, SKIIO OJHY MOXKHA
oJlepzKaTH 3 1HIIOI B Pe3yJ/IbTaTi JiesdKoro 1moBopoty. JliarpaMu Ha3mBarOTh eKBiBa-
JIEHTHUMU, SKIIO X MOYKHA CYMICTUTH 38 JJOITOMOTOIO TIOBOPOTY ab0 J3ePKaILHOTO
BLIOUTTS, a00 K IX KOMIIO3HIII.

[TnTannsavu mepesiky MeBHUX KJIACIB XOP/IOBUX JliarpaM 3aiiMajach IMijia Hu3-
Ka BIJIOMIX MaTeMaTHKiB, 30kpema aBropu pobiT [1-4]. Bajada npo migpaxyHoK
qucsa HeizoMopHUX Ta HEeeKBIBaJCHTHUX 7 -JiarpaM Oysia MOBHICTIO PO3B’sd3aHa
B poborax [3], [4]. [Tinpaxynok qucsa HeizoMOpdHIX, 30KpeMa JTBOKOTBOPOBUX Jli-
arpam (ikcosano20 pody € JOCUTD CKJIAJIHOIO 1 B 3araJibHOMY BHIIA/IKY 0 ChOI'O/IHI
HE PO036°A3a1H010 3a1a9€l0.

Bimomumu € pesysibraTu jmiie Jyist iianapaux (pogay 0 ), Topoiganbaux (poy
1) n-giarpam Ta 2m-jiarpaMm MakCUMaJbHOTO poiy m [4].

Bigomo, 1110 1BOK0JILOPOBI Xopa0oBi O- 1 N -piarpaMu 3HaXOJSITh CBOE 3aCTO-
CYBaHHs B TOIOJIOTI, 30KpeMa IIPU TONOJIOruHiil Kiracudikaliil pyHKII TeBHOro
KJIACY Ha 3aMKHEHHX OPI€HTOBHHUX Ta BiJIIIOBIIHO He OPI€EHTOBHUX IOBEPXHSIX (Di-
KCOBAHOTO poiy (Hamp. [8]).
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B pobori |9] BeraroBiero hopMyH JJIst THAPAXyHKY YHCTa Hei30MOpGHUX Ta
HeeKBiBaJIeHTHUX JIBOKOJIbOpoBux O- 1 N -mgiarpam.

3 ypaxyBaHHsIM pe3ysbrartis poboru [5], B [10] BeranoBieHo opmysu s
HiIpaxyHKy ducjia HeizoMopdHux Ta HeekBiBasienTHHX O -Jiarpam, sKi MaroTb
ojine YopHuit (abo »xk Oinit) nuki. B podoti (8] migpaxoBano unciio neizsomopdHUx
O -fiarpaM MakCUMAJIBLHOTO POJLY (3 OJHUM FYOPHUM Ta OJHUM OLTUM ITHKJIOM ).

3ajada 1Mpo MiJIpaxyHOK YucjIa HEeI30MOPGHUX Ta HEeEeKBIBAJEHTHHUX ILIaHap-
aux O -piarpam (pojy 0) 3 m xXopjamu MOBHICTIO po3B’st3aHa B pobori [6]. TIpore,
00 Cb0200M1L 3ANUUWAEMBCA HEPO3E A3AHOI0 3aJIada, TIPO IMIPAXyHOK JIHC/Ia HEi30-
MopdHUX J1BOKOJIbOpoBUX O -jiarpam pojy 0 3 dikcoBanum uuciom k € [1,n]
IUKJIB TIeBHOTO KOJbopy. g i posiabnoro n i modarkoBux 1 < k < 6 pe-
3yJIBTATH OjlepyKaHo B poborax [11, 12].

B namniit poboTi jij1s1 JIOBLIBHOTO HATYPAJIBLHOTO 1, kK = 7 1 kK = 8 BCTAHOBJICHO
dopmyn s mijipaxyHKy dnc/ia Hei3oMopdHUX Takux jiarpam. KpiMm Toro, jjis
nodatkoBux n = 1,...,18 i 1 < k < n HaBeJeHO 3HAYECHHS JHUC/Ia HEI30MOPMHIX
Ta HeeKBIBaJEHTHUX JlarpaM 13 BKa3aHOI'O KJiacy.

1. OcHOBHI HOHATTH Ta 3ayBaKeHHS

OsznauenHst 1. Koo 3 2n moukamu Ha HbOMY, WO € BEPUUHAMU NPAEUNLHO20
2n kymmuuka, dyeu AK020 nouepzo6o po3dapbosani y 06a KoAvopu (woprul i Oi-
AUtl) ma Prrco6anot HYMEPAUIEID 6EPUUH 304 200UHHUKOB0N CMPIAKON, 0Ydemo
Ha3uBamu 060K0ALOPOSUM 21 -WabA0HOM — puc. 1 a).

2-KOJIbOPOBOIO L0pdosoto N -diazpamoro bydemo Hazusamu n -diazpamy), nooby-
006a1Yy Ha 0CHOBL JBOKOABOPOBO20 21 ~ULAONONHY.

2 3 4 2 3 4 2 3 4
1 5 1 5 1 5
20 6 20 6 20 6
19 7 19 7 19 7
18 8 18 g 18 8
17 9 17 9 17 9
16 10 16 10 16 10
e 13 12 " Y T3 12 1 ) 13 12 "
a) b) c)
Puc. 1:

a) 1BOKOJIbOpOBHIL 20 -111abJIoH;

b) N -miarpama (3 10 xopmamu), sika Mae 7 6iaux Ta 3 YOPHUX IUKJIIB;

¢) O-miarpama (3 10 xopgamu), sika Mae 6 6iaux Ta 3 YOPHUX IUKIIB;

d) mwranapua O -giarpama (3 10 xopgamn), sika Mae 7 61i1ux Ta 4 9OPHUX MUKJIB
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OznHadeHHs 2. 2-K04v0p06Yy n -diazpamy, AKa He MiCmums (micmumy) ropou,
WO CROAYHAIOML BEPUUHU 3 HOMEPAMU 00HAK060I naprocmi, nadusaromv O -
diazpamoro (N -diaepamoro) — puc. 1 b),c).

Osznauvennst 3. O -diazpamy 3 n xopdamu, AKG HE MAE TOPD, ULO NEPEMUHAIO-
muca, 0ydemo nHazusamu diazpamoro MiHiMasoHo20 pody (pody 0) abo oc naanap-
noto O -diaepamoro — puc. 1 d).

Oznavenns 4. b-yukiom (W -yuriom) 2 -Koav0po6oi diazpamu Ha3UBa0Mb N0~
catdosricms xopd ma wophux (6iaux) dye, AKL ymeoprorms 20meomopdhrutl 0bpas
(opienmosarozo) xona — puc. 1 b) —d) .

Osuaventst 5. Muoowcuny naanaprur O -diaepam 3 n xopdamu, AKL MM
mouno k (1 <k <n) biwur (n—k+1 wopnuz) yuraie nosnavamumemo Sy, .

3 podit [11, 12| sunnusae, mo uucio Py, neisomopduux jiarpam 3 xiuacy
Sk,n MOXKHA OOUNCJINTH 3a JOIOMOIOIO CIIIBBI/THOIICHHS

P, = %(Pk,nqtp(k,n)) _ % orc e Y o() et | )
i#n, in

pe  Ck.CHL = |Qy,| = Py, — aucino giarpam 3 knacy Sk, ¢ (¢) — dys-
Kitist Eitsiepa (4nc/io HaTypaabHIX MEHIIHX 38 ¢ THCeT B3AEMHO [TPOCTHUX 13 HIM);
p(k,n, i) — aucio giarpam 3 kiaacy S, (H00yI0BAHUX Ha JBOKOILOPOBOMY 27 -
mabJIo0H1 ), sIKi cAMOCYMITIAIOTHCS TIPH TIOBOPOTI HA KYT W; = 2—”2 (HABKOJIO TIEHTPA
mabJIoHy ), a MiJICYMOBYBAHHSI BEJIEThCS 38 BCIMa, ,zLiﬂbHHKaMH qucjaa n 3a BUHI-
TKOM 7.

3 ypaxyBaHHsAM pe3y/ibTariB pobit |7, 11|, uncio HeeKBiBaJeHTHUX Jlarpam 3

KJIaCy MOXKHa& OOYHMCJIUTHU 3a JIONOMOI'OIO CIIIBBIIHOIICHHS

1 ‘7] ol
P =P, +Cl 2
k,n 2 ( ]{1,1’}, [ ; ] ’_n 1_‘ < )
e [] — mima wactuma umcesna;  [-] — byHKIIA «ITOTOJIOK» — OKPYIVICHHS JI0
[} k-1
HafO/IMKI0ro OLIBIIOro Tijoro dncia, a seamanua 1'(n, k) = C 5 [ 1

2] e
criBIIaIae 3 gucjaoM o0’eKTiB, BioMux sk «symmetric Dyck paths of semi-length
n with k& peaks».

Bisbin nosHy iHdopMario MoxkHa 3HaiiTu, HATpUK/Ia B poborax [7]-[12].
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2. Yucmao neizoMopdHUX agiarpaM 3 KJjaacy 7,

Jlema 1. Yucao neisomopdrur diazpam 3 xaacy 7, MooscHa obMucaumU 3a
JdONoOMO02010 CNIBBILOHOWLENHD:

1 /1
P;’n:—<—-CZ-Cg+p(7,n)), p(7,n) =

n n

(0, n# 2k # 3m # 7l
¢(7)C%, n =Tl # 2k # 3m
2006 +2005 +4C n =2k #3m#7l
qS() (60%+3C) n=3m# 2k #Tl

=9\ 4(6)- 202 L 6(3) - (6C% +3C%) +20C5 +200% +4C4, n =6k £l

$(T)CL + 2004 + 2005 + 40‘}? : n = 14k +# 3m
H(T)Ch +6(3) - (6C% +3C4), n =21k £ 2m

\ $(6) - 202g + ¢(3) - (604% + 30%) - 200% - 200% + 404% + qs(?)cl%, n = 42k

(3)

SaaL 1)
WHQPUPOY

Puc. 2: Bci Tunm giarpam 3 kJjacy 37, , gKi caMoCyMillaloTbcsd IPU MOBOPOTiI Ha
NeBHUI KyT

HoBenenns. Bei Tunn jpiarpam xkiacy 7., , 9Ki CaMOCYMIMIAIOTHCA IIPH HOBOPOTI
Ha MEBHUI KyT w = 3—77; -21, 1+ =1,...,n — 1 HaBeJileHO Ha puc.2.

[lozmauammo uepes A, B,,C,, D,, E,, F,,G,, H,, K,, M,, R,, S, [ducio mia-
rpaM 1-ro, 2-ro, ... Ta 12-ro TuIly BIIIOBIIHO.

Hexait maui A* B Cx D EX Ex Gy HYK: MY R S — dncio Heizo-
MOPQHUX Jliarpam 1—F0, 2-r0, ... Ta 12-ro Tuily BIJIIOBLJIHO. Tom P?,n =

1

1
~ (ECZ-CS—(An+Bn+Cn+Dn+En+Fn+Gn+Hn+Kn+Mn+Rn+Sn)> -

+A +B, +C.+D,+E +F +G +H, +K,+ M, + R, +S, (4)
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O0YnCIMMO OKPeMO YHUCJI0 HEei30MOPGHUX iarpaM KOXKHOI'O 3 JBaHAJIIATH
BKa3aHNX TUIIIB.
1) JliarpamMu mepuioro TUIy CaMOCYMIIMIAIOTHCs TIPU MOBOPOTI Ha MEBHUI KyT

W = 3—” +2i, 1=1,...,n— 1 (3a TOAUHHUKOBOIO CTPLIKOIO) JIAIIE 38 YMOB KOJIH
n
n JUIATHCA Ha 7, & TMOBOPOT 3/ifICHIOEThCA Ha KyT KPaTHUN KyTy w = 27” (rpm

1= %) BarajbHe YUC/I0 JiarpaM HepIiioro THUITY, siKi CAaMOCYMIIAThCs PU I10-

0, n#7k

Cy, n="Tk.
7

JiarpaM TepIrnoro TUITY MOXKHA OOYHC/IUTH 3 JIOMOMOIOIO CIIBBITHOIICHD

BOPOTi Ha KYT 2& CTAHOBHUTE (p7 = { Tomy gucsio neizoMmopdHIX

7

oL, : 1A, n # Tk

* = = 5
" n( n 0l )a’”) m (An + </>(7)C,17,) , n= Tk 5)
2) Jliarpamu JIpyroro THUITY CAMOCYMIIIAIOTHCS MPH [MOBOPOTI HA MEBHUH KyT
W = g—z +2i (i = 1,...,n — 1) jumre 3a yMOB KOJU 7 JUINThCSI Ha 2, Ha 3
abo Ha 6, a MOBOPOT 3JUHCHIOETHCS Ha KyT KPaTHU KyTy w = 7 (IpH @ = § ),

21 T n

— 1N — y
KyTy w = % (upn i =g ), KyTy w =3 (0pn i = ¢ ).
BaraJjibHe 91CJI0 JiarpaM Jpyroro THUILY, SKi CAaMOCYMIIIaThCsl IIPH TOBOPOTI

0, n # 2k

Ha KyT T CTaHOBHUTL b9 = { 206 1 — 9k
oy - .
2

3arajibHe 4MCJIO JiarpaM JAPYyroro THILY, AKi CAMOCYMIIIalThCst IPH TOBOPOTI

0 3k
Ha KyT 28 CTAHOBUTL b, 3 = - n7
3 7 20%, n = 3k.

3arajbHe 91CJIo JiarpaM APYroro THUILY, siKi caMOCYyMIIIAIOThCsI IPH TOBOPOTI

_ 0, n # 6k
Ha KYT § CTAHOBUTb b6 = 22 1 — 6k
s

Tomy uncsio HeizoMopdHUX JiarpaM Jpyroro THUILY MOXKHA OOUUCJIUTHU 38 J10-
IIOMOT'OIO CIIBBIJIHOIIIEHD

B, = % (Bn + ¢(2)bna + ¢(3)bns + ¢(6)bn,6> _

( %Bm n=06k=+1
. BnJFQCSL), n = 6k 4 2
=\ 2 (Buromet), neobzs O
| L (Ba+ 208 +6(3)2C4 + ¢(6)20§) =6k

3) Jiarpamu TpeThOro THIY CAMOCYMIIAIOTHCS IPU MOBOPOTI Ha MEBHUT KyT
W = g—z -2 (i=1,...,n— 1) yuire 32 yMOB KOJIH N JUIATbCA HA 3, & TIOBOPOT
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3JIHCHIOETBCS Ha, KYT KPATHUH KyTy w = 2% (pu ¢ = %) 3arajibHe YUCJIO Jiia-

3
rpaM TPETHOro THILY, AKi CAMOCYMIIAIOThCS IPH HOBOPOT] HA KYT 2X CTAHOBHUTD

3
[0, n # 3k
3=\ 40t n =3k

3
JKHa, 00YUC/INTH 38 JOITIOMOTI'OIO CIIIBBIJIHOIICHDB

Tomy 4nciio HeizoMOpHUX JiarpaM TPETbOro TUITY MO-

1

Cr=—(C,+ 03,3 | = 7

oo\ " ?(3)en %(C’n+¢(3)40§), n = 3k. (")

4)  JliarpaMu 9eTBEepTOrO THUITy CAMOCYMIIIAIOTHCS IPU OBOPOTI HA MEBHUH KYT
W = 3—2 +2¢ (¢ =1,...,n— 1) jume 3a yMOB KOJIU N JJIATHCS HA 3, a MOBO-
POT 3JIMCHIOETHCA Ha KyT KpPaTHUN KYyTy w = %77 (pu i = %) BarajibHe 9HCJI0
JiiarpaM 4eTBEPTOTO TUILY, K1 caMOCYMIIAIOThCS IIPHU ITOBOPOTI HA KY'T %” CTaHO-

0, n # 3k

BUTb d) 3 = { 303 n — 3k Tomy vucsio HeizoMOpdHUX JiarpaM 4eTBEePTOro
7 h— .
3

THUITY MOXKHA& OOYMCJINTHU 3a JIOIIOMOIOIO CITiBBITHOIIEHD

b L(p ; LD, n # 3k

g 3 = 8
" n< n+o03) ”’3) L(Du+6(3)3¢2) , n =3k, (®)
5) Jiarpamu m'siToro THIY CAMOCYMIMAIOTHCS TIPU MOBOPOTI HAa MEBHUN KyT
w = S—Z -2, i=1,...,n—1 (32 rOAUHAUKOBOIO CTPLIKOIO) JIKIIIE 38 YMOB KOJII

n JIATHCS Ha 2, a MOBOPOT 3/IIiCHIOETbC Ha KyT KpaTHuil KyTy w = 7 (mpu

i = Z). 3arajbpHe 9HUCI0 JiarpaM I1'siTOro THUITY, SKi CaMOCYMIIAIOTHCS TPU TOBO-

2
, 0, n # 2k _
POTi Ha KYT 7 CTAHOBUTb €2 =\ -6 . _ o Tomy uncso neizoMopdHIX
, n=2k.
2

ﬂianaM I1'SITOTO TUIIY MO2KHa 00YUCANTH 38 JOITOMOTI'OIO CHiBBi,ILHOLHGHb

o1 1E,, n # 2k

6) Jliarpamu mocToro THITy CAMOCYMIIIAIOTHCs TIPU TTOBOPOTI HA MEBHUI KyT
W= g—z 2 (i=1,...,n— 1) yume 3a yMOB KOJIU N JUINTbCA HA 2, & TIOBOPOT
3AifiCHIOETbCA Ha KyT KpaTHHIl KyTy w = 7 (mpu ¢ = & ). 3arajbHe 9uc/Io Ji-
arpam IIOCTOI'O THUILY, K1 CAaMOCYMIIIAIOTLCS IIPU 1TIOBOPOTI HA KYT 7 CTaHOBUTH

0, n # 2k , ,
frno = 5B — ok Tomy 4duciio HeizoMoOpHUX JiiarpaM IIOCTOIO THITLY MO-
JKHa 06‘{I/ICJI;ITI/I 3a, JIOIIOMOT'0IO CIIiBBIJIHOIIIEHD
1
Fr=—|F, 2)fno ] = 1
"oon T O2)fn2 %(Fn+502), n = 2k. (10)
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7) JliarpamMu CbOMOTO THITY CAMOCYMIIIAIOTHCS MPH MOBOPOTI HA MEBHUN KyT
W = 3—” +2i (i = 1,...,n — 1) jume 3a yMOB KOJIU N JIJIATHCS Ha 2, a TO-
n
. . B -
BOPOT 3IiHICHIOETCA Ha KyT KPaTHUI KyTy w = 7 (IpH 4 = 3 ). 3arajbHe 9uco
JiiarpaM CbOMOT'O THITY, dKI CaMOCYMIIIAIOTHCS ITPU ITOBOPOTI Ha KYT T CTAHOBUTD
0, n # 2k
n.2 = 5C%, n = 2k.
2
JKHa, OOYUCIUTH 32 JIONIOMOTOIO CIIiBBIJIHOIIICHD

Tomy 4nciio HeizoMOpHUX JiarpaM CbOMOI'O THUILY MO-

L1 %Gn, n # 2k

8) JliarpamMu BOCBMOIO THITy CAMOCYMIIIAIOTHCSI IPU [IOBOPOTI Ha MEBHUIT KyT
W= g—z +2i (i=1,...,n— 1) gume 3a yMOB KOJIN N JUINTbCA HA 2, & TTOBOPOT
3AifiCHIOEThCA Ha KYT KPaTHUIl KyTy w = 7 (1pu ¢ = % ). 3araibHe 4ucyo fia-
rpaM BOCHBMOI'O THUILY, sIKi CAMOCYMIIIAIOTHCSA IPH TOBOPOTI HA KYT 7 CTAHOBUTD

0, n # 2k
fin2 6CS, n = 2k.

2
MOXKHa, OOYUCINTH 38 JOITIOMOTI'OIO CIIIBBIJIHOIIECHD

Tomy umcsio HeizomopdHUX JiarpaM BOCHBMOIO THILY

- 1 - , %Hn, n # 2k

Y= o 2 = 12
" n( ”+¢()”’2> L(Hy+6C8), n=2k (12)
9) Jliarpamu jieB’sITOr0 THILY CAMOCYMINIAIOTHCS MPU MOBOPOTI HA MEBHUH KyT
W= 3—2 +2i, 1=1,...,n— 1 (3a TOJUHHUKOBOIO CTPLIKOIO) JIMIIIE 38 YMOB KOJII

n JUIATHCS Ha 2, a TOBOPOT 3IIICHIOETHCST Ha KyT KpaTHH KyTy w = 7 (npu
n

i = 5 ). 3arajabHe YMC/IO0 JiarpaM JIeB sSToro THILY, sIKi caMOCYMIIaloThCs IPH T10-

, 0, n # 2l _
BOPOTI Ha KyT T CTQHOBUTbL kj 9 = 5C5 = 9 Tomy ducsio neisoMopdHIX
oy - .
2
Jiarpam JIeB’siTOro THIIY MOXKHa OOUYMCJIMTHU 3a JOIOMOIOI0 CIIiBBIIHOIIEHD
1
K'=—K,+ ¢2)k = 13
" n< o O 2)kn2 L(Kat+5C2), n=2L (13)
10) Jliarpamu JecsiToro THILY CAMOCYMIIIAIOTHCST TIPU TIOBOPOTI HA MEBHU KyT
W= g—z 2 (i=1,...,n— 1) ysume 3a yMOB KOJIN N JUINTbCA HA 2, & TTOBOPOT

3AifICHIOEThCA Ha KYT KPaTHUIl KyTy w = m (pu ¢ = & ). 3arajible 4ucyo Jia-

rpaM JecsaToro THUILY, gKI caMOCYMIIAIOThCA IIPU ITOBOPOTI Ha KYT 77 CTAHOBUTH
0, n # 2k

Mn2 = 4C4, n=2k.
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Tomy 4ncsio Hei3oMOpHUX JliarpaM JIecSITOro TUILY MOYKHA O0UUC/IUTHU 33, J10-
IIOMOT'OIO CIIBBIJIHOIIIEHD

.1 LM, n # 2k
M= (M” " ¢(2)m”’2) )2 (Mn - 40§> , =2k (14)

11) Jliarpamu ofHHAAIETOTO THITY CAMOCYMIIIAIOTHCS TIPH MOBOPOTI HA MEBHMUI

KyT W = g—z +2¢ (i = 1,...,n — 1) yume 3a yMOB KOJII 1 JIJIUThCS Ha 2, a
IOBOPOT 3JIiHICHIOETbCA Ha KYT KpaThuii KyTy w = 7 (upu i = g ).

3arajbHe YNC/I0 JiarpaM OJUHAJIIATOr0 TUILY, siKi CAMOCYMIIATHCA IIPH 110~
0, n # 2k
602, n = 2k.

Tomy uncio HeizoMopHUX JiarpaM OJUHAJIATONO TUITY MOXKHA, OOYUCTUTH

BOpOTi Ha KyT 70 CTaHOBUTDb T'p 2 = {

38 JOIIOMOTOIO CHIBBIJIHOIIIEHD

3=

. 1 Ry, n # 2k
=3 <R” * ¢(2)T”’2> Tk (Ra+6CE), n= 2k, (15)

12) Jliarpamu JBaHA/IIATOrO THITY CAMOCYMIIAIOTHCS MPH OBOPOTI HA MEBHMUIL

KYyT W = g—z +2¢ (i = 1,...,n — 1) Jynme 3a yMOB KOJII 1 JIJUTHCS Ha 2, a
NOBOPOT 3IiHICHIOETbCA Ha KYT KpaTHuii KyTy w = 7 (upu i = § ).

3arajbHe YnC/I0 JiarpamM JBaHAIISITOrO TUILY, SIKi CAMOCYMIIIAThHC IIPH I10-
0, n # 2k
50%, n = 2k.

Tomy uuncsio HeizoMOpdHUX JarpaM JBaHAIISTOrO TUILY MOYKHA OOUUC/IMTH

BOpOTi Ha KyT 7 CTaHOBUTDL Sp2 = {

38 JJOIIOMOT'OI0 CHIBBIJIHOIIIEHD

Sh,s n # 2k

(s.+5C8), n=2k (16)
)

Sl 3=

5=+ (4 022 =

3 ypaxysanugaM criBignorens (5) — (16) maemo crpaBeusicTs (3).

3. Huciio HeizomopdHUX AlarpaM 3 Kjaacy g,

He BazxkKo nepeBipuTH, M0 BCl MOK/INBI THIN JiarpaM 3 Kiacy g, AKi caMo-

CYMIIAIOTHCs IPU TTOBOPOTI Ha MEeBHU Ky T w; = 3—2@', BUYEPIIYIOTHCS JllarpaMamMiu
tuny 1 — 18, HaBejleHUMHU Ha puC. 3.
[ToBTOpIroloun MipKyBaHHS, aHAJOIIYHI THM, 1110 Oy BUKOPUCTAHHI TIPU JI0-

BeJIeHH] JieMH 1, MOXKHa BCTAHOBUTHU CHPAaBE/IJINBICTL JIeMI 2.
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Fnamumyk FO.B., Kagy6osewskuit O.A. JlBokostbopoBi O -giarpaMu MiHIMAJIBHOTO POIY

QDU

T

6: 27

DOBODY
DDGDOO

7

-MN
N\N

Puc. 3: Bci Tunu giarpam 3 kiaacy Sy, , gKi caMocyMimjaloTbcs IIPHU IIOBOPOTI HA
NEeBHU KyT

JIema 2. Hucao neisomopdrux diaepam 3 xaacy g, MONCHG 00MUCAUMU 30
Jdonomo2010 cNiBEILOHOULEHD:

1 /1
A (— NerRtes +p<8,n>) p(8,n) =

n \n

0, n # 2k # Tp
04 +15C5 +4506 +35C n =2k #4m # Tp
¢>( )(02+3C3)+C4+15C5+450 +350 n =4k # 81 # Tp
¢(8)C1 + ¢(4 )(Cé + 3C3 )+ C4 + 1505 - 4506 + 35C n =8k #Tp

) o(M2C n =Tk # 2m
¢(7)2 4 04 + 1505 + 4506 + 350 n = 14k # 4m
¢(7)202 + o )(C2 + 303 )+ 04 + 1505 +45C% + 35CT, n = 28k # 8l
o(7) - 20% +¢(8 )C; + ¢(4 )(O2 b 3C%) + Ch + 150 +450 +35C%, n =56k

(17)

BayBaxkenHs 1. 3 ypaxysanmam pesysomamis pooim [11] i [12], daa dosino-
noeo n € N i npocmozo k = 2,3,5,7 wucao neizomopprur diazpam 3 xaacy
Sk MOACHA 00MUCAUMY 30 JONOMO2010 HACTMYNHUT CNIEEIOHOULEND

1 /1
Pu= (e Ch i i) ), o (18)

n
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¢ (19)

0, AKULO
€ Z,

¢(k) ) %7 ARUWO

plkn)= Y ¢<j>-(k—f1+1).cf+l-c?. (20)

JHCH(mk-1),j41 J ’

Kpim mozo, 6esnocepedna nepesipka (npu 2 < n < 18 ) tnwux npocmux k do-
3B0AA€ BUCYHYMU 2INOME3Y NPo me, wWo 0ad 008iabH020 npocmo2o k wucao

ISR

HeI30MOPPHUT diazpam 3 KAACY Skn MOAHCHA 00YUCAUMU 30 DONOMO2010 CNI66I0-

nowenn (18) — (20).
ANYZA)

0OO0000O
I,
VANWZE

0

OO

QL

L0000
UOOAOS0

Puc. 4: Bci HeizomopdHi niranapHi aBokosbopoBi O -giarpamm 3 6 Xopaamm:

TOYKHU Ha KOJIAX CJIy:KaTh 300paKEHHAM YOPHUX JIYT, 130/IbOBaHA TOYKA —
300paKeHHAM YOPHOI JyTH pa30M i3 XOPJIO0I0, MO CIIOJIyYae 11 KiHIl, 130160~
BaHUIl BiJAPI30K — 300parkKeHHsIM ITapaJieIbHIX XOP 1 T.II.;
cepen Hux: 1 3 Kjacy Sig, 3 — 3 So6, 10 —3 S36, 10 — 3 Sug,

3 -3 %5,6 il-3 C\x9676.

Bucaosknu

3 ypaxyBaHHsIM OCTAHHLOI'O 3ayBayKEHHsI aBTOPH BIIEBHEHI B TOMY, IO JIOC/Ti-
JIZKEHHSI B IIbOMY HAIPAMKY MOXKH& YCIIIIHO MPOJIOBXKUTH, y3araJbHUBIIN OJIep-
JKaHl pe3ysbTaT JyIst jgiarpam 3 knacy Sk, (Vn € N) He jmiie Jyist JJOBIIBHOIO
IIPOCTOrO, a it jJoBlibHOrO Henapuoro 1 < k < n.
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ITPO YNCJIO HEPIBHUX £-KYTHUKIB,
ITOBYJIOBAHUX HA KOJII 3 n TOUKAMN

B pobori posrisgiaiorhesd JiBa KJIacU ONYKJIMX Ta HEONYKJIMX K -KYTHUKIB, IMOOYJIOBAHUX HA
OCHOBI (PiKCOBAHOTO KOJIa 3 7 TOYKAMHU, sIKi € BepIIMHAMU IIPABUILHOIO N -KyTHUKa. Becranos-
JleHO (POPMYJIH JIJTsl TTIPaXyHKY YMC/Ia HeeKBIBAJIEHTHIX TAKMX Kk -KYTHHKIB BI/THOCHO TIOBOPOTY
HABKOJIO CHIJIBHOrO MeHTPY (il muK/IYHOT rpy1in).

Komo4doBi coBa: wmnozokymnuk, 3a0a4a npo HAMUCA, YUKAITYHG 2PYNG.

Beryn

B nopaJibiomy mij n -wabaonom 0yJIeMo PO3YMITH KOJIO Ta 1 TOYOK Ha HbO-
My, IO € BEPIINHAMU IIPABIILHOIO 7 -KyTHHUKA 3 (PIKCOBAHOIO HYMEPAII€I0 OCTaH-
HIX 9ncjaaM# BT 1 10 n 3a TOJAMHHNKOBOIO CTPIJIKOIO — puc. 1.

1 16 1 5 16 L 5
; 2 15 3 15 3

Puc. 1: a) n-mabson; b) omykinii 5ig-KyTHUK; €) HEOIYKJIHUHA H1g-KyTHUK

Hatasi obMe:kuMocst po3riisdJioM HaTypaJbHuX K, 10 33JI0BOJIBHSIOTE YMOBY
3 < k < n. 3adikcyeMo cepes n 3a3HaUYEHUX BEPIIMH k£ TOYOK Ta MOOYIyEMO
3aMKHEHY JIaMaHy 3 BepIIMHAMU Y BKa3aHUX TOUYKAX.

Oznavenns 1. [lobydosanuti 6 onucanutd suwe cnocib onykaut (neonyraudl)
MHO20KYMHUK Oydemo Ha3usamu ki, -KYymHuxkom, @ MHONCUHY ONYKAUT (Heony-
KAuz) ky, -Kymmukis, nobydosarnuxr na n -wabsromi, nodnavamumemo Ly (Pny ).

Mmnootcuny (onyxaux i neonyxkauz) k, -kymuukis, nobydosanux Ha n -wabao-
"I, NOZHAUAMUMEMO Sy J , Ny ~-KYMHUKY HAZUSATMUMEMO T -KYMHUKAMU, G MHO-
oncuny Sy, nosuavamu Sy, .
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TBepmxkennss 1. Hucro onykiuzr k, -KymHuxie cmarosumov
k

3ayBaKnuMo, 110 KOKHOMY K, -KYTHUKY MOKHa IIOCTABUTU Y BiJIIIOBIIHICTH

(B IIEBHOMY CEHCI OTOTOXKHUTH) Uuk.A Jo6otcunu k , TOOTO BIIOPSTKOBAHY TOC/Ti-
noBHICTH k aucen (ji,jo, ..., jk) Takux, mo j; € {1,...,n}, j; # ji. llpuaomy
«1100Y/TOBY-BITHOBJICHHST»  kj, ~-KYTHUKA 38 IUKJIOM ¢ = (1, Jo, vy Jk—1, Jk) CJI
PO3YMITH SIK TaKy, IPH sIKiii CTOPOHAMK MHOI'OKYTHHKA € HACTYIIHI XODIH 7 -
wabiony:  [j1,ja),  [J2Jsls s, dal ooy Uk-1,0kls ks g1
3ayBaxkeHHd 1. 3azaavHe 4ucro 6nopadkosarur Habopieé k i3 n piaHuUT 4ucen
CMaHOBUMD Af?b. IIpome 6ci yukau, 00epoHcami 6 Pe3yALMAML YUKAIYHOL nepe-
CAHOBKU EACMEHMIE (BKA3AHUT HOMEDIS) (PiKCco8aH020 UUK.AY
c= (J1, 72 s Jh=1:Jk) <> (J2y s s J1) <> oo < (Jis J15 J2s ooy Jh—1)

6u3HaUaOMs 00un ky -kymuuk. 3 iHwozo 60ky — yurau ¢ = (J1, 72, -y Jk—1, Jk)
i & = (J1, Jus Jho1, -y Jo) = € sUHAMAIOM® 00U Ky, -Kymuuk, 60 KodtCeH 3 HUL
BUSHAYAE 0OHAKOBY CYKYNHICML TOpd wabiony:  [j1,j2), [Jo, 73], -5 [k, J1] -

Taxum wurom, mae micue opmyaa

L

3 ypaxyBaHHsM criBBigHomeHb (1) 1 (2) anciao Heonykinx Kk, -KyTHUKIB MO-
YKHa O0UUCIUTH 38 JOIMOMOI0I0 (hOPMYJIH

_ |
Pugl = Ak — ¢ — ¢ (u—l). (3)

’%n,k

2k 2
Oszuavenns 2. /Jlea k, -Kymnuku HA3UGAMUMEMO 130MOPHHUMU, AKULO 00UM
MOHCHA 00EPIHCAMAU 3 THUL020 6 PE3YALMAME NOBOPOMY HABKOAO CNIALHOZ0 UECH-
mpy.
Jea  ky -kymnuky MHa3UBAMUMEMO EKBIBANCHMHUMU, AKULO 00UH MOHCHA
odepotcamu 3 iHwWo020 6 peayavmami nepesopomy (03eprasvrozo eidoummas) ma
(ab0) nosopomy na6KoA0 CNiALHO20 YeHMpPY — puc. 2.

SOQ0OU

Puc. 2: Bcei neisomopdni omykii Hg -KyTHUKHI

3a BUHATKOM dg-KyTHUKIB 4 1 5 Ta 6 1 7 BOHM TakoxK € i HEeKBIBAJICHTHUMU.
Towmy [umcsio HeeKBIBAJIEHTHUX ONMYKJINX Dg-KYTHUKIB CTAHOBUTH O .
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Byrnax O.M., Kagay6oscekuit O.A. IIpo 4wmcio nepiBuux k -KyTHHUKIB

Posrsiremo i 3a1adi mpo mijipaxyHoK 4ucsia Heisomopdunx (3agada A)
Ta HeeKBiBaJIeHTHUX (3a/iada B ) n-KyTHHKIB 3 Kaacy .

BayBaxkeHHd 2. OuesudHo, wo “Uci0 N -KYmHukié 3 xiacy S, CMaHO8UMb
Snl = 3 (n—1)!. Qucao neisomopdrus onyxaus n-kymwukie cmanosumo 1.
Tomy U “UCAO HEEKBIBANCHMHUL ONYKAUT N -KYMHUKIE CMaHosums 1.

Ha puc. 3 naBesieno neisomopdHi (HeekBiBaJeHTHI) n-KyTHUKE 3 KjIacy Sy
JIJII TIoYaTKoBuX n = 3;4 1 5.

DODOCBE

Puc. 3: a) — eaunmit 3-xkyTHUK 3 Kiaacy S3; b) — Bci meisomopdni (HeeksiBasienTHI) 4 -
KYTHHUKE 3 Kjacy Sy; ¢) — Bci HeisomopdHi (HeekBiBaseHTHI) 5-KyTHHUKE 3 Kiacy S

Huist moBibHOrO HaTypasbHOro n > 3 3agadi A i B Oysio po3B’si3aHo y
1960p. B poboti [1], GesmocepeiHiMI HACTIIKAME 3 IKOI € HACTYIIHI TBEP/ZKEHHSI

Teopema 1. (A) Yucao N* (n) neidomopdrux n-kymuukie 3 xiacy S, moorce
bymu obuucaene 3a donomozo10 cniceioHOWEND

(2_7112 ngQ(?)]l(?)j 7 n # 2m
N*(n) = 4 jln j (4)
e (200 (5) 9 (5) +2

\ j|’I’L

0|3
—~
oS
~—
—~
S
~—

S

I

s

Teopema 2. (B) Yucao N** (n) mueexsisarenmuur n-kymuuxic 3 kaacy S
mooice bymu obuucaene 3a donomozol0 cniceioHOWEND

(N* (n) 4207372 (24)1) | n # 2m

N*™(n) = { (N* (n) + 207972 (n+ 4) - (252)1), n = 2m. (5)

DN DO | —

ITocranoBka 3ama4

3 ypaxyBaHHSAM 3ayBakeHHs 2 Ta TeopeM A i B, 3amadi npo mijgpaxyHOK
qucJIa HeIi30MOPGHUX Ta HEeKBIBAJECHTHUX, 30KpeMa OIYKJIUX 1 HEONYKJHIX 7 -
KYTHHKIB 3 KJ1acy S, , € HOBHICTIO PO3B’st3aHnME. [1po HasiBHICTb pe3yJsIbTaTiB, 1Mo~
B’s13aHUX 13 MiJIPaXyHKOM YHUCJIa HEI30MOPGHIX Ta HECKBIBAJIEHTHUX K, -KYTHUKIB
3 KnaciB Ly i, P, Ta S, aBTOpaM € HeBIJOMIM.
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lana poboTa npucBsiueHa PO3B’I3aHHIO 3a3HAUEHUX BUIIE 3a/1a4, a caMe BCTa-
HOBJIEHHIO (POPMYJI JIJIsI TJIPAXyHKY YUCTIA:
31) neizomopdunx k, -KyTHUKIB 3 Kaacy L j ;
32) HeekBiBaJIeHTHUX Kj, -KYTHHKIB 3 KIacy Ly j;
33) neizomopdunx ky,-KyTHUKIB 3 Kyacy D, ;
34) neexsiBasienTHnX ky, -KyTHUKIB 3 K1acy P j;
35) neizomopdunx ky, -KyTHUKIB 3 Kaacy Sk ;
36) neeksiBasieHTHUX K, -KyTHHKIB 3 KjIacy .

3ayBakiMo, 10 po3B’a3ku 3aja4d 33) 1 34) e Gesnocepe/iHIM HACTIIKOM pe-
3yabTatriB 3a1a4d 31) 1 35) ta 32) 1 36) BigmosiHo.

B poboTi TakoxK HaBeJIEeHO OJUH 3 MOXKJIUBUX ITIIXOIIB 0 BCTAHOBJIECHHA POp-
MyJI TiipaxyHKy (4) ducsa HeizoMopdHUX n-KYTHHUKIB 3 Kiaacy i, .

1. Omnykmi k,-KyTHUKH Ta 3ajJa4a «IIPO HAMUCTAa»

Bukopucrosytoun jiemy Beprcaiina (wamp. [2]), He BaKKO BCTAHOBUTH, IO
YUCJI0 HEI30MOPMHUX OMYKIUX K, -KYTHUKIB MOYKHA OOYMCIUTH 38 (POPMYJIO0

L=t [ch+ 3 o(2)stmba), ®

Jjlnsj#n
ne  p(n,k,j) — aucno ky,-KyTHHUKIB, IKi caMOCYMIIAIOTHCS [PU MTOBOPOTI Ha
KyT Wj = 27” -7 (j=1,...,n—1) 3a rOAMHHIKOBOIO CTPLIKO0O; ¢ (q) — DyHKIIis

Eiijiepa (4ncio HATYpaATbHUX MEHIINX 3a ¢ 9UCE]T B3aEMHO IIPOCTHX 13 HUM); a
I1JICYMOBYBaHHs BeJIEThCS 3a BCIMa JLIBHUKAMU § YHUCIa 7.

OueBu/ro, 110 OOUnC/IeHHs BenanHn (6) 3BOAUTHCSA 70 BCTAHOBJIEHHS (hOp-
MYJIH TIpaxXyHKy Bequauuu p (n, k,j) ajst j, 1o JuisaTh n.

ABTOopaMu BCTAHOBJIEHO 3a3HadeHy (OPMYJIY I BUIAJKY OIYKIUX Ky, -
KyTHHKIB. [IpoTe aBTOpM BBazKaroTh CBOIM 000B’sI3KOM HaBeCTH 3B’sI130K IIi€l 3a/1a4i
13 KJIACUYIHOIO 3aJadel0 IIPO «HAMUCTAa.

a) )

Puc. 4: a) onykmmit 516-kKyTHUK; b) «TpancdopMaliisi»; ¢) BiAmoBigHe HAMHUCTO 3 H-Ma
HaMucTHHaMHU 1-ro Tumy i 11-mMa HaMUCTHHAMU 2-TO THILY
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Byrnax O.M., Kagay6oscekuit O.A. IIpo 4wmcio nepiBuux k -KyTHHUKIB

B kjracmaniii mocTaHOBI 3ajady «Ipo HaMmucray (auB. Hap. [3]) dopmysto-
I0Th HACTYITHUM YNHOM: 3HATIMU YUCAO HAMUCTN, cKiadenu i3 k namucmun 1-20
muny i m wamucmun 2-20 muny (puc. 4 ¢) ). llg 3agada Mae IBi MOCTAHOBKM:
Mo-TepIlie, MOXKHA BBaKaTH, [0 HAMUCTA «OJHAKOBI», SIKIIO OJHE OJIePKYETHCS
3 {HIIIOTO B pe3ysibrari moBopoTy («i3oMopdHi» B HAIKMX TepMiHax);

Mo-/Ipyre, MOyKHa BBayKaTH JIBa HAMUCTA <«OJHAKOBUMU», SKIIO OJIHE OJIEPIKYE-
ThCsI 3 1HIOTO B PE3YJIBTATI TTOBOPOTY abo 0ChOBOI cuMeTpil (JI3epKajbHOrO Biji-
ouTTst), ab0 K IX KOMIO3UII («eKBiBaJI€HTHI» B HAIINX TePMiHAX).

3 orjisijly Ha O4YeBHJHY «TpaHchopMalliioy, HaBeJeHy Ha puc. 4, 3ajadi 1mpo
o0YnC/IeHHsT HeI30MOP(HIX Ta HeeKBIBAJIEHTHUX ONMYKINX K, -KyTHUKIB Ta 3a/1a4i
PO MiJPaxXyHOK «Pi3HUX» (B CEHCI BIJAMOBIIHUX MOCTAHOBOK) HAMUCT 3 Kk HaMU-
CTUHAMU 1-ro Tuiy Ta n — k HaMUCTHHAME 2-TO TUIIY € eK818aNACHIMHUMU.

Y 1998 p. B poboti [3| posrisiiaBest Gibin 3araibHUil BapiaHT 1iel 3ajadi
(B 000X 3a3HaveHHX BUINE MMOCTAHOBKAX), a caMe npo wucao B (my,ma,...,my)
PIBHUT HAMUCT i3 T HaMucmuH (6Ycun) q munis, AKwWo € my Hamucmur 1-20
MUNY, My HAMUCTUN 2-20 MUNY,..., My HAMUCTUH ¢ -20 TUNY.

3 ypaxyBanHuaM pe3y/braris poboru [3] (nmpu ¢ =2, my =k, me=n—k),
i Hatypaabinx 3 < k < n MaloTh MiClle HACTYIHI TBEP/ZKEHHS

Teopema 3. Yucio HEIZOMOPDHUX ONYKAUT Ky -KYMHUKIE MOHCHA 004UCAU-
mu 36 Gopmy.noto

RENES

(7)

1
Z,k:ﬁ Cy + Z ¢ (i) - Ca
i|(n,k); i#£L
de nidcymosysarts 6edemvesa 3G 6CIiMaG JIAGHUKAMU HAHOIILIIONO CILILHOTO
nutbHuKa (n, k) wucea n i k;
a “ucA0 HEeeKBIBAJEHTHUX onykaur k, -Kymmnuxie — 3a Gopmy.noto
A @
n,k 9 n,k [nT—k]_"_[g] )
de [q] — wira wacmuna wucaa q (HaUMEHWE YIAE YUCAO, WO HE NEPESUULYE q ).

2. Heonykui k,-KyTHUKN

[Tosnauumo jmai N;;k qncsio Heisomopduux ky, -KyTHUKIB 3 Kiacy Sy, . Toul
o4eBUHO, 10 unciao P¥, neisomopdnux k,-KyTHHUKIB 3 Kjacy P, CTaHOBUTD

* * *
Pn,k: —4iVnk T ik <9)
ae L7, — uuciio Hei3oMophHUX OLYKIUX Ky -KYyTHUKIB 3 Kjacy Ly .

Ot2xe, obunciienns Besnaunn P, 3B0IUTbCA 10 oOuncaeHHd seaunaunn N, .
J11s1 ToBeJIeHHsT OCHOBHOI'O PE3YJIbTaTy POOOTH JIOBEJIEMO CIIOUaTKy TeopeMy A.
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2.1. loBeneHHs TeopeMu A
[Togamo criBBigHOMeHHs (4) y BUIsAL, sKuil HafiGiIbIe BiIIOBIIAE BBEICHIM
[IO3HAYEHHSIM 1 IToTpedam

% (ngl)!%_‘z qb(%)p(n,l)), n # 2t
N* (TL) _ ) i|n,i#n (10)
L S o () p(nd)+p(n, %)) n = 2t;
L i|n,i#n,i#
i~ 1)! i1
jie p(n,i)Z%-@) cb(%) i#g; (11)
1)
u(n,g):¥-2fl-(1+g>, n =t (12)

p(n,i)ip (n, %) — YUCJIO N -KYTHUKIB, Kl CAaMOCYyMIIAIOThCs 1IPU ITOBOPOTI Ha,
KyT w; = 25i (i # %) 1 w =7 BIANOBIAHO (32 TOAMHHIKOBOIO CTPLIKOIO).
2.1.1. HoBenenns cmiBBignomenns (11). Hexait n=1i-m, m # 2.
1) 3’sicyemo CIOYaTKy MUTAHHS PO Te, KU BUJ MAIOTh 7 -KyTHUKHU, 10 Ca-
MOCYMIIIAIOTHCS TIPH IOBOPOTI HA KYT W; = in — 3aJI0BOJILHSIIOTH YMOBY ().
4K Oys10 BcTaHOBJIEHO paHillle, KOKEH N -KYTHUK MOYKHA OTOTOXKHHUTHU 3 I1-
kiaom b = (1,1y,13,...,1,) abo xx O = (1,1,,...,13,1) = b~!, enementu sikoro —
HOMEPHU BEPIIUH 7 -MAOJIOHY, MO 3YCTPIYalOThCd MTPU 00XO/l CTOPIH 7 -KyTHUKA
y IBOX MOXKJIMBHX HampsaMmkax. Orke, mexait b = (1,0, 13, ...,1,) — UK, sKuit
BI3HAYAE N -KYTHHUK, IO 33/10BOJIbHAE yMOBY (¥). B mogasbimomy apudmerntani
orepariil ¢ po3yMiTu sIK Taki, 1[0 BUKOHYIOTHCSI 3G MOJYAEM T .

Inest 1oBeieH S TOJIATAE Y HACTYITHOMY:  SIKIO 7 -KYTHHK CAMOCYMIIAEThCST
LIPY [IOBOPOTI Ha, KyT 2% -4, MictuTh cTopony [1,ls] (B momasbImomy Xop/ay), To Bin
noBUHEH MicTuTn i xopiy [1 + 4, ls + 1], B 9Ky [IepexojuTh Hepiia. 3a TUX CaMux
NPUYUH N -KYTHUK MicTHTD it xopay [1 + 24,1y + 2], B siKy mepexourhb jpyra i
T.1. Takum anHOM: sKIO BropsiikoBana mapa {1,ly} € b, To nukiay b moBuuHA
HaJsiezkaTH it BuopsiikoBana mapa {1 + 1,1y + ¢}, anamoriano {1+ 2,1y, + 2i} € b
o Al4+i(m—1),ls+1i(m—1)} € b; axmmo BuopsinikoBata napa {ls,l3} € b, T0
UKy b moBHHHA HajexKaTH i Bropsiikosana napa {ls + 4,13 + i}, anajgoriauo

{l2—|—2i,l3—|—2i} €b, .., {l2+i(m— 1),l3+i(m— 1)} €b.

OT2Ke, MHOXKIHA, BEPIINH 7 -KYTHUKA, KA CAMOCYMIIIAETHCsT IPU TOBOPOTI
Ha KYT 27” -1, po30UBaAETHCS Ha M HIAMHOXKHH — OJIOKIB [b)], B KOXKHOMY 3 SIKHX
10 ¢ BEPIINH N -11a0/I0HY:

[bl] = {1, lg, l3, ceey ll} ; [bg] = {1 + i, l2 + i, 13 + i, ceey lz + Z} ;

[bm] = {1 + (k‘ — 1)@, lo + (]C — l)i, I3 + (]C — 1)@, vy b+ (k — 1)2}
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2) Ilopadox exodocenms 6.a0xi6 [ba], [b3], .., [by] mo iy b= ([b1]...) 3a3naue-
HOT'O 1 -KYTHUKA OJIHO3HAYHO BU3HATAECTHCS BUOOPOM OJIOKY, sIKuii ciiaye 3a [by].
Binbire Toro, 00xij 1ux 6JIOKIB 3/1HCHIOETHCS 3 JIEIKIM KPOKOM /.
Iosacrumo ocmanre. Ipumycrumo, 1o
b= ([bl][bg]) = (1, lg, lg, ceey li; 1+ i, l2 + i, l3 + i, ceey lz + i; ) .
Ockinbku mukay b wasmexuts napa {l;, 1+1i}, To {l;+1i,1+2i} € b. Ile 03-
Havae, 10 micyst 610Ky [bo] citigye 6710k [bs] 1 T.1.. Tobro b = ([b1][b2][b3]...[bi)]) -
Otxke, 00xij 6J10KiB 3/1ilicHIOETbCsT 3 KpokoMm h = 1. Ilpumycrumo Tenep, 1o
b= ([bl][bg]) = (1, lg, lg, ey li; 1+ 2i, l2 + 2i, l3 + Qi..., lZ + 2@; ) .

OckiJIbKY TIUKJTY b HaJIe:KUTh BIOPsiIKoBaHa napa {l;, 1 4+ 2i} , To nukiy b Haje-
JKUTH fi BropsakoBana mapa {l; +i; 1+ 3i}, a otxke i mapa {l; + 2i;1 + 4i} € b.
[le o3nauae, 1o micsst 610Ky [bs] ciimye 610k [bs] 1.1 TooTo b = ([b1][bs][bs]...) .
Omxke, 00xij 6JIOKIB 3/1iliCHIOETBCST 3 KpOKOM h = 2. .11

TakuM 9uHOM, MaeMo TO9HO (m — 1) MOXKJIMBOCTEH eperpyinyBaTu OJIOKH.
AJte He B KOXKHOMY 3 I[UX BHIAJKIB MI OJEP:KIMO N -KyTHHUK. Tak, HAIPUKJIAI,
JUIl TIAPHUX M 00XiJI 3 KPOKOM h = 2 He € NPUIIYCTUMUM, OCKLJIBKU BiJIITOBI IHIIT
«M-KyTHHK» PO3HAJAEThCA Ha JIBa 5 -KYTHUKH

(1], o) ol ) 5 (o) [ ][]

Bkaszanoro «posmnajgaHHsi» He BiIOyBaTUMEThCS JIUIIE Y BUIIAIKY, KOJIN OOXi Bij-

HOBITHUX OJIOKIB 31fICHIOBATIMETbHCsI 3 KPOKOM h , B3a€MHO IIPOCTUM 3 m = = .

Tob6ro icaye Touno ¢ (m) = ¢ (%) CYTTEBO PIBHUX TUIIB TAKUX 7 -KyTHUKIB. Z
3) Badikcyemo npunycTuMuii Kpok h (B3a€MHO IPOCTHI 3 1M ), 3 SKUM 3iii-
CHIOETBCsT 00X m 60KiB [b1], [b2], ..., [b] . OueBugno, mo apyry Bepummny [o
6s10Ky [b1] MoxkHa obpatu (n —m) crocobamul, OCKLIBKE 1M BEpIINH 3 HOMepa-
v 1,1+, ..., 1+ i(m — 1) saiiusamu nepui nosurii B 6okax [by], [ba], ..., [b] ;
TpeTio Bepruny [3 O0ky [b1] — (n — 2m) cnocobamn i ..

Otrke, TpH KOKHOMY HPHUIIYCTHMOMY KpOIi h MOMXKHA YTBOPHUTH TOUHO

(n—m)-(n—2m)-...-(n— (i —)m) = (2)"- (i = 1)!

N -KYTHUKIB, sIKI caMOCYMIIIAIOThCS IIPU [IOBOPOTI HA KYT W = %ﬂ 1.

3 ypaxyBaHHSM IyHKTIB 2) 1 3) 3arajibHe 9NCJI0 TAKUX MUKJIB CTAHOBUTH

o (%) (ﬁ)“ (i — 1)L (13)

i i
4) MuoKUHY THKJIB, MOOYJ0BAHUX Y BKas3aHuii croci6, mosnadnmo Iy, (i,m).
He Bakko mokaszaru, 10 3 KOXKHUM IUKJIOM b € ), (i, m) muoxuni Sy, (4, m)
HAJIEZKUTD TakozK 1 muka b~ 1. Ockinbku b # b1, a nuxim b i b~ BuzHavaloTH

OJINH M -KYTHHUK, TO 3 ypaxyBaHHsaM (13) Maemo, 1110 3arajibHe IHCI0 1 -KYTHUKIB
3 Kiacy Sy, (4,m) CTAHOBUTH
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(D) () - (14)

1

2.1.2. HoBenenns cmiBBiguomends (12). Hexait n = 2t.
[Tojamo Bupas u (n, %) y BUTJIAT
n3) = (5 112523128 = (0. 8) 3.

3ayBayKnuMo, 110
n n n n
— | = ——1)!-222: ( —). 1

Takum gunHOM, JJIsT JloBejieHHsT opmynn (12) jmocTaTHbO 3'sicyBaTH «Xapa-
KTep» TUX M -KyTHUKIB (10 CAMOCYMIIAIOTHCS TIPH MOBOPOTI Ha KYyT W = T ),
n _ n :
YUCJIO AKUX HE BPAXOBAHO BEJIMYUHOIO [i] (n, 5) =p (n, 5) , Ta MJpaxyBaTu 4u-
n :
CJIO [43 (n, 5) TaKUX 7 -KyTHUKIB.
1) s nporo crnodarky 3’sCyeMO BUJL 1 -KYTHHKIB (1110 CAMOCYMIMAIOTHCS TP
. B L n\ n
IOBOPOTI HA KYT w = 7 ), siKi BBIHIILIN /IO BEJIMIUHE fi1 (n, 5) =p (n, 5) :
BukopucroBytoun pesyibraru gosejertst popmyian (11), Bci Taki 1 -KyTHUKE MO-
KHa nogatn mukiaoM Bugy  ([bi], [be]), me
n n
—,...,lg—{——}, (16)

n n
[bl]:{1,z2,z3,...,zg},[bz]:{1+§,zg+§,13+2 &

abo Xk y posropuyromy Bursisiii ¢ = (1,1lo, I3, ..., |1+t lo +t, 13+ ¢, ..., 1 + 1).
BarajibHe UnC/I0 TAaKUX NUKIB cranoButs (¢ — 1)1 2071 = (2 —1)1. 2271,
[Ipore nuxiu ¢ = (1,109, 13, ..., L |1+t 1o+t I3+ t, ... + 1)
i =1+t 3+t +t |14+t 3, 1) = ¢!
BU3HAYAIOTH OJIMH 2t-KYTHUK (IO CAMOCYMINAETHCS [P MOBOPOTI Ha KyT

w=m). Tomy 1 (n,%2)=35(2—-1)1-2271=(2-1)!-2272

[
(N BT
w \J/ 12=11+

(1,3.4.2) (1,3,2.4) L=l +t
a) b)

Puc. 5: 2t-xyTHuku, 1Mo caMoCyMiIAThCA TPU IMOBOPOTI HA KyT W = 7 1 MalOThb CTOPOHH,
IO CIOJIYYalOTh JIlaMeTPAIbHO ITPOTUJIEKHI BepIIUHU 21 -TI1ab/ 100y

BayBaxKumo, o 3 npejcrapients (16) BUILINBaE, 10 YKOJEH i3 3a3HAYEHUX
BUIIe 2t-KyTHUKIB He MICTUTH CTOPIH, IO CHOJYYalOTh JllaMeTpaJbHO ITPOTHIe-
»KHI BeprHn 2t -1absiony. Tomy «xapakTep» TuX 2t-KyTHHKIB (1[0 camMocyMi-
MMAIOTHCST TIPU TIOBOPOTI HA KYT W = T ), YUCJIO0 KUX HE BPAXOBAHO BEJMIUHOIO
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w1 (2t,t) = p(2t,t), mossirae y HaAGHOCIE CMOPIH, WO CNOAYHAIOMD came diame-
MPAALHO NPOMUNENHCHT BEPULUHY 2t ~ULaONONY.

[cayBanus Taknx 2t-KyTHUKIB (Hamp. mpu t = 2) MOKa3aHO Ha puc. b a).
OckiJIbKM 1 € TapHuM, TO 3a3HaveHi 2¢-KyTHUKH MOYXKYTb MATH JIAIIE HapHe
YUCJIO CTOPIH, 1110 CIOJIYYalOTh JiaMeTPaJIbHO POTHIEXKHI BEPIIUHE 2t -111a0JI0HY.
2) Tlokaxkemo crodaTky, 10 Bei Taki 2¢-KyTHUKH MalOTh TOYHO ABi CTODOHI,
IO CHOJIYYalOTh JliaMeTpabHO MPOTUIEXKH] BepIuHn 2t -1madJiony.

Hexait [; Ta lll = [1+1t dikcoBana napa JiaMerpaJibHO IPOTHIEXKHUX BEPIINH
2t -11abJI0HY, sIKa BU3HAYAE BIiJIIIOBIJIHY CTOPOHY 2t-KYTHUKA, IO CAMOCYMIIIae-
ThCA TPU TOBOPOTI Ha KyT w = . [lojamo Takuit 2¢-KyTHUK IHUKJIOM BULY
b = (, 1,1, ) . dkimo Brazanomy 2t-KyTHUKY HaJI€KUTh cTopoHa [l1,lo], 1e
lo =11 + s1, To fiomy moBuHMNA HaTekKaTH it cropona [ly, 1], me Iy = I} +s1. Tomy
b mae Buz b = (...,llz,lll,ll,lg, ) . —puc. 5 b).

BayBaxkumo, 1o Il Ta lj HOMepH JaMeTpaJibHO MPOTHIEKHUX BepIinH 2f-
mabsony. [TpomosKytoun Bkazauuil mporec gai («BiaHOBIEeHHs> TUKIY b), B
pPe3YIBTATI OJIEPKUMO ITUKJT BUJLY

= (1], .., 15, [I1, 4], Loy ooy |y)

e Iy il (Vk = 1,..,t) — HoMepn aiaMeTpasbHO IPOTUIEKHUX BePIINH 2t -
mabony. Kpim Toro, BimmoBignumii 2¢-kyTHUK Mae TouHO ABi croponn [l1,[] i
Iy, l}], 0 criosrydaioTh iaMeTpaabHO TTPOTHIIEZKH] BEPITHHI 2t -11abJI0HY.

3) [Iigpaxyemo napernti aucyio ps (2t,t)  2t-KyTHUKIB (110 cAMOCYMIIIAIOTHCS
IpU MOBOPOTI HA KyT W = 7 ), siKi MarOTh (TOYHO [Bi) CTOPOHH, IO CHOJIY-
4al0Th JIiaMeTPaJbHO IIPOTUJIEXKHI BepinuHN 2t-1mabdbyiony. Koxxen Taknii
2t -KyTHUK MOXKHa I10JIaTU 3a JIOIIOMOI'0I0 OJIHOTO 3 © IUKJIIB BUJLY

bl,l — ([ ( )] j2 j3 j47 ---,jt72,jt71, [jtajéLji{—lajé—Q) 7]&7]{’,7]5) )
bl,2 = (17 [32 ]2] ( ) j37j47 "'7jt—27jt—17 [jtajg]vjé—lajé—% 7]4117‘7&) )
b1,3 - (17327 []37]3]?]27 (t + 1)7j47 "'7jt—27jt—17 [jtajé]ajé—lajé—% 7]4/1) ) (17)

bl,t—l = (17j2:j37 ---ajt—27 [jt—lajt/—llajg—%jé—& vjil’njéa (t + 1)7 []tajé]) )
bl,t — (1]7j2aj37j47 "'7jt—27jt—17 [jt?jé]?jé—l?jé—Q? 7]&7.]{37]5? [(t + 1)) .

3arajbhe qnucso nuk/iB Buy (17) cranoBuThH
X (2t —2)- (2t —4)-...-4-2=1¢!.2071
IIpore Vj =1,...,m muxmm by i bl_} BU3HAYAIOTH OINH 2t -KyTHUK. ToMy

1 \
1t (n g) = (2t =5 -2 =12 = (g)' 2872 (18)
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2.2. Ywmcao HeizomopdHUX k,-KyTHUKIB
3a nemoro Beprcaiina ta 3 ypaxysamusm crissignormens (7) 1 (10)—(12), gaucio
HeizoMopdHUX kK, -KYTHUKIB MOKHa OOYUCIUTH 32 JIONOMOT'OIO CIIiBBIIHOIICHHSI

. N* Ak
e T op
) qﬁ(i)'ﬂ(”;h?), n =2t + 1 abo k # 2m
+ Jl(n.k); j#1 (19)
Z ¢(])p(n,k,%)+u(n,k,g), n:2t,k’:2m7
j|(n,k); J#1;2

e p (n, k, ?) i (n, k, %) — 9UCJ0 Ky, -KyTHUKIB, sIKi CAMOCYMIIIAIOTHCA TTPH

LIOBOPOTI Ha KYyT W; = 23—” i w=7 (3a rOJMHHUKOBOIO CTPLIKOIO) BIJIIOBIIHO.

Jlema 1. Hexati j # 2 — dinvnux wucaa d = (n, k). Todi
n k
L —A’ Vi -6 (j). 2
p(neh %) = k-1 o) (20)

HoBenenusi. 3 ypaxyBaHHsM JioBe/eHHs piBHoCTi (11), ancyio p (n, k, ?) k-

KYTHUKIB, sIKI CAMOCYMIIIAIOTLCA IIPU MOBOPOTI Ha KyT W, = 23—” MOXKHA, 00IHC-

E
JINTHU 3a JIOTIOMOTOIO CITiBBITHOIIIEHHS P (n, k, ?) = C’é - p (k, f) , e p (k:, %) -

YUCI0 K -KYyTHUKIB, IKi CAMOCYMIITAIOTHCS HpI/I IOBOPOTI Ha KyT Ww; = 27” % = 2]—”
& k_ . Bk .
Towy p(nk %) =CL- 3 (5=1)1- () -0 () = HAL- () 6 ).
Jlema 2. Hexat n=2t, k= 2m. Toodi
1 &
i <nk: g) = ZAL 25224 k). (21)

Hosenennsi.  [logamo sesmauny (21) y HACTYITHOMY BHIJISIT

n 1 &
_ - — 2 .
K (”k 2> P2
il oKayKeMo, 110 ( kz,g) = 1 (2t,2m,t) 1 o (n,k,%) = ps (2t,2m,t) —
HCJIO (2m)( o) KyTHI/IKlB (1o caMoCyMIIAIOTHCST IPU TOBOPOTI HAa KYT W = T ),

|7
Iy

-1y AI?; 2272 =y (n, k, g) + 1o (n, k, g) (22)

JKI He MaloTh, BIJIIIOBIZIHO MAalOTh CTOPOHU, IO CIOJYYalOTh JiaMeTpabHO MPO-
TUJIEXKH] BepuHu 2t -111abJiony.

1) 3 ypaxypanusam cuissignomennst (15), ancio ju (n,k, %) = p (2t,2m,t)
(2m)(2t) -KYTHUKIB, 1110 CAMOCYMIIAIOTHCs IIPHU ITOBOPOTI HA KYT W = T 1 HE MalOTh
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CTOPIH, III0 CIIOJIYYaI0Th JliaMeTPaJIbHO IPOTUIEXKHI BePIIHHI 2t -111a0JI0HY MOXKHA,
o0UnC/INTU 338 (POPMYJIOIO

1 (2t,2m,t) = O -y (k&) = O - (2t,8)
ne i (k, %) = u1 (2m,m) — 4uCa0 2M-KyTHUKIB, mo CaMOCYMILIAETHCS [IPH
IIOBOPOTI Ha KYyT W = 7T 1 HE MalOTh CTOPIH, IO CIOJIYYal0Th JliaMeTPaJibHO 11PO-
TUJIEXKHI BepuHu 2m -mabsiony. Tomy

py (2t,2m,t) = CM -y (2t,t) = C™ - (m — 1)!.2m72 = 1 5 A 2mT = 1A2 251,
2) 3 ypaxyBanusMm criBsigHomennst (18), aucsio Mg( ) ( ) KyTHI/IKlB
(1o caMocyMIIAIThCs TPH TOBOPOTI HAa KYT W = 77), SKI MaroThb (TOYHO [IBi)
CTOPOHU, IO CIOJYyYalOTh JiaMeTpaJbHO MPOTUJIEYKH] BepIInHn 2t -11abJIoHy, MO-
JKHA 00UnCInTH 38 POPMYJIOI0
po (2t,2m,t) = C" - g (k, 5) = O™ - i (2t,1)

ne o (k, g) = po (2m, m) — 4ucjao 2m-KyTHHUKIB, 0 CAMOCYMIIIAETHCS PU
MIOBOPOTI Ha KyT W = 7 Ta MalOTb CTOPOHU, IO CIOJIYYalOTh JiaMeTpaJbHO MIPO-
TUJIEZKHI BEPITUHU 2 -T11a0JI0HY. TOMy

po (n,k, %) = po (2t,2m,t) = Cf* - ml - 272 = A 2m72 = A
Takum unHOM u(n k, 2) = I (n k, 2) +u2 (n k, 2) =

_ 1A2 2571_‘_142 2572 Az 257 %k) ‘

k
L9372,

|3 pol

/\

. :
Teopema 4. (ocuoBHa) Tucio N, neisomopdprux ky -xymuukic mosicra 06-
YUCAUMAY 36 JONOMO2010 CNIBEIOHOUEHD

* k;

2]4: nt
( . Bk
¢? (j) - 5z A% - j7, n=2t+1
jl(n.k); j#1 Z
. = .k
9 sl 7é(b%)&fl%w, n=2tk#2m (23)
jln,k); j#1 J
k k
S () AL+ AT 252 (k42), n=2tk = 2m.
[ Jln k)12 g 2

Hacaigok 1. Axwo wucaa n i k € 63aemmo npocmumi, mo
. . .
wucao Ny meisomopprux ky -kymmukie modcna obvuciumu 3a Gopmy.noro

1
o= AF 24
n,k Ink no ( )

a wucao P " HELZOMOPPHULT HEONYKAUL Ky -KYMHUKIE — 34 POPMYA0IO

1 1
* = Ak Z ok~ ok _ 1)) _
= MA Ch = 5-Ch ((k 1) 2> . (25)

n
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He BaxKKo 1mepecBiauTuch y Tomy, 1o npu k = n BeraHoBseri hopmysn (23)

criBagaoTh i3 dpopmymramu (4) podoru [1].

n\k[3 |4 |5 |6 |7 B 19 | 10 |11 | 12

3 1

4 1 1

) 2 1 1

6 4 3 1 1

7 ) 5) 3 1 1

8 7 10 |7 4 1 1

9 10 |14 | 14 10 4 1 1

10 12 122 | 26 22 12 5 1

11 15 | 30 | 42 42 30 15 5 1

12 19 | 43 | 66 80 66 43 19 1 1

Tabu. 1: [loyarkosi 3HadeHHsd duciaa Hei3OMOPMOHUX onyKkAULT K, -KYTHUKIB

n\k[3 |4 |5 |6 7 8 |9 | 10 [ 11 12

3 0

4 0 1

5 0 2 3

6 0 6 11 13

7 0 10 | 33 59 53

8 0 19 | 77 214 359 331

9 0 28 | 154 | 552 1436 2 519 2 245

10 0 44 | 278 | 1254 4 308 11 395 20 159 18 263

11 0 60 | 462 | 2478 10 770 37 785 100 795 | 181 439 | 164 949

12 0 85 | 726 | 4 570 23 694 104 059 | 369 593 | 998 490 | 1814399 | 1664 353
Tabu. 2: [TouaTkoBi 3HaYEHHS YUCIA HEIZOMOPPHUX HEONYKAUL K, -KYTHUKIB

Bucnosknu

B poboti BcTanoBaeHo popMyin /st TAPaAxXyHKY YNCIa HEL30MOPHHUL OTTY-
KJINX Ta HEOMyKJINX K, -KYTHUKIB, IKi € y3araJbHEHHsIM pe3ysbTaTiB poboru [1].

Ha aymMKy aBTOpiB JOCTIJIZKEHHS B ILOMY HalpPAMKY MOYKHA YCIIIIHO MPOJIOB-

JKUTH 38 PAXyHOK BCTAHOBJICHH:A (POPMYJT HJAPAXyHKY UYUCIA HEEKGIGAAECHMHUL

OIYKJINX Ta HEOMYKINX k,, -KYTHUKIB.

Jliteparypa

[1] Golomb S.W., Welch L.R. On the Enumeration of Polygons The American
Mathematical Monthly, Vol. 67, No. 4, 1960, pp. 349 — 353.
12| Kanryorcrun JLA., Cywanckuii B.H. TlpeobpasoBanusi u mepectaHoBKu //
M.: Hayka, 1979.
3] Arosenxo JI.1. Bamaaa o6 oxepenbsx // Becrauk Omckoro yHuBepcurera,
1998, Boim. 2. C. 21 — 24.
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PEAJIIBAIIIL IIINDPY EJIb TAMAJIA
HA EJIIIITUYHIN KPUBIN

B poboti ormcano 3acTocyBaHHs €TNTUYHAX KPUBUX J0 3aJa49 Kpurrorpadil, modypoBaHuit
npuksia) mudpy Eab lamansa na exintuaniit kpusiii.

KarogoBi ciaoBa: kpunmocucmema, esinmuuna Kpusa, npodiema Juckpemmno2o A02apu-
Ppmysara.

B ocranni jgecatupivds einTudHi KpUBI, 1 0COOJUBO HaJ| CKIHIEHIME TTOJISIMU,
3HANIIN HAPI3HOMAHITHIII 1 MPUTOMY HPaKTUIHI 3acTocyBaHnd. Tak, y Teopil
KOJTyBaHHsI BOHU BUKOPUCTOBYIOTHCs JIJIs TOOYIOBU PI3HUX KJIACIB KOJIB, SAKi JI0-
Ope MOEHYIOTH BUCOKY IIBUJIKICTD 13 XOPOMIUMU KOPUTYIOUMMHI BJIACTUBOCTAMMU 1
JUIST STKHX IO TOTO 2K ICHYIOTh e(beKTUBHI aJrOPUTMU KOy BaHHSI—/1€KO/ Iy BaHHs. A
B Kpurrorpadil crekTp ixX 3acTrocyBanb Ie mupiiunii. [To-tepie, came 3 ix jormo-
MOT0I0 OY/TYIOThCs HalieDeKTUBHIII Ha CHOTO/IHI aJITOPUTMU TECTYBAHHS TPOCTOTH
1 po3KJIa Iy unces Ha MHOXKHUKH. [lo—apyre, BOHN BUKOPUCTOBYIOTHCS Oe3mocepe-
JIHBO J1JIs1 TIOOYIOBM KOHKPETHUX KPUIITOCUCTEM.

Briepire kpunrorpadivuHi aaropuT™Mu B rpylax TOYOK eINTUIHUX KPUBUX Oy-
JIM 3alIPOIIOHOBaHI He3aJiexKHOo ojauH Bijg ognoro H.Kobminem i B.Miyuzepom B 1986
pori [1], [2]. CrouaTky 1i aaropnT™Mn BHIABAJNCH BEJIbME €K30THUHUMIE 1 a-
JIEKUMHI BiJl TPAKTUIHOTO BYKUBAHHS, aje Ha MOYaTKY JeB siHOCTUX POKIB OyJm
OTPUMAHI psiJi TEOPETUYHUX PE3YJIbTATIB, 110 JOBOJATH BUCOKY CTIfIKICTh HOBUX
AJITOPUTMIB, CTaJIa sICHOIO 1 MOXKJINBICTH €(PeKTUBHOIO BUKOHAHHS Ollepalliil B X
rpynax.

[IpranH BeJIMKOTO MOMMUPEHHS KPUIITOCUCTEM Ha eJIITUYHIX KPUBUX KiJIbKA.
[To-tepire, 3 KOXKHOIO €JIINITUIHOIO KPUBOIO OB’ SI3YEThCs MeBHA abejieBa I'pyla,
siKa € 0JIM3BKOIO J10 KIi9HOI. [le 103B0JIs1€ Oy /1yBaT KPUIITOCUCTEMY, IO CITHPa-
€TbCsl Ha IIPOo0JIeMy JIHCKpeTHOTo Jyiorapudma. OgHaK HasgBHICTH Ha Pyl OaraTol
JI0JIATKOBOI CTPYKTYPHU IPU3BOJUTH 10 €KCIIOHEHIIIIHOT CTIIKOCTI KPUIITOCUCTEMU,
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MaTremaruka

TOJII IK MYJIBTUILIIKATUBHA IPyTa CKIHIEHHOTO MO 3a0e31euye JIUIie CyOeKCIo-
HeHIiliHY cTifikicTb. [lo—apyre, nmporpec y po3BUTKY TEXHIKU O0UYUCIEHb Y IPYII
TOYOK €JIIIITUYHOI KPUBOI MPU3BIB JI0 TOTO, IO MOOY/I0BaHl HA HUX KPUIITOCHCTE-
MU TI0YaJIU CYTTEBO BUT'PABATU B CBOIX IOIEPEIHUKIB Y IIBUJIKOCTI IIEPETBOPEH-
Hs1 iHopMmarii. [lo-Tpere, MOXKJIMBOCTI BUOOPY cepejl eNTUIHUX KPUBUX — Y
MOPIBHAHHI 3 BUOOPOM cepeJi MYJIbTHILTIKATUBHIX T'PYI MOJIB — € HE3PIBHSIHHO
OLIBIIIMU.

OzuavenHst 1. Hexatd p > 3 npocme wucro. Eainmuyroro xpusoro

y? =234+ ar +b nad Ly € MmHootcuna poss’askie (x,y) € Ly X Ly, Kowepyenyii

y? = 2° 4+ ax + b (mod p), (1)

de a,b € Z, woncmanmu, maxi, wo 4a®+ 27b* # 0(mod p), pasom 3 eudiarenorn
moukoro O, max 3641010 MAYKON HECKIHYEHOCTL.

Posp’si30Kk 1 MOKe coryryBaTh [/t O3HaYeHHs einTudaol kpusol GF (p") s
npocroro uncia p > 3. Eminruuna kpusa Hag GF(2") abo GF(3") Busnavae-
ThCSI TPOXW 1HIITAM PO3B’SI3KOM.

Ha esinTnuniit kpusiit £ MoxkHa 11o0yyBaTu abejeBy rpyiy. s nporo Bu-
3HAYAIOTH BIIIOBIIHY omepallifo Ha 11 Toukax. Ormepalliio 3a3BU4ail 3alncyoTh
AJINTUBHO 1 BU3HAYAIOTH HACTYNHUM YuHOM: Hexailt P = (x1,y1) 1 Q = (z2,y2)
OyIyTh TOYKaMmu Ha Kpubiit E. ko xo =21 1a 4o = —y1, 70 P+ Q =0O; B
npoTuieykHOMY Buniajiky P+ @Q = (x3,ys3), 1e

$3:)\2—$1—$2,

ys = Mz — z2) — y1,
a TAKOK
B e P #Q;

A=19q 33+
zlyla’ e P =Q.

Hapemri Busnaumo P+ O =0+ P =P VP € E.
3ayBaykKnuMo, 10 MPOTUJICKHI eJIeMeHTH OOYUCUTH B Iifl TPYII Jly2Ke JIerKo.
[IporuiexkHuM ejleMeHToM Jijist JIoBiabHOI Toukn (x,y) € E € Touka (x, —y).
Yuesto To4uoK siki HasTeKATDH einTudHil KpuBiit E Haj nojeMm Z, (p — upocte
qucsio, p > 3) € HabymkenusiM 10 p. Jlokiaaiie, B TBep KeHH] Xacce iijie MoBa
PO Te, IO YUCI0 TOYOK einTu4Hol KpuBol F, N, 3aJ0BOJIbHSIE HEPIBHOCTI

p+1—-2/p<N<p+1+2p.
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Binbmr goxsajHime obduncaeHHs: BeJuduHu N € BayKKUM OJIHAK ICHYE PO3PO-
onennii Cxoom edeKTUBHUIT aJropuT™ sIKHii BUKOHYE Taki obuncientst. (Tep-
MiH "edexkrtuBHnit" TyT o3HaYae Yac il aJIrOPUTMY SIKUN € IMOJIIOMIAIBHIM 3-34
logp. Yac xii anropurmy Cxoda popisnioe O((logp)®) Girosux onepariii, 3as-
JSTIYIOYN 9OMY BOHO HMPAKTUYIHO BUKOPUCTAHO JJISI IIPOCTUX YUCEJ P 3 COTHSIMMU
YUCIOBUX 3HAKIB).

[Ipumycrumo, 1o Moxkemo obuucanTu N, Jaj1i X04eMo 3HANTH MUKJ/IIYHY I1i1-
rpyny rpynu E B skiii npobJiema JucKpeTHOro Jjiorapudma 0yia 0 npakTHIHO
HEPO3B’SI3HOIO.

Teepaxxennsa 1. Hexati E 6yde envinmuunoro xpusoro nad Z,, de p— npocme
yucao ma p > 3. B mot oice wac icnyoms uiAL wucAa My L Mo, maxi, wo E
izomopdme 3 Ly, X L,. Bisvw mozo, na|ny ma no|(p — 1).

3BiJICH BUILIUBAE, IO SIKIO 3MOXKEMO 3HAUTH YuCIa Ny 1 Ny, TO OTPUMAEMO
MUKJIYHY OArpyny rpynmu £ i3oMopdHOIO 3 Z,,, fKa MOXKe IOTEHIINHO CIIyTy-
BaTH OCHOBOIO Kpuinrorpadiunol cucremu Ejib Famasis.

3BepHEMO yBary, o dKmo ne = 1, To F — nukiigra rpymna. Ilogioro 10
TOro, o F € NUKJIYHOIO IPYIoI0 ToAl, Ko N — IpocTe Yucjo adbo € J00yTKOM
PIBHUX MIPOCTUX YUCE.

Posrisinemo npukiia mudpyBanag B cucteMi EJib ['aMasb 3 BUKOpUCTAHHSIM
eJIIITUYHOI KPUBOI.

B 1986p. Eab ['amains 3ampornonyBaB aJropuT™M OOUYUC/IEHHSA Ta IEepPeBIPKN
1 POBOro MiJINCY, CTIMKICTh AKOI'O0 I'PYHTYEThCA Ha CKJIAJHOCTI JUCKPETHOIO
JorapudMyBaHHSI B IPOCTOMY CKIHYeHHOMY MOJT [3)].

st kKopucTyBadeil Jiedkol MepeKi oOUpaeThCsd CIiJIbHA eJINTUYHa KPUBa
E,(a,b) i rouka G ma miii, taka, mo G, [2]G, [3]G , ..., [¢|/G pizni Toukn
i [¢|G = O ning neskoro mpocToro ducia q-.

Koxken kopucryBaua U obupae uuciio cy, 0 < cy < ¢, sike 30epirae sik cBiit
TaeMHUIT KJI10Y, 1 BU3Ha4Yae ToUKy Ha Kpusiit Dy = [cy]G, sika Gy/ie fioro Bijkpu-
TM KJirodeM. ITapameTpn KpuBOI i CIIMCOK BIAKPUTHX KJIIOUell IepelaloThCsl YCiM
KOpHUCTyBadyaM MepexKi.

[Ipunycrumo, xKopuctyBad A Oarkae 1epejaTi IOBIJIOMJIEHHST KOPUCTYBady
B . Bynemo BBazkaTu, 110 1OBIJIOMJIEHHS [IPEJICTABICHO Y BULVISI ducaa m < p.
pPOOUTH HACTYIIHE:

1) Obupae goBiibhe qucao cg, 0 < cyg < q;

2) obuncioe R = [ca|lG, P =|ca|Dp = (x,y);

3) mudpye e = mx mod p;

4) nocunae B mudporeker (R, e).

Kopucrysaa B micis orpumannst (R, e):
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MaTremaruka

1) obuncmioe @ = [cp]R = (x,y);
2) nemudpye m' = ex™t mod p.
laMo oOTpyHTYBaHHS TTPOTOKOJY. /151 1IbOTO JOCTATHRO MOKA3aTH, 0

sl R = [eB]([ca] &) = [ca]([cB]G) = [ca] D,

TooT0 Q = P. Tomy m' =m.

Koopmuaara x Touku () 3a/UIIa€ThCsl HEBIIOMOIO JJIs CYIPOTUBHUKA, TaK
sIK BiH He 3HA€ 4mcia C4. [IpoTHBHEK MOXKe HamMaraTucst OOUNCANTH C4 13 TOUKH
R, ane s mporo itomy moTpiOHO BUPIMINATH MTPOOJIEMY JUCKPETHOTO JIOTAPUQMY-
BaHHSI Ha KPUBIil, 10 BBAXKAETHCS HEMOZKJIMBUM.

[Iudp Enp lamans ma enintwaniit kpusiit B cepenosuinti MAPLE 0yB pea-
mizoBaHnmit g eminTuanol kpusoi y? = 23 — 3 x & + 1000 Ha; moaeM Z31991 -
Byna obpana renepytoda Touka G = [0, 5585] , a Takox TaeMHi Kodl ¢4 = 523,
cp = 5103 . 3a jonomoroio kioua cq4 = H23 nosigomaenns 30000 Gysio mepeTBo-
pete B mpudrorekct e = ((9767,11500), 11685) , sikuit moBuHeH genmdpyBaTHCs
3a JIOIIOMOI'0I0 Ta€MHOT'0 KJitoda c¢g = H103.

Hagejiemo Tekct ajropurmy B cepejiopuiii MAPLE

> PaddQ) := proc(x1,yl,x2,y2,p,a :: numeric)

> description” Padd(@)”;

> localk, x3,y3;

> if(xl = x2)and(y2 + ylmodp = 0)then

x3 = 0;93 := 0;returnz3, y3

endif;if(xl <> x2)then

> k= (y2 —yl)/(x2 — x1)modp;

> 23 = k% — 21 — x2modp;

> y3 =k x (x1 — 23) — ylmodp; returnxz3, y3

> endif;

> if(yl = y2)then

k:=B*x12+a)/(2*yl);

r3 = k* — 21 — x2modp;

> y3 =k * (x1 — 23) — ylmodp; returnx3, y3

> endi f; endproc;

> PK = proc(xl,yl, k,p,a :: numeric)

> R :=10,0];
> P[1] := 1,
> P[2] :=yl;
> Q1] := P[1];
> Q[2] := P2];
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> forifromltok — ldo

> R := PaddQ(PI1], P[2],Q[1],Q[2],p,a) : Q == R

> enddo; returnR[1], R[2]

> endproc; Warning, ‘ R'isimplicitlydeclaredlocaltoprocedure
(PKC

Warning, ‘ P‘estmplicitlydeclaredlocaltoprocedure' PK*
Warning, ‘Q‘vsimplicitlydeclaredlocaltoprocedure' PK*
Warning, ‘t‘isimplicitiydeclaredlocaltoprocedure' PK*
CurveY? = X? — 3% X + 1000p = 31991 N = 32089G = [0, 5585]
> R := PK(0,5585,523, p, a);

> Db := PK(0,5585,5103, p, a);

> P := PK(Db[1], Db[2], 523, p, a);

> m := 30000;

> e :=m * P[1]mod31991;

> R, e;

> @ := PK(R[1], R[2],5103,p, a);
> e;

> ml = ex* Q[1] 'modp;

Y 3B’s13Ky 3 HeBesnkow (y mopiBHsiHHI, Hanpukiaa, 3 RSA-mmdpom) nos-
JKUHOIO KJIIOYa, 1 MaJIMMU BUMOTaMU JI0 00’ €My mam sTi CBOI MePIi 3aCTOCyBAHHS
KPUITOCUCTEMU Ha €INTHIHIX KPUBUX 3HAHIILIN B TJIACTUKOBUX CMapT-KapTax i
MOOLILHUX Tejiechonax. Y HaraThox KpaiHax mova/iu MpuiiMaTi HOBI HaIlOHAJILHI
CTaHIapPTU IUMPOBOro MiJIMNCY, 0 BUKOPUCTOBYIOTH KPUIITOCHCTEMU Ha, €JIIITH-
annx Kpusnx (CIITA(2000) — FIPS 186-2, Pocisa(2001) — I'OCT P34.10-2001,
Yxpaina(2002) — ACTY 4145-2002).

JlitepaTypa
[1] Koblitz N. Eleptic curve cryptosystems. Mathematics of Computation, 48
(1987), 203-209.
2] Miller G.L. Uses of eleptic curves in cryptography. Lecture Notes in Computer
Science, 218 (1986), 417-426.
3] T. ElGamal. A public key cryptosystem and a signature scheme based on

discrete logaritms. IEEE Transactions on Information Theory, 31 (1985),
469-472.
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CUJIOBCBHKI p-IIIJITPYIIU

Hama poboTa BiJIHOCUTBCs JI0 CTPYKTYPHOI Teopil rpyir. Po3rismaioTbes cuIoBCbKi p -miarpynm
B cuMerpudHUX rpynax. [lobymosano cuaoBcbky 2-miarpymny B Sy 3a 3HAMIEHOIO CHJIOBCHKOIO
2-miarpymoio B Sy .

Kuaro4goBi caoBa: cunaoscvka nidepyna, cumempuywna 2pyna, 6inyuesuti dobymox.

Beryn

CTpyKTypy CKiHIEHHUX I'PYII JOIMOMATraioTh OIUCYBATH CUJIOBCHKI P - IIPYIIN.
CHJI0BCBbKI  p-IJArpyNN CKIHYEHHUX CHUMETPUUYHUX I'PYIT BiJlirparoTb 0COOJNBY
POJIb B KJIaCi BCIX CKIHYeHHUX I'pyIl. A came, KOyKHa CKIHUYEHHA p-I'pyIia i30MOp-
1O 3aHypPIOETHCA B CUJIOBCHKY p-TIATPYITY JAedKol cuMeTpuynol rpymnu. Lle ona
3 NMPUYUH aKTYyaJbHOCTI JIOC/IJIZKEHHs TTOOYJIOBU 1 BJIACTUBOCTEH CHJIOBCHKUX P -
TPy CUMETPUYHUX TPYII.

Teopema 1. (CusioBa) Hezat G -crinuenna 2pyna, p — npocme 4ucao.
IecayBanust. /laa xoorcrozo cmenens p®, wo diaums nopadox G, 6 G icuye
nidepyna nopadky p<.

Brnagennsa. Sxwo p*tt

diaums nopador G, mo xoocra nidepyna nopadky pe
o+l 3 G. Boxpema, curoscowi p-
nidepynu 3 G — ue 6 mounocmi nidepynu nopadky p", de p"-marcumasvHul
cmenins p, wo diaums nopadox G .

CupsikenicTb.  Vei cunoscort p-nidepynu 3 G cnpascent 6 G .

3 G eKkaadena y deary nidepyny nopadky p

Kinbkicts.  Kiavkicmo curoscokux p-nidepyn ¢ G konepyenmna 1 3a modyaem
p i diaumov nopadox G [1].

OcHoOBHA 4YacTHUHA

Hexait p — gesike mpocre ducyio. Buxopsiau 3 toro, mo |S,| = n!, makcu-
MaJIBHII TOpsAIoK e(n), mpu axomy p™ mimurs |S,| mopismioe 51+ sl + -
dkmo n=p', 1o e(n) =pt+p2+. . +p+1.

IIpn KOHCTpYIOBaHHI CHJIOBCBKUX P-IIJAIPYI CUMETPUYHOI IPyIn Sy BUKO-

PUCTOBYETHCA HACTYIITHUIT aJITOPUTM.

© 3aiinesa F0.C., Ilamenko 3./1., 2011
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Baitnesa 10.C., ITamenko 3. /1. CHJIOBCBKI P -IIITPYITH

Hexait B Spm B2Ke 3HafijleHa CHJIOBCbKA p-LiArpyna, TooTo miarpyna H,y, no-
m—1 “ o . m
pstaky pt TP oGy nyenmo no Hiit B Symi migarpyny Hy,q nopsiaky pttet?n
J11st TIbOT0 PO3i6’eMO CUMBOJIH, IO TlepecTaBIaioTees 1,2, ..., p" ! Ha nocsinosni
BiApisky poxkunm p't. AKino

m

c=11G.p"+4.20"+74,....(p—1)p" +j)
1

3

<.
I

i 2 — mijgcTaHOBKA Ha CUMBOJIAX -0 BiJpi3Ka, TO ¢ 'Zc-IijCTAaHOBKA HA CHMBO-

nax (i + 1)-ro Bigpiska (JgomaBaHHs 10 MO0 P ). 3BijgcH BUIHO, MO MiApyIa
H,,.1 nmopomxkena nigrpynamu ¢ H,,c",0 < r < p, a came € X nIpgMuM J100y-
TKOM.

[igrpyna H,, 1 — mykana, Taxk aK |Hy, 1| = |Hp|Plc| = ptT7" .
Buaitgemo miarpyny Hy B Sy . MakcumaibHuil MOKA3HIK
e(4) = |3| + |24—2| =2+ 1 =3, tomy |Hy| = 2% = 8. BizbMemo mijcTaHOBKH

= (1234) i f = (13). Bomuu 6yayts TBipHuMEu enemenTamu s H .
= {e,a,a%, 0?3, 0 3,0% 0 B,0° o B}.
Snaiinemo Bcl esiement Ho :
= (1234), o= (13)(24), o’ =(14)(32), B =(13),

aof=(14)(23), a’of=(24), a’op=(12)(34), = (1)(2)(3)(4).
= {e(1234), (13)(24), (1432), (13), (14)(23), (24), (12)(34)}

3a 3HaiiieHoro mijarpymnowo Ho B Sy modyayemo niarpyny Hsg B Sy.
|H3| = 22T = 27 = 128, Jlns nporo posib’emo mepecraBHi cHUMBOJIN
1,2,3,4,5,6,7,8 na nocinosui Bijpisku gosxunu 4. Togi ¢ = (15)(26)(37)(48).
OueBniHO, 1o ¢ ' = c.

Hexait z = (134) — mijgcraHoBKa Ha ejleMeHTax Iepiioro Bijgpiska 1,2,3,4,
Toni ¢ twe = (15),(26)(37)(48)(134)(15), (26)(37)(48) = (578) — nincranosKa
Ha CUMBOJIAX JPYToro Biipizka H,6,7,8.

3Bijicu BUJIHO, 1110 HiApYyIIa, MOPOJzKeHa miarpynaMu He 1 cHsoc € TX IpsiMuM

JIOOYTKOM.
Takum unnoMm mijrpyna Hs isomopdua Binnesomy m106yTky Hor(c) .

Jliteparypa
[1] Kapeanonos M.U., Mepsaaxos KO. 1. OcuoBbl Teopun rpymi. — 3-e U3, 1e-
pepab. u gom. — M.: Hayka, 1982. — 228 c.
2] Cywancorui B.1., Cixopa B.C. Oueparnil Ha rpymnax mijgcranoBok. Teopist Ta
3acTocyBanns. — Yepnisii: Pyra, 2003. — 256 c.
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CATANJAKHU I'OPEHIIITEMHOBUX (0;1)-IIOPSIIKIB

Tema nanoi poboTH BiTHOCUTHCS JI0 CTPYKTYPHOI Teopil Kijerb. Po3riisiaorbes ropeHinreitnosi
naniBmakcnMmasbai (0; 1) -ximbug. [lobymosano caraiinaku kigens H3(©) i Bg(O).

Kiro4oBi caoBa: zopenwmetinosi nanismarcumanvii (0; 1) -kiavys, mampuys nokasnu-
Ki8, caz2atidaxu.

Beryn

[ToHSTTSI TOPEHIITEeHHOBOIO KiJibllsi BUHHUKJIO B ajredOpaivuHiii reomerpil y
3B’913KY 3 BUBUEHHSIM OCOOJIMBOCTEH ajrebpaldHux KpuBuX. Taki KiJibIs MaiOTh
CKJIQTHY OYJIOBY 1 MaJIO BUBYAIMCH. BOHM pO3TIIAal0ThCS SIK HAIlBIOCKOHAJII HbO-
TEpOBI clpaBa HAMIBIEPBUHHI KiJbIA, Y AKUX KiIblle €HJIOMOPQI3MIB KOXKHOTO
HEPO3KJIaIHOI0 MPOEKTUBHOIO MOJIYIS € JUCKPETHO HOPMOBAHUM KiJbIleM. Taxi
KIJIBII MOYKHA 3a/[aBaTn MaTpuieio nokasunkis. Came s mux Kijerns B.B. Ku-
PUYEHKO OJIepzKaB JIy»Ke 3pYUHuil KpuTepiit ropeHinTeiHOBOCTI.

B nam gac ropeHIITeHOBI MOPAIKN 3HAXOAATH HOBI 3aCTOCYBaHHSA IIPU BU-
BUEHHI ajireOpalyHux iHBapiaHTiB rpadis. Bce vactiiie 3ycTpidaroThbcsd BOHU 1 B
PIBHOMAHITHUX JIOCJIIPKEHHSIX MTPOoOJIeM KOMIT IOTEPHOT ajredbpi.

OcHoBHaA YacTHHA

Bijomo, 1mo Oyub-sike 3BejeHe ropenmnreitnoBe HamiBMmakcumasbhae (0,1)-
Kistbiie i3oMopdue Kibiio Hy(©) abo kimbio By (©) ; me Kiabiist By (0) 1 Hy(O)
MaIOTh TaKl MATPHUIll ITOKA3HUKIB:

(000 0 .0 0
1 0 0 ... 0 0
GRS I |
1 1 1 ...0 0
\1 1 1 ... 1 0)

© IMamenko 3./., Tkauzenko FO.€., 2011
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[Mamenko 3./1., Tkagenko HO.€. Caraiiakn ropermrreitnoux (0; 1) -mopsiikiB

(o O 0 ... 0 1 0 0 ... 0\
1 0 0 ... 0 1 1 0 ... 0
1 1 0 0 1 1 0 0
1 1 1 0 1 1 1 1
sB)=|1 ¢ o 0 0 0 0 0
1 1 0 0 1 0 0 0
1 1 1 0 1 1 0 0
\1 1 1 ... 1 1 1 1 ... 1)

BaxkmmBy poJib TIpM OMHUCI CTPYKTYpPH KLJIelmb BIIIIpaloTh 1X caraiigakn. [lo-
HSITTsI caraiiJlaky BU3HAYAEThCsl depe3 MOHATTd pajukaiy J:xkekobcona R Ta He-
PO3KJIAIHUX IIPOEKTUBHUX MOJYJB. [ljis1 fioro 1moOymoBu 3pydHO KOPUCTYBATUCH
MaTPUIEI0 CYMIZKHOCTI KIJIbIIH.

Buaiigemo caraiiaku Kienb H3(©) ta Bg(O).

Axmo A = H3(©), To marpuiist HOKa3HUKIB fioro pajukaiy J:kekobcona R
Ma€ BHJL

100
e(R)=(110],
1 11
a MaTpuIld IOKa3HUKIB [R2
1 10
sRH=1111
211
3BIJIKH
010
QA =¢(R*) —e(R)=100 1
1 00
3a marpureio Q(A) omepxyemo caraiigax kinbig Hs(O)
2 3

1

Puc. 1: Caraiinak kinbig Hi(O)
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MaTremaruka

dAxmo A = Bg(0©), To marpuii nokasuukis pajukaiy Jxxekobcora R Kijbiis
A Ta fforo KBaJpaTy MalTh BUIJIAL:

/100100\ /11011 0\
110110 111111
i1 ) 211211
=11 00100] =11 10110
11011 111111
\1 1111 1) \2 11211/
3BIJIKH
(010010\
001001
100100
_ (P2 _ _
001001
\1 00100/

Topi caraiinak kinbist Bg(©) mae Bu:

4

Puc. 2: Caraiinak inbig Bg(©) .

Jlitepatypa
|1] Kupuuenro B.B. Kombna n momymm. — Kues: KI'V. — 1981. — 64c.
12| Kupuuenxo B.B., Camup Basuo, Hpemenxo FO.B. TlosycoBepiiieHHbIE KOJIb-
1a 1 UX KOJI9aHbl // BecKoHedHbIe IPYIIIBI U IPUMBIKAIOIIIE ajirebpandecKue

ctpyKTypbl. — Kues.: Uucturyt matemarnkn HAH Vikpawunasr. — 1993. — C.
438-456.
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BUBHAYEHHA IIIBUIKOCTI IIOBEPXHEBOI
PEKOMBIHAIIII I IT BIIJIUBY HA YAC KUTTYI
HEPIBHOBAKHUX HOCIIB 3APATY

BumMiproBanus CTPYKTYpPHO 4YYTJIMBUX €JIEKTPOMIZUYIHUKX TapaMeTpiB J03BOJIAE€ BU3HATUTH
JKICTh MaTepiaJiB JIJIs CTBOPEHHs HAIIBIIPOBIIHUKOBUX IPUCTPOIB. ¥ JlaHiil poOOTI PO3IJIsiHyTa
Teopis BILIUBY IIBUJIKOCTI ITOBEPXHEBOI PEKOMOIHAINT Ha Yac XKUTTA 1 JOBXKUHY Judy3il HepiB-
HOBaYKHUX HOCIIB 3aps/ly B IPUIIOBEPXHEBHUX Iapax HAaIliBIPOBIIHUKOBOIO 3paska. OTpumani
HOBI €KCIIEPUMEHTAJILHI PE3Y/IbTaTH MapaMeTpiB peKoMbiHallil HepiBHOBAYKHUX HOCITB 3apsi/ly Ha
PO3PO0JICHOMY BUMiPIOBAJILHOMY HMPUCTPOI 3 yPaXyBaHHAM BILJIUBY TOBEPXHI HAITIBIIPOBITHUKA.
KirouoBi ciioBa: MmoHoxpucman, weudkicms nosepriesoi pekoMOTHaYIl, ac HCUMMA.

Beryn

Y poborax [1-3] 6ys10 mokazaHo, 110 BBejIeHHST J1eMDEKTIB CTPYKTYPH B IPUIIO-
BEPXHEBUX ITap KPUCTAJIB MOXKE 3HAYHO 3MEHIIUTH Yac YKUTTS 7 1 Judys3iitHy
JIOBXKUHY MTPo0iry Lp HepiBHOBaXKHUX HOCIIB 3apsy. /1 6araTbox HamiBIpoBiI-
HUKOBUX MPUJIAJB (J10/iB, TPAH3UCTOPIB, TBEPIOTIIbHIX 1HKEKIIHHIX JIa3epiB,
OITOEJIEKTPOHHUX TPUJIJIIB) I TTapaMeTpl BU3HAYAIOTH POOOUl XapaKTepUCTUKI
i mpane3garaicTb. 3 iHIIOrO OOKY, KOHTPOJIIOYN 3MiHy 7 1 Lp Iij jiieio 30B-
HIIIHIX YMHHUKIB, MOXKHA JIOCJIJKYBaTH Iporecu audysii B KpUcTaaax, sIBUIIE
Jlerpajalil y Jaci, BUsHadaTh KIHETHYHI ITlapaMeTpu CTPYKTYPHUX 3MiH y HalliB-
nposiarkax. OCKIJIbKI 30BHINIHS Jist Ha KpucTaj (OMpOMIHIOBAHHST YaCTKAMU
BUCOKUX €HepTiil, JeryBaHHg JIOMINIKaMu, jJedopMallis Tpu HU3bKIX TeMIIepaTy-
pax) CIOHyKae reHepariiio JedeKTiB B IPUIIOBEPXHEBUX IApax, TO Y MPOIECi BU-
MiproBaHb 7 i Lp He0oOXiJIHO BpaxoByBaTH BILIMB CaMOl IIOBEPXHi, Jie IIBUIKICTD
pekoMOiHaIll § MoxKe OyTH 3HAYHOIO 1 OJIM3BKOIO JI0 MIBUJIKOCTI peKoMOiHallil He-
PIBHOBasKHUX €JIEKTPOHIB 1 JIPOK y MpHUIOoBepXHeBoMy Iapi. Tomy Bu3HaueHHns S
IIOBUHHE OYTHU CYIIyTHUM IIPOIECOM IIpK BUMIpIOBaHHSIX T 1 Lp.

© Yxkomos O.1., Hagrodiit B.O., Kamumber A.3., 2011
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dDizuka

OcHOBHA 4YaCTHUHA

Y Bijomiit jitepaTypi 3HafijieHl pimeHHd 3ajia4i A1 00UNC/IeHb S HalliBIPO-
BIJIHIKOBIX 3Pa3KiB IPOCTUX reoMeTprIHuX GOpM (TOHKIX HUTOK MPSIMOKYTHOTO
MOTIEPEYHOTO TIepepisy, TOHKKX miacTuH)[4]. 3araabhe XK pileHHst 3a/a49i CTOCOB-
HO PyXy €JIEKTPOHIB 1 JIPOK IIiJI JII€I0 €JIEKTPUYHOTO T0JIsI B OJHOPIJTHOMY Ma-
KPOKPUCTAJ JIOBLILHOI (DOPMU 3 ypaxyBaHHsM BILJIUBY IIBUJIKOCTI TMOBEPXHEBOI
peKOMOIHATIT eJTeMEHTAapHIMHI MeToaMu oTpuMaTh He MoxkHa|4]. CyTHicTb Brn-
BY ITOBEPXHEBOI PEKOMOIHAIIIT MMOJIATae B HACTYIIHOMY. ¥ PIBHOBAaXKHOMY CTaHi I10-
TIK JIIPOK, $K1 MJIXO/SATh JIO0 IIOBEPXHI KpHUCTaJia 7 -TUILY, IOBUHEH JIOPIBHIOBATU
IOTOKY JIIPOK, siKi pyXaloThCs Y 3BOPOTHOMY HalpsiMi. AJjie TIpu BiJXHUJICHHI BiJl
PIBHOBAsKHOT'O CTaHy IIi TOTOKW BXKe He KOMIIEHCYIOTh OJMH ofHOoro. Tomi aucyo
JIIPOK, IO 11a/1al0Th Ha OJIMHUYHY ILJOILY HOBEPXHI 3a OJIMHUIIO Yacy JOPIBHIOE
levtp, JIe V¢~ CEepeJIHs TEIIoBa MBUJIKICTD JIPOK, P - KOHIEHTPpallisd JipoK. Hucio
JIPOK, IO MM 3 MOBEPXHI 3a OJMHUITIO Jacy, Oyje JOpiBHIOBATH irvtp + s,
JIe T- BIPOTJHICTDL BIIOMBAHHS JIIPKHU, S - TeMI BUHUKHEHHS JIPOK Ha OJMHMUIL
IJIOMII MoBepxHi. B cTanil piBHOBArm MaeMo CIIiBBIIHOIICHHS

1 1

thpo = ZT’Utpo + S0 (1)

_ 1
ne s = 7(1 —r)vpo.
TakuMm 9MHOM, TEeMIT 3HUKHEHHS JIIPOK O1/Id MOBEPXHI S, BU3HAYAETHCS BUPa-

30M
1

Sa = 1(1 —1r)v(p —po) (2)
SIKIIT MOYKHA 3allICATH y BUMISIL S, = SAp, JIe S, Ma€ PO3MIPHICTh IBHIKOCTI
1 HA3MBAETHCS MIBUJIKICTIO IIOBepXHEBOI pekomOiHallil. PosrisinemMo Temnep, sikum
YUHOM II0BEpXHEBa PeKoMOiHallisl BILIMBAE Ha IIPOIEC BiTHOB/IEHHS piBHOBaru. Bi-
3bMEMO IIJIOCKY IMOBEPXHIO 1 Hexail o - BlJICTaHb BlJI IMOBEPXHI JIO JIeIKOI TOUYKU
y HaIiBIPOBIIHNKY. BIJINB MOBEpXHEBOI PEKOMOIHAIIT BpaxyeMo depe3 TpaHuIHy
yMoBy 1ipu x = 0, jie cripaBeji/iiBe CIIBBIJIHOIIEHH

dAp
— =sAp. 3
- p (3)
A jipyry rpanndiy yMoBy tnpuiiMemo, mo Ap — 7, (R - Temn pexombinarir),

KO & — OO . Taxkum 9MHOM, Ma€MO

styexp(—x/Lp)
Ap=R7, |1 - =L : 4
b T Lp + s7, (4)
a Besmanaa Ap npu x = 0, Apy, BUSHAYAETHCST BUPA30M
ST,
Apg=%Rr, [ 1 - —L— 5
Po T Lp + s7, (5)
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Ykomos O.1., Hagrodiit B.O., Kaaumber A.3. Busnadernnst mBuaKOCTI TOBEPXHEBOI

Cryniup 3menmenns Ap 3a/eKUTh BiJ| BiHOIIEHHS S$/U,, J€ U, - HIBHJIKICTS,
sika Jopisuioe Lp/7,. Axio s >> v,, 10 Apy ayzke Majie I 3MEHIIEHHs! KOHIIEH-
Tpallil Ha JJINIIKOBUX JIPOK II00JIM3Y IIOBepXHi Oy/e 3HauHnM. BkazaHi maTemaTu-
YHI BUKJIQJIKH € OCHOBOIO JIJIsi BPaXyBaHHS IBUJIKOCTI ITOBEPXHEBOI PEKOMOIHAIIIT
PN BU3HAYEHH] CepeJIHbOrO 3HAYeHHs 4acy *KUTTA T, /IS HaIlBIPOBIIHUKOBUX
IJIACTUH

1 1 s

% nla )

p p
Jle @ - TOBIIMHA IJIACTUHU. PillleHHs BiITOBIIHOT 381841 JI/Isi CTPUKHS TTPSIMOKY T-
HOT'O TIepepi3y BUSABIAETHCS CKIIHIIINM, OCKLJILKU JIOBOJIUTHCS BPAXOBYBATH PO3-
Mipu, bopMy i cTaH MOBEPXHI MIC/I PI3HUX CIIOCODIB 1OT0 06podKN. ToMy B KOKHO-
MY JIOCJIJIZKEHH] CJTL] TPOBOIUTH BUMIPIOBAHHS S €KCIIepUMEHTAILHO. &Y JTaHiil po-
60T 3aIIPOIIOHOBaHA METO/INKa BUMIPIOBaHb IIBUJIKOCTI TOBEPXHEBOI pEKOMOIHAIIIT
S Ha OCHOBI pO3POOJIEHOTO 1 BUTOTOBJIEHOI'O aBTOPAMHU BUMipPIOBAILHOTO KOMILIE-
Key. VY ftoro ckiaf (puc.l) BXOAATD: yHIBEpCAJbHIN TBOKOODJANHATHIUN CTOJIUK 13
3paskoM (1), ocsiTmoBad (2), mo dhopmMye By3bKYy CBITJIOBY CMyTy Ha MOBEPXHI
3paska, JI3epKajio Ha MIKpOJABUIYHI (3), mpu obepTaHHi sIKOrO MPOMiHb 30Y/KYe
OJIHOYACHO IMITYJTBCH CTPYMY B JIAHIIO31 POTO/1I0/1a 1 TeHepallilo HepiBHOBAXKHITX
HOCIIB 3apsijly y 3pa3Ky.

'

= :
2 | 5 | 162 e4— ] eH MITOE

SPAToK ral s o
1 5 275 ] 110 s

Puc. 1: [Ipunmnumnosa cxeMa BUMiPIOBAJILHOTO KOMILJIEKCY HMIBUIKOCTI ITOBEPXHEBOI pEKOMOIHAIIIT

doTomi0/IH] IMITYIbCH TO3BOJSIOTH CHHXPOHI3YBaTH PO3TOPTKY ociuiorpada
i reHepaTopa IMIIYJbCHIUX CUI'HAJIB, siKi depe3 BXiJl z ociuiorpada CTBOPIOIOTH
MiTkH dacy Ha ocrmyiorpami C'1 — 68 (puc.2,a). [lepemukaa Kul B mosoxeH-
Hi (6) 103BOJIsIE TIOIABATH HA BOJH(MPAMOBHUiT 30H/I-KOJEKTOD 3BOPOTHY HAIPYTY
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dDizuka

(1-1,5)B. Bemuauna crpymy Beranommoersest (1 —2)MA .V nosozxenni (B) mepe-
MukKada Knl ma meit ke 3011 MOXKHa T10/1aBaT KOpoTKodacHi ¢ = 0, 1c iMITyibcn
nanpyroio 308 s dopmyBanHs itoro kontakTy. [Ipu obepranni ja3epkaJia 1mpo-
MiHb CBITJ/I& IIBUJKO IIEPEMIINLYETHCS Y3/I0B2K 3pa3Ka, I'eHepy€e HEPIBHOBaKHI HOCIT
3apsily, siKi CTBOPIOIOTH iMITyJibcHUiT curaas ¢gporo EPC, nponopiiiiinnii iX KOH-
IeHTpallll y JIaHII031 30H/a-KOJIEKTOPA.

Ap(Re,3,1)

Puc. 2: Ocmtorpama doro EPC B miniitromy (a) i mHanimorapudmianomy (6) macirabi

3 onopy HaBaHTaykKeHHsS R1 B KOJIEKTOPHOMY JIAHITIOB1 IMITY/THCH HAIPYTHU 110-
narorbest Ha ocimorpad C1 — 68. B pesynbrari Ha ekpani ocumiorpada 3'ss-
JISIETHCsT KpUBa (puc.2,a), 10 € 3a/IeKHICTI0 KOHIIEHTPAIlil HepIBHOBAYKHIX HOCITB
3aps/ly BiJl Yacy B TOUIl KOHTAKTY BUMIPIOBAJILHOIO 30H1a. Hecumerpis curnaty
BIJIHOCHO IOYATKY BiJIJTiKY 00yMOBJIEHa THM, 1110 Judy3iiiHi MBUIKOCTI HePiBHOBa~
JKHUX HOCIIB 3aps/1y HallpaBJeHl B IPOTUJIEXKHI CTOPOHM BiJI CBITJIOBOI'O ITPOMEHSI
1 B OJIHOMY BHIIQJIKY CIIBIIaJIal0OTh 3 HAIIPSIMOM PyXy CaMol CBITJIOBOI CMYyTH, a
B iHIIOMY Bumiajky iffomy mnporumiexxui. Tomy crami gacy li/c i ly/c, Busnaueni
0 TaHTeHCY KyTa Haxmiay rpadika (puc. 2,0), € pisHuMU. 3aJeKHOCTI BUTJISILY
(puc.2,a) 3HIMAIOTE JJIsT JBOX 3pas3kiB piznol ToBmman d. Tol MmBHIKICTE mM0-
BEpXHEBOI PEKOMOIHATIIT

S

D didy 1 1
_ ) | (7)

C 2dy—dy \ L2, L2
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Ykomos O.1., Hagrodiit B.O., Kaaumber A.3. Busnadernnst mBuaKOCTI TOBEPXHEBOI

ne Lo, = /Il1ly 3HaX0IATHCA JJId JIBOX 3Pa3KiB Pi3HOI TOBIIMHU d. Y IBOMY 2K
eKCIIePUMEHT] BU3HAYAETHCA KoeilieHT binosiapuol qudysii D, ax

D=+ g (8)

Jle ¢ — MBUJKICTb pyxy HpoMensi. KoedinienT OinosgpHol audysii 3a orpuMaHi-
MU eKCIIepUMEeHTAJIbHIMI JaHuMu Jijist 3pa3ka n — Ge mapku ['E45r3 cranoBus
D = 80,57cm?/c npu MIBUAKOCTI PyXy CBITJIOBOrO IPOMEHs Y3I0BK HOBEpXHi
3paska ¢ = 42, Tvm/c.

BucaoBknu

Y poboTi po3podIieHa 1 BUTOTOB/IEHA YHIBEPCAJIbHA YCTAHOBKA JIJIsI BU3HAUCHHS
IIBUJIKOCTI ITOBEpXHEBOI pekoMbiHalil i KoedimienTa OinosisipHol judy3il B 1pu-
MOBEPXHEBUX ITapax HalllBIPOBIIHUKOBOTO 3pas3ka. I[lokazana MOKJIMBICTH Bpa-
XyBaHHS X TTapaMeTPiB MPU BU3HAYEHHI Yacy YKUTTS 1 JJOBXKUHN JTUdy3il Hepis-
HOBaKHUX HOCIIB 3apsry. OTpuMani eKClepuMeHTAJIbHI Pe3yIbTaTH JT03BOIAIOTH
KOHTPOJIIOBATH Mipy J1eEKTHOCTI IPUIIOBEPXHEBUX IapiB HAITIBIPOBITHUKOBUX
MaTepiaJiB, 110 HeoOXiTHe TTPU CTBOPEHHI MOBEPXHEBUX CTPYKTYP 1 ObaraTorapo-
BUX HAIBIPOBIJIHUKOBUX IIPUCTPOIB.

Jlitepatypa

|1] Hadmowuti B.A., Heusonod H.K., Tonodenxo H.H. VI3menenne BpeMeHn yKi-
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properties of subsurface layers of diamond-like semiconductors strained at
low temperatures // Functional Materials. — 2003. — V. 10, Ne 4. — P. 702
— 706.

[3] Nadtochiy V., Golodenko N., Nechvolod N.Recombination of non-equilibrium
charge carriers injected into Ge through intermediate defective layer //
Functional Materials. — 2005. — V. 12, Ne 4. — P. 45 — 50.
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BIIJIUB TEPMIYHUX 3MIH HA JUCJJIOKAIIINHY
CTPYKTYPY MOHOKPUCTAUJIIB LiF

BceranoBiieHo aHAITUYHY 3a/1€2KHICTD MLIHLHOCTI JIMC/IOKaIiil y MmoHokpucTtayiax LiF, gk dyn-
KI[ig Jacy BiJmaJry, 1o Ma€ eKcroHeHiaapbumii Burisa. [lonepeniit Bizgmas 3paskis LiF mpuso-
JIUTDH J10 301/IbIIeHHsT MiHIMAaJIbHOIO YKCJIa TEPMOIUKIIB, IIPU SIKOMY B KpHUCTa/aX CIIOCTepirae-
ThCsI PeHepallist HOBUX OJMHUYIHUX JTUCAOKAIN. 3a3HaTIeHO MOXKJINBI (DI3UYIHI MEXaHI3MU sIBUIII,
JKI CIIOCTEPITaIOThC TiJT Yac BiANay i HACTYIHIN TepMOIMKIiUHIi 00pOOIIi.

Kumo4oBi cioBa: LiF, ducirokauisn, 6ionas, mepmouursivha 06podka.

Beryn

Bimomo, 1o TepmivuHi 3MiHE, B TOMY 9YHCI pi3Ki (HAIPUKIIA] TEPMOIIUKIIN),
MOKYThb 3HAUYHO 3MIHIOBATH JUCJIOKAIIIHY CTPYKTYPY MOHOKPUCTAJIYHUX MaTe-
piaJis 1 BijgnosigHo ix disuuni Baacrusocri [1-9]. Bokpema aBropamut JaHOT PO-
ooru [1-3], mijg HayKOBUM KEpIBHUIITBOM JIOKTOPa (i3UKO - MaTeMaTHuIHUX HayK
npodecopa Heusosomom M.K., B pesyibraTi mpoBejieHUX paHille JI0CiIKEeHb,
Oys10 BCTaHOBJIEHO, 110 TepMmornkaigaa 06pobka (TTIO) mpussognTh 70 mMi7ABH-
IIeHHd MIJILHOCTI JMC/IOKaliil i3 30iabieHHsM rpajiieHta Temiepatypu AT i
eKCIIEpUMEHTAILHO BIU3HAYEHA 3aJI€XKHICTD IIbHOCTI aucaokamniit Bix AT . I1po-
decopom Heusomonmom M.K. Beranosseno, mo npu tepMormkiax AT piBHEX
50,100, 150°C', 3Ha4HO MiIBHUILYIOTHCA BIACTUBOCTI MIIIHOCTI MaTepiaJis, y To-
My 9HCJI O TTOB3YY0CTI B 061aCTI /il MeXaHI3My BHCHAYKEeHHsI JIUCIOKAIi [2,3].

[IpoTte cBiguens Mpo 3MINY AUCTOKAIIITHOI CTPYKTYPH B Pe3yJIbTaTi TepMIdHOl
Jil oOMerkeri. 30KpeMa, BUKJINKAE BEJIUKUI IHTepec eKCIepUMeHTAIbHO 3'sICyBa-
TH 3aJIE2KHICTh 3MIHU MILIBHOCTI JUC/IOKAIIil p Bl dacy Bianay thn KpUCTa-
JIYHUX MaTepiaJiB, a TaKOoxK JIOCIIIUTH 3a/eKHICTh MIHIMAJILHOIO YHCJa Tep-
MOIUKJIB Npip NPH SIKUX 3’SIBJIAIOTHCS HOBI JUCIOKAI] JIJIsd 38/IaHO01 BEJIMINHN
tepmorukiaa AT . 3’sicyBaHHsI BKa3aHUX 3aJ€2KHOCTEl 1 € METOI0 JIaHOl POOOTH.

© Heusonoxg M. K., Mukura P.B., Mockasis 1.C., Ykomos O.1., Kamumber A.3., 2011
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Heusosnon M.K., Mukura P.B.,... Brms tepMmidHUX 3MIH HA JUCJIOKAIIHHY CTPYKTYDY

OcHOBHA 4YaCTHUHA

Hocnipkenns mpoBoguincs Ha MoHokpucrasiax LiF. 3paskn posmipom 4x5x7
MM PO3KOJIIOBAJIMCS 110 IJIOHIMHAX CIIAfHOCTI 1 IOTIM BIJIIIAJIIOBAJIN IIPU TeMIlepa-
Bigm = 0,5 rom; 10 roj; 24 romu.
[IIBuiKicTh HArPIBAHHA 1 OXOJIO/ZKEHHS JI0 1 Micjsd Binaay He nepepunryBaJsa 30
rpaji/Toi. Sk mucaokaniitHuii TpaBHUK BHKOPUCTOBYBABCS CJIAOKHUiT BOAHUIT PO3-

typi 600°C’ mporsiroM pizHoro wacy Bimamy t

qun FeCls [10], tpaBuuk [inmana - [Ixxkoncrona. CrioctepeskeHHsT JTUCTOKAITIH-
HUX CTPYKTYP 3JificHIOBaJIICS 110 pirypax TpaBJeHHs 3a JOIIOMOI'0I0 MeTaJjorpa-
dignoro mikpockora MIM-5, 3’eananoro 3 mudposoio porokameporo OLIMPUS-
FE140 3 mogaabmM KOMIT IOTEPHUM aHai30M (OTO3HIMKIB. [loyaTkoBa MIiIb-
HicTh muciokaniit 4,5 -10° cm 2. IToxubKa BUMipIOBAHHS IIIJIBHOCTI HCIOKAILii
He nepesunLysaaa 3%.

[Toasibitie TepMivHe NUKJIYBAHHS 3pa3KiB, M0 HE BIIIAJIIOBAIUCA 1 BiJIIAJIIO-
BaJIICH, TIPOBOJINIIOCH TIpH TeMiepaTypromy inTepsasi mnkiay AT = 50°C . O6pa-
HUII TeMIlepaTypHUl iHTepBaJ/ BUKJ/IIOYAE HAWOLIbIII IIBUJIKE 3POCTAHHS IIIJIbHO-
CT1 JINCJIOKAITl B yMOBax Pi3KOro Iijicujaenns TeMuepaTypu, mo g LiF ckianae
menme 100 + 150°C' [1], sx 6y/10 nokaszano panime i ony6iikoBano npodecopom
Heusosnogom M.K. Ta cniBpobitaukamu. [Ipu BKazaniit TeMrepaTypi 3pa3ku BH-
TPUMYBaJNCA B MyesIbHiil medi 5 XBUJINH 3 MMOJAAJIbIIIM 3aHYPEHHAM B TaHY UM
mig. Yac surpumxn npu 0°C' ckinagano 5 cek. [IpoMizKoK dacy MizK 3aKiHUeHHIM
HArpiBy 1 MOYATKOM OXOJIOJIZKEHHs CKJIaJia1o He Olibine 3-X cekymnji. [lo amkax
diryp TpaB/ieHHsI BU3HAYAJIOCS MiHIMA/IbHE YUCI0 HUKIIB Ny, IPHU SIKOMY BHHU-
KalOTh HOBI JIMCJIOKAI] Y BUOpaHOMY HaMK TEMIIEPATyPHOMY PEXKUMI TEPMIUHIX
mukJ/is AT . Temneparypa KOHTPOJIOBAIACS 32 JOIOMOTOIO JIBOX TepMoIiap.

30 ™M
f—]

Puc. 1: /luciokariitna cTpyKTypa, oTpuMana Ha 3pa3kKy LiF xiMiuamm TpaBiieHHAM:

a) 5o Bigmamy; ©0) micas Bigmasy tgign = 24 TOJ, CTpiNKaMu BKasaHi JHCIIO-

KaIlil, 1o BUUIILIN B pe3yIbTaTi Binasy
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dDizuka

CrocreperKeHHs 3a JIMHAMIKOIO JIUCIOKAIIHOI CTPYKTYPH B Pe3yJ/IbTaTi Bijiia-
ny 3paskiB LiF, y Bubpanux nHamum inTepBajax dacy thH, IoKazaJin, Mo IlJIb-
HICTH JMCJIOKAIil p Tmicad Takol Jiil 3MmeHnyerbesd. Lleit edpekT ocobmBo 1mpo-

SIBJISIETHCH 13 30LIBIIEHHSM TPUBATIOCT] BiAJY, a HOBI JUCJIOKAIN] He BHHUKJIH
(puc.1).

PPg
1,02

0,98
0,96
0,24
0,92
0,9
0,88
0,86 _
0,84 >—
0,82

Q 3 10 15 20 25 30

I, MO
Puc. 2: BanexnicTh BiIHOCHOT MLIBHOCTI AUCTOKAI Bl 9acy Bigmasy 3paskis LiF.

Ha puc. 2 npejcrapiennii rpadik 3a/1e:KHOCTI BiJHOCHOI IIIJILHOCTI JIHCJIO-
Katiit p/po (me po — movyaTkoBa IMIIBHICTH JUCIOKAIN 70 Biamasy) Bl dacy
BLJIITIAJTY thH.

Anastiz orpuMaHOl eKCIIepUMeHTAIBLHOT 3aI€2KHOCTI J03BOJISIE 3POOUTH BICHO-
BOK, SIKUI TJITBEP/ZKYETHCSI KOMIT FOTEPHIM MOJICJIFOBAHHSIM, 1110 BiJITHOCHA IiJIb-
HICTb JIUCJIOKAIIll IPU PI3HUX